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Abstract

In this thesis, we will study very small full trios and full AFLs inside the family of context-free
languages. Especially, we are interested in the existence of the smallest nontrivial full trios and
full AFLs. This is an old research subject, and it has not been studied much since the 1970s. A
conjecture by Autebert et al. states that there does not exist a nontrivial minimal full trio inside the
family of context-free languages (2) (see also (1)). First, we will show that there does not exist a
nontrivial minimal full trio or a nontrivial minimal full AFL with respect to the bounded context-
free languages. This result solves another old conjecture stated by Autebert ez al. (1). Then we will
try to generalize our result to also concern unbounded context-free languages. We will make some
progress, but the problem still remains open.
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1 Introduction

Noam Chomsky developed the family of context-free languages with an aim of
creating a mathematical model for natural languages (Finnish, English, etc.) (8).
It has been proved that there are expressions in natural languages that do not
belong to any context-free language (19). Context-free languages have anyway
risen to a significant role in theoretical computer science.

In the 1960s, Ginsburg and Greibach characterized language families accord-
ing to their closure properties over some operations on words and languages.
After this work, the authors defined the concept of an Abstract Family of Lan-
guages (AFL) (11). A full AFL is a family of languages that is closed under six
operations: morphism, inverse morphism, intersection with regular languages,
union, catenation and catenation closure. Since then, other variations of AFL
have also been widely used. A full trio is a family of languages that is closed
under the first three operations: morphism, inverse morphism and intersection
with regular languages.

In this thesis, we study very small families of context-free languages. The
smallness of language families means in our context that a family £; is smaller
than a family £ if and only if £1 C £5. The main question is whether a smallest
nontrivial full trio or a full AFL exists in the family of context-free languages.
Since the family of regular languages, Lrgg, is a full AFL and all the full trios
and full AFLs contain Lrgqg, we exclude Lrpa from our study as a trivial case.
Thus, we define a minimal full trio (resp. minimal full AFL) to be a smallest
full trio (resp. smallest full AFL) that contains nonregular languages. It should
be remarked that this definition makes possible that there could exist a single,
multiple or no minimal full trios or full AFLs. However, Autebert et al. have

stated the following conjecture on the issue.

Conjecture 1.1. (2) (see also (1)) There does not exist a minimal full trio in

the family of context-free languages.

Moreover, Autebert and Boasson have conjectured that for each nonregular
context-free language L1, Lo such that 7(Lq) € 7 (Lz),! there exists a nonregular
context-free language Lg such that 7(L1) C 7(L3) € T(L2) (1, Conjecture 7)

IHere 7 (L) denotes the full trio generated by a language L.



(see also (3)). It is easy to see that, if a minimal full trio or a minimal full AFL
existed, it had to be principal, i.e. it had to be generated by a single language.
Thus, the latter conjecture is stronger than the former one. Autebert et al. have

also another analogue conjecture on the issue.

Conjecture 1.2. (1, Conjecture 10) There does not exist a minimal full trio

with respect to the family of bounded context-free languages.

So far there exist only a few actual results concerning minimal full trios and
minimal full AFLs. Berstel and Boasson have proved that the full trios and the
full AFLs generated by the languages S<, S> and S are minimal with respect
to 2-bounded context-free languages. The authors have also proved that none
of these families are, however, minimal with respect to k-bounded context-free
languages when k >3 (6). Latteux has shown that the full trio generated by the
commutative closure of S is minimal with respect to all commutative languages
(17).

While studying small families of context-free languages, it is natural to also
study the converse problem; do greatest nontrivial full trios or greatest nontrivial
full AFLs exist inside the family of context-free languages? We know that the
whole family of context-free language, Lop, is a full AFL. Thus, we define a
maximal full trio (resp. maximal full AFL) as a greatest full trio (resp. greatest
full AFL) that is a proper subset of Lop. Greibach has shown that a maximal
full AFL exists and it is unique (13). In fact, we know that this maximal full
AFL is the same as the maximal full trio (5, Proposition 3.4, Theorem 3.5). This
maximal full trio is naturally the family containing those context-free languages
that do not generate Lo g with the full trio operations.

It has been conjectured that this maximal full AFL is not principal (13).

In Chapter 2, we will give some preliminary definitions and results used in
this thesis.

In the third chapter, we will study Conjecture 1.2. For this purpose, we will
define a new chain of decreasing language families, Cy, k € Ny. First, we will
see that any bounded context-free language belongs to some family Cj \ C41.
Then we will show that we are able to transform any language from the family
Ci \ Cr+1 into the family Cpy1 \ Crao with the full trio operations. Finally, we
will show that each family Cj, is a (substitution closed) full AFL. As a result of
this deduction, we get a proof to theorem stating that Conjecture 1.2 holds.

10



In Chapter 4, we will focus on Conjecture 1.1. We will try to solve this
problem with a similar chain of decreasing language families. However, this
problem turns out to be very difficult, and we will make only some progress.

Chapter 5 summarizes open problems and other interesting issues for future

work.
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2 Preliminaries

In this chapter, we introduce definitions, notations and some auxiliary results
needed in the thesis. After each introduced concept, we will write the symbol

usually denoting the concept. Symbols may contain sub- and superscripts.

2.1 Set Theory

The set of all natural numbers is denoted by N. In addition, we set Ny =N\ {0}.
Let A and B be arbitrary sets. Denote A C B if A is a subset of B, and AC B
if A is a proper subset of B. The complement of the set A C B with respect to
the set B is the set A={a € Bla¢ A}. Let n € N;. A set A CN" is linear if
there exist r € N and ¢,p1,p2,...,p- € N such that

A:{C+k1p1+k2p2+"'+k7‘pr|k17k27"'7k7' GN} :

The vector c is called constant, and the vectors pi,ps,...,p,- are called periods
of the linear set A. A set S is semilinear if it is a finite union of linear sets. We
call these linear sets as the linear components of S. A linear set is proper if its

periods are linearly independent over Q, the field of rationals.

Theorem 2.1. (15, Theorem 1) Every semilinear set is a finite union of disjoint

proper linear sets.

A linear set A C N™ is stratified if it has a representation using a period set
P such that

— each element of P contains at most two nonzero coordinates;
— there do not exist positive integers ,7,k,l with 1 <i < j <k <l <n and
periods p = (p1,p2,..-,Pn)s 4= (q1,42,-.-,qn) € P such that p;q;prq # 0.

Let A be a linear set and ¢, p1,p2, ...,y its constant and periods, respectively.

The convex closure of the set A is the set
C’onv(A) = {C+l1p1 +lopo +--- +lnpn‘li >0,l; € Q} NN".

Let A C N” be a linear set and T'C N™ an arbitrary set. We say that A is
conver in T if A= Conv(A)NT. Call A conver if A is convex in N™. We say

13



that a semilinear set S is semiconvex in T if there exists m € N4 and linear sets
S1,959,...,5m, such that

s

(Conu(S;)NT).

S:G&:

i=1 i=1

-
Il

2.2 Basic Concepts of Formal Languages

An alphabet is a nonempty finite set of abstract symbols. Denote alphabets by
symbols X, A and T'. Let o, ={a1,a2,...} be an infinite set of abstract symbols,
where a; # a; for i # j. Every alphabet used in this thesis is assumed to be a
subset of ¥o. We will also denote ¥,, = {a1,aq2,...,an} for all n € N;. The
elements of an alphabet are called letters. Letters are denoted by a,b,c. A word
over an alphabet ¥ is a finite sequence of symbols of 3. The set containing all
the words of an alphabet ¥ is denoted by ¥*. Letters are written consecutively
without any punctuations in words. So w = bibs---b,, where b; € 3 for all
i€{1,2,...,n}, is a word over the alphabet ¥. The length of a word w € ¥*,
denoted by |w|, is the number of letters in w. So in the previous example we
have |w| =n. The number of occurrences of a letter a € ¥ in a word w is denoted
by |w|e. Thus, we have |w| =} s |w|s. We denote the word that does not
contain any letters by ¢ and call it the empty word. Latin letters w,v,w,x,y, 2
are used to denote words.

A language is any subset of ¥*. Languages are denoted by L and K. Single
regular languages are denoted by R. For each language L, we define ¥, as the
most compact alphabet such that L C 7.

Let n,m be positive integers and u = byby-- by, v = cico-- ¢y Words over
Y. We define a binary operation (-) on X* by w-v =biby---bpcica---cm. The
operation - is called catenation. We use a shortened form u-v = uv of the
catenation of words. We note that this shortened form is consistent with the
definition of a word. The catenation of languages L1 and Ls is defined by
L1Ly = Uy er, YwyeL, {wiwz}. The power of a word w is defined by w =€
and w® = ww®~! forall k € Ny. Let k € Ny, wy = vu® and wy = u*v. In this case,
we may denote wiu~* = v and u~Fwy = v. Power can be extended to languages
by LO = {e} and L* = L*~1L for all k € N. Define the set L* = U L!. Observe

that this definition is consistent with the definition of the set containing all the
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words of the alphabet, ¥*. The operation (*) is called Kleene star or catenation
closure. We also define Kleene plus by LT = LL*. A word w € ¥* may be equated
with the singleton {w}. Hence, we may express w* = {w}* = {¢,w,w?,...} and
wt ={w}t ={w,w?,...}. A left quotient and a right quotient of a language L
with respect to a word w is defined by w/L = {w; € ¥*|ww; € L} and L/w =
{w1 € E*|ww € L}, respectively.

The catenation is an associative operation. In addition, € is the identity
element with respect to the catenation on words. Therefore, (X*,-) is a monoid.
Since every word w € ¥* may be represented uniquely as a catenation of letters,
the monoid (X*,-) is free, and ¥ is the base of the monoid. It should be remarked
that the set 2% with respect to the catenation of languages is also a monoid.

Let M and M’ be monoids. A function h: M — M’ is a morphism if

h(mimg) = h(mi)h(ma) VYmi,moe M and
h(la) = Ty,

where 157 and 1), are the identity elements of the monoids M and M’, respec-
tively. A morphism h: ¥* — A* is alphabetical (resp. e-free) if h(a) € AU {e}
(resp. h(a) # €) for every a € £. A substitution is a morphism h : 0% — 24"
Morphisms are denoted by letters h and g.

2.3 Bounded Languages

Let k € N1. A language L is k-bounded if there exist words wi,wo,...,w, € X7,
such that L C wjwj---wj}. A language L is bounded if it is k-bounded for some
k€ N,. Alanguage L is k- strictly bounded if there exist pairwise different letters
ai,az,...,a € Xy, such that L C ajas---aj. A language L is strictly bounded if
it is k- strictly bounded for some k € N,. We will denote the set of k- strictly
bounded languages by By.

Let ¥ = {a1,az,...,ax}. The Parikh-mapping is the function ® : ¥* — N¥ for
which ®(w) = (|w|a,,|w|ay;---,|wlq,) for all w e ¥*. This mapping may also be
defined for languages by

(L) = | (o)},
weL
The set ®(L) is the Parikh-image of a language L. Let wi,wy € ¥*. Then
D (wyws) = ®(w1) + P(w2) and ®(€) =0. Thus, the Parikh-mapping is a monoid

15



homomorphism from the monoid (X*,-) into the monoid (N¥,+).

A language L is a SLIP-language if ®(L) is a semilinear set. Let L C
ajay---ay be a SLIP-language and S1,52,...,S, linear components of the set
®(L). Then the languages L; = ®~1(S;)Naja}---a} are called linear compo-
nents of the language L. Moreover, let us denote Conv(L;) = ®~(Conv(S;))N
ajay---aj.

Now we state the famous Parikh’s theorem.

Theorem 2.2. (9, Theorem 5.2.1) Every context-free language is a SLIP-language.
We have the following result as a corollary of Parikh’s theorem.

Corollary 2.3. Every context-free language over one letter alphabet is reqular.

Of course, the reverse of Parikh’s theorem is not true in general. However,
a well-known result from Ginsburg gives us a necessary and sufficient condition

for strictly bounded languages for being context-free.

Theorem 2.4. (9, Lemma 5.4.2) A strictly bounded language is context-free if

and only if its Parikh-image is a finite union of stratified linear sets.

A SLIP-language L C aja---aj is (semi)convex in a language K C aja3---af
if the set ®(L) is (semi)convex in ®(K).

2.4 Families of Languages

A family of languages is any set of languages that contains at least one nonempty
language.? Families of languages are denoted by capital calligraphic letters. We
denote the family of regular and context-free languages by Lrrpg and Lo,
respectively.? Let £ be a family of languages. A substitution h : ¥* — oA
is a L-substitution if h(a) € L for every a € X. We call a Lrpg-substitution
also a regular substitution. A family of languages L is said to be closed under
substitution if the family of languages is closed under L-substitution.

Families of languages are often categorized by their closure properties. Let
L be a family of languages. Then L is a

2Sometimes a family of languages is also required to be closed under copy.
3Regular languages are sometimes denoted by Rat and L3 and context-free languages by Alg

and Lo in the literature.
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— duo if it is closed under inverse morphism and intersection with regular lan-
guages?;

— full trio if it is a duo and closed under morphism?®;

— full AFL if it is a full trio and closed under union, catenation and catenation

closure.

In the literature, the terms trio and AFL are also used instead of full trio and full
AFL, respectively. A trio (resp. an AFL) is required to be closed under e-free
morphism instead of completely arbitrary morphism. This work concentrates
completely on full trios and full AFLs. It should be noted that all full AFL
operations are not completely independent. If a family of languages is closed
under intersection with regular languages, morphism, inverse morphism, union
and catenation closure, the family of languages is also closed under catenation (5,
Proposition V.4.2). Dependencies of the full AFL operations are studied more
deeply in (14) and (10).

Let 7(L) (resp. F(L), resp. D(L)) denote the smallest full trio (resp. full
AFL, resp. duo) containing a language family £. If £ is a singleton, i.e. £L={L},
we may write 7 (L) (resp. F(L), resp. D(L)) instead of T ({L}) (resp. F({L}),
resp. D({L})). In this case, we say that the full trio 7 (L) (resp. full AFL F(L),
resp. duo D(L)) is principal. A language L is called a generator of the full trio
T(L) (resp. full AFL F(L), resp. duo D(L)).

We say that a language L1 dominates rationally a language Lo if T (Lg) C
T(L1). Languages Ly and Lo are rationally equivalent if T (L1) =T (L2). Lan-
guages L1 and Lo are rationally incomparable if T(Lo) ¢ T(L1) and T(L1) ¢
T(Lo).

Theorem 2.5. (5, Theorem III.4.1) Let LC¥* and L' C A*. Then L' € T(L) if
and only if there exist an alphabet ', a regular language R C T'* and alphabetical
morphisms h: T* — A* and g : T* — ¥* such that L' = h(g~*(L)NR).

Next, we define a sequence of language families that up to a certain extent
measure the size of a bounded language. This definition addresses the number

of components in a bounded language that can increase without limit simulta-

4In the literature, a duo is called sometimes a cylinder-
51n the literature, a full trio is called sometimes a rational cone, or shorter a cone.
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neously. So we set

L‘,k:{LCZ* ’ HREN,$i7j,wi7j€Z*:
n

* * *
LC U Ti0W; 1Ti,1W; 9" 'xi,kflwi,kxi,k}
i=0

for all k£ € N. In addition, we set
Rk =LrNLRrEG

for all £ € N. By the properties of bounded regular languages, the language R
is in Ry if and only if R is a finite union of languages of the form
TOWIT1W5 -+ - Tp_ WL T, Where xg,w1,21,W2,...,Tp_1, W, T} are words.

Naturally, we have relations Ly C Liy1, Ri C Riy1 and Ry C Ly for all
k € N. Note also that each £ contains only bounded languages.

Example 2.6. ajaa;Uajasas € Ra\Ri.

2.4.1 Minimality of Families of Languages

Since all the full trios and full AFLs contain the family of regular languages, it

is natural to define minimal families of languages in the following way.
Definition 2.7. A full trio (resp. full AFL, resp. duo) £ is minimal if

— L contains nonregular languages;
— there does not exist a full trio (resp. full AFL, resp. duo) £’ such that £’

contains nonregular languages and £’ C L.

If a full trio (resp. full AFL, resp. duo) £ is minimal, we say that £ is a
minimal full trio (resp. minimal full AFL, resp. minimal duo).
The next theorem states that each nonregular language in a minimal language

family is a generator of the language family.

Theorem 2.8. A full trio (resp. full AFL, resp. duo) L is minimal if and only
if L contains nonregular languages and for each L € L\ LrEq, we have T (L) =L
(resp. F(L)=L, resp. D(L)=L).

Proof. Let us prove the claim concerning full trios. The proofs concerning full

AFLs and duos are fully analogue.
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Let £ be a minimal full trio. Then there exists a nonregular L € £. Thus,
T(L)C L and LeT(L). Hence, T(L)=L.

Let £ be a full trio that is not minimal. We may assume that £ contains
nonregular languages. Then there exists a full trio £’ C £ and a nonregular
language L' € L. Then 7(L') C L' C L. O

Corollary 2.9. Minimal full trios (resp. minimal full AFLs, resp. minimal

duos) are principal.

Let £ be a full AFL and a minimal duo. Then there does not exist a duo £’
such that Lrea C £’ C L. Thus, there does not exist a full trio £” or a full AFL
L" such that Lreg C L C L or Lreg C L C L. Hence, L is also a minimal
full trio and a minimal full AFL.

If £1 is a minimal duo, £2 a minimal full trio, £3 a minimal full AFL and
L1NLoNLs ¢ LrEG, then L1 C Lo C L3.

It is very hard to give a concrete example of the minimal language families.

In fact, Autebert et al. have stated the following conjecture on the issue.

Conjecture 2.10. (2) (see also (1)) There does not exist a minimal full trio in

the family of context-free languages.
Let us state another minimality definition.

Definition 2.11. A full trio (resp. full AFL, resp. duo) L is minimal with
respect to a language family KC if

— the family LN contains nonregular languages;
— there does not exist a full trio (resp. full AFL, resp. duo) £’ such that £'NK

contains nonregular languages and £’ C L.

Theorem 2.8 and Corollary 2.9 may be easily extended to concern minimality

with respect to a language family /.

Theorem 2.12. A full trio (resp. full AFL, resp. duo) L is minimal with respect
to a language family K if and only if LOIKC contains nonregular languages and for
each L € (LNK)\ LrEg, we have T(L) =L (resp. F(L) =L, resp. D(L) =L).

Proof. Let us prove the claim concerning full trios. The proofs concerning full

AFLs and duos are fully analogue.
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Let £ be a minimal full trio with respect to a language family K. Then there
exists a nonregular L € LNK. Thus, 7(L) C L and L € 7(L). Hence, 7(L) = L.
Let £ be a full trio that is not minimal with respect to a language family K.
We may assume that £N/C contains nonregular languages. Then there exists a
full trio £’ C £ and a nonregular language L' € £L'NK. Then 7 (L) c L' C L. O

Corollary 2.13. Minimal full trios (resp. minimal full AFLs, resp. minimal

duos) with respect to a language family IC are principal.

It is easy to see that, if a full trio (resp. full AFL, resp. duo) is minimal with
respect to language families K1 and Ko, it is also minimal with respect to the
language family K1 U Co.

Substituting the language family I by Lop in Definition 2.11, we see that
a full trio (resp. full AFL, resp. duo) £ C Lop is minimal if and only if it is
minimal with respect to Lop.

Let us define Sc = {a™b"|m < n}, S5 ={a™b"|m >n} and S» = {a™b"|m #
n}. Berstel and Boasson have proved the following theorem regarding the mini-
mality of full trios and full AFLs.

Theorem 2.14. (6, Proposition B) Let L be a nonregular 2-bounded context-free
language. Then T (Sg) C T (L) and F(Sy) C F(L) for some 0 € {<,>,#}.

Lemma 2.15. (4, Lemme) Let L,L' C {a,b}* be context-free languages. Then
T(L)CT(L) if and only if F(L') C F(L).

Since we know that the languages S<, S» and S are pairwise incomparable
(5, Theorem V.7.3), we get the next corollary from Theorem 2.14. The claim
concerning full AFLs follows by Lemma 2.15.

Corollary 2.16. Let 6 € {<,>,#}. Then the full trio T(Sp) and the full AFL

F(Sy) are minimal with respect to the 2-bounded context-free languages.
2.5 Transducers

A transducer is a 6-tuple M = (Q,X,A,FE,q_,Q+), where

— @ is a finite set of states;

— X is an input alphabet;

20



A is an output alphabet;
- EC@QxX*xA*xQ is a finite set of transitions;
— g— € @ is an initialization state;

- Q4 CQ is a set of final states.

Let p,q € Q, wy,w2 € £¥* and v1,v2 € A*. We denote (p,wi,v1) b (g, wa2,v2) if
there exist x € ¥* and y € A* such that wq = zws, vo = v1y and (p,z,y,q) € E.
Let }— be the transitive reflexive closure of the relation . Therefore, (pg,w,¢€) l—
(pn,€,v) if and only if there exist n € N, states p1,p2,...,pn—1 € @ and words
W1, W, ..., Wy € X5, v1,v9,...,0, € A" such that w=wiws - - wy, v=v1vV3- vy
and (p;—1,w;,v;,p;) € E for all i € {1,2,...,n}. If moreover pg = ¢_ and p, €
Q+, then the word (po,w1,v1,p1)(p1,w2,v2,p2) * (Pn—1,Wn,vn,pn) € E* is a
computation of the transducer M. Let us denote the set of all the computations
of a transducer M by II;;. Define morphisms hp; : E* — ¥* and gp : E* — A*
by hns(p,w,v,q) =w and gps(p,w,v,q) =v for all (p,w,v,q) € E. Finally, let us
define the function 77 : ©* — 22" for each transducers M by

v (w) ={gnm(e) | har(e) =w,e € s}

The function 77 is called a rational transduction. Rational transductions are

denoted by Greek letters 7 and w.

Theorem 2.17. (5, Theorem II1.6.1) Let L and L' be languages. Then L' €
T (L) if and only if there exists a transducer M such that Ta (L) = L'.
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3 Very Small Families Generated by Bounded

Context-Free Languages

Let us first define new families of context-free languages. These families turn
out to be a very interesting and useful tool for examining rational dominating

relations of weak bounded context-free languages. Let k € N,. Define
Cr = {L € CCF|Lﬂa:0wa1w§ . ~xk_1w;:xk € Lreg VYzi,w; € Zz}

and Coo = N52,C;. Clearly Cp41 C Cy, for all k€ N, It follows directly from the
definition that Lrpg C Coo and Cy, C LoF for all k€ N

We shall make the following observations in this chapter:

Observation 1. each nonregular bounded context-free language belongs to Cy, \
Ci1 for some k € Ny;

Observation 2. for each k£ € N, any language in Ci \ Cr11 can be transformed
into a language in Cpy1 \ Cgt2 using only full trio operations;
and

Observation 3. for each k € N, the family Cj, is a full AFL.

The first and second observations imply that we can proceed any nonregular
bounded context-free language downwards in the chain C; \ C2,C2\Cs, ... as far
as we wish using full trio operations. The third observation states that we cannot
proceed any language upwards in the same chain even with full AFL operations.

Combining these results, we get a proof to the next conjecture.

Conjecture 3.1. (1) There does not exist a minimal full trio with respect to

the bounded context-free languages.

This chapter is organized as follows. Section 3.1 deals with some basic prop-
erties of these families with examples. Two main points of the section are to note
that Observation 1 holds and the family Cj \ Cr41 is nonempty for each k € N
In Section 3.2, we shall prove that each full trio generated by a language from the
family Ci \ Cr41 contains nonregular (k+ 1)- strictly bounded languages. In Sec-
tion 3.3, we will study the structure of these (k+ 1)- strictly bounded languages
of the family Cj \ Cx41 more deeply. After this work, we are ready to prove in

23



Section 3.4 that Observation 2 holds. In Section, 3.5 we shall show Observation
3, i.e. that the family Cj is a full AFL for all £ € N;. Finally, in Section 3.5 we
will give a formal proof for Conjecture 3.1 using the same reasoning pointed out

above.

3.1 Examples of Languages in C; \ Ci1
Let k € Ny and 61,0s,...,0; € {<,>,#}. For each i € {1,2,...,k}, define the
language

k
n n n
Si(01,02,...,0;) = < aytay?---a.* |n1,ne,...,n, € N and \/mﬂjnj
i=1

We remark that the condition n;0;n; is always false. Thus, this term is included

in the definition only for the sake of simplifying the definition.
Example 3.2. Let us consider the language
S1(#,>) ={a a3’ |n1 > no} = S2(<,#).

For example, S1(#,>)Najas = alafag € Lrpg and Si(#,>)Naiay = a1 €
Lreg. It is clear that S1(#,>) € C1 \ Ca.

Example 3.3. Let us consider the language

Si(#E##) = {ay"ay?az®|ny #ng or ny #na}

SQ(#v 7éa 7&) = S3(7éa 7é7 7&)

afa3a3\ fafa3agin € N},

Now, for instance, S1(#,#,7#)Najasas = ajajas\{a1a2a3} € Lrpag. It is easily

seen that S1(#,#,#) € C2\ C3. Thus, it is quite obvious that S (#,#,#,#) €

C3\ C4 and furthermore Sy (#,#,...,#) € Cx \Cr41 for all k € Ny (see Theorem
—————

k+1 times
3.7 for formal proof).
Example 3.4. Set
Lo = {dfaafiar--afa|peN, 37e{01,...p}:i;# )}

(a3a1)*\ {alagala%alag ---arab|p € N}.
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Now, for example, Lg Nabaiasaiaia; = asaiasaiaiay \ {arazaia3ar} € Lrec
and LgN(a3a1)* = (a3a1)*. The language L¢ is constructed from the language
S1(#,#) in page 55. At last, from this construction it should be clear that Lg
is context-free. Goldstine has proved that every bounded language in 7 (Lg) is
regular (12).% Thus, we can conclude that Lg € Co \ LrEG. We will prove this
in Corollary 4.3.

Theorem 3.5. C1 = LcF

Proof. Obviously, C; C Lop. Let L € Lop and zg,wq, 21 € ¥*. Then LNzowizy
is rationally equivalent to the one letter language {a"|zow}z1 € L}. Thus, by
Corollary 2.3, we have LNzowiz1 € Lrec and L € Cy. O

Theorem 3.5 will imply that each context-free language belongs either to Co
or exactly one family Cx \ Cr11, k € N1. In addition, due to Examples 3.2, 3.3
and 3.4, each of the families Cy \ Cx+1 and Coo \ LrEg is nonempty. Thus, we

have the chain

Lop=C12C22 - 2Cx 2 LREG-

=

We will expand a similar chain also inside the family Co, in Chapter 4.
The next intuitively obvious theorem helps us to classify strictly bounded

languages into the right family Cy \ Ci41.

Theorem 3.6. Let n € Ny and L C aja5---a;,. Given k € Ny, the language L

«

is in Ck if and only if LNaf'a3?---a%" € Lrpa for all aq,aq,...,an € NU{x},
where |{i € {1,2,...,n}a; = x}| =k.

Proof. “=". This follows directly from the definition of Cy.
“<”. Assume that L ¢ C. Then there exist xg,w1,21,wa,...,Tp_1, Wk, Tk €
7, such that

L' = LNnzowiriws - xp_1wizy ¢ LREG-

Since L C ajaj---ay,, we may assume that

TOWTIWS -+ T WETE C a1a5 - ay.

6Goldstine actually defined a slightly different form of the language Lq. It is proved on page
56 that these languages generate anyway exactly the same full trio.
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We may also assume that w; # € for all ¢ € {1,2,...,k}. Thus, there exist
P1,71,P2,72,...,Pn,Tn € N such that

roufers oo ywia, = o (0]!) B (0)" -l )’

and [{i € {1,2,...,n}|r; >0} =k. Set

pi, ifr; =0,
Q; =
*, ifr; >0
for all i € {1,2,...,n}. Then

L = (Lnafag? - ag) b (0} ) al (af2)" - -ab ()"

Thus, LNaj'a3?---ad" ¢ Lrpe for some ag,ag,...,an € NU{*} such that |{i €
{1,2,...,n}a; = x}| = k. O

Finally, we give a necessary and sufficient condition for our example languages
Si(01,02,...,0k11) to belong to the family Cx \ Ci11.

Theorem 3.7. Let k>2 and i € {1,2,...,k+1}. Then
Si(01,02,...,0k11) € Ck \Crq1
if and only if 0; € {>,#} for all j € {1,2,...,k+1}\ {i}.

Proof. Assume without loss of generality that i = 1. The proof of the case i # 1
is fully analogous.
“«<” Let L=51(61,02,...,0k+1), where 0; € {>,#} forall j € {2,3,...,k+1}.
Since L ¢ LrEa, we have L ¢ Cp41. Therefore, it suffices to show that L € Cy,.
Let m € N. By Theorem 3.6, it is enough to show that

Lnajas---aj_ja'aj 10519 a1 € LREG
for all j € {1,2,...,k+1}. Assume first that j =1. Then

m ok %k *
Lﬂal a2a3"'ak+1

k+1
ng n Nk+1
= {al"ay%a3® a0 | \/ mbén; and no,ns,...,ng1q € N}
=2
k+1

ng n Nk+1
= U {a*a5?ag® - a) 5T | mOyny and ng,ns,...,npy1 €N} € Lrig.
=2
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Assume next that j € {2,3,...,k+1}. Assume without loss of generality that
j =2. We noted earlier that LNala}a}- --ay 1 is regular for fixed [ € N. Thus,

we have
*x Mk % * _ m+1_*x m * x *
LNajay’azay---ap,y = ay " ajayazay---apg
m
U U (Lﬂallagla§az~~az+l) € LRrEG-
1=0
Hence, L € Cy.

“=". Suppose that ¢, is the relation < for some j € {2,3,...,k+1}. Assume

again without loss of generality that j = 2. Let us consider the language

/ Kk ok *
L Lﬂa1a3a4--~ak+1

k+1
_ ny _n3 _n Nk+1
= qajtazayt-a \/nleml\/n1<0

=1
1£2

k+1

ni _m3 ng Ng41

aytaztay cragih \/n19lnl .
=3

Since k > 2, at least one condition n16;n; remains valid, and the language L’ is

nonregular. Thus, L ¢ Ci. The proof is now complete. O
3.2 A Normal Form Representative for Languages in
Cr\ Cr11

In this section, we will prove that, for each k € Ny and L € Cy \ Ciy1, there
exists a (k+1)- strictly bounded language L’ € Cj, \ Cx+1 such that L’ belongs
to the full trio generated by L. This result implies that, if we are looking for a
language generating a minimal full trio (or a minimal full AFL) inside the family
Ci \ Ci+1, we may always restrict to look it inside the family of (k+ 1)- strictly
bounded languages.

Let n € Ny and zg,w1,21,w2,23,...,Wn,Tn € X*. Let us define a trans-

ducer M(anwlaxlawla'rQw" ,.’I?k,’ll}k) = ({p07p15 v apn+1}7zn7E7Eap07{pn-i-l}),
where

E= {(pi7€7xiapi+1)|i S {0717' .. an}}u{(pwa‘mwlapl)“ S {152a s 7”}}
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If the words xg,w1,r1,w2,23...,Wn, T, are clear from the context, we can sim-

plify the notation by setting
M= M(.’I?(),’IU]_,.TI]_,’IUQ,%:;,. . .,U}n,l‘n).

Let L C aja3---a;,. Then

™ (L) = {xow?mlw?mg : --wf{lxn\aill a? --ain € L}.
Therefore, it should be clear that the rational transduction 75, : ¥X* — 2= may
be regarded as a function 757 : aja3 - --a;, — X*. We should also note that, as an

1

. . . —_ * o, . .
inverse of a rational transduction, 7,, : ¥* — 2> is also a rational transduction.

Lemma 3.8. Let n € Ny and L C zowjzowizs---wyxy,. Given k € N, the
language L is in Cy, if and only if T]\_/Il(L) is in Cj.
Proof. Assume first that L € Cp,. Let

R = zgui 2105+ 2k — 1V}, 2k,
where 20,v1,21,V2,...,2k—1,Vk, 2k € Ej,l(L). It suffices to show that 7']\_41(.[/) N

M

R € Lrpg. Since 7,/ (L) C ajab---a’, we may assume that R C aja}---a
Since L € Cg, we have LN7p(R) € Lrpg and

*
n:

T (DNR =1 (L)N7y  (tar(R)NR =73, (LN7T3(R))NR € LrEG-

Hence, 73, (L) € Cy.
Assume now that 7;,' (L) € Cy. Let

* * *
R =20v{ 2105+ 21V} 2k,

where zg,v1,21,V2,...,25—1,Vk, 2k € X7 . It suffices to show that LNR € Lrea.
Therefore, we may assume that R C xowjzowszs---w;) xy. Clearly, there exists

a regular language R’ € Ry such that a7 (R') = R. Since 73, (L) € Cg, we have
LNR =1y (ry (D) N1 (R) = mar (73, (L)NR') € LpEc-
Therefore, L € Cy,. O

Finally, we are ready to prove the main result of this section. The next
theorem will imply that, if we are looking for a language generating a minimal
full trio (or a minimal full AFL) inside the family Cj \ Cr+1, we may always
restrict to look it inside the family of (k+ 1)- strictly bounded languages.
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Theorem 3.9. Let k € Ny and L € Cp \Crpy1. Then there exists a language
Ly € T(L) such that L1 € Bi1N(Ci \ Crr1)-

Proof. Since L ¢ Cj41, we have zg,z1,...,2541 € X* and wy,ws,..., w41 € X*
such that

L= Lﬂxowikxlw; . -kaz+1xk+1 ¢ LrEG.

Hence, L1 ¢ Cg11. Since L € Cy, we have Ly € C \ Cpy1. According to Lemma
3.8, we have TA}l(Ll) € Cp \Ci+1, where pr 1 aja3 - -aj — X* is a function defined
in the beginning of this section. Since T]\}l is a rational transduction, we have
by Theorem 2.17, 73, (L1) € T(L). O

Now we are able to reformulate Theorem 2.14 and Corollary 2.16.

Theorem 3.10. Let L € C1\Ca. Then T(Sg) CT(L) and F(Sg) C F(L) for
some 6 € {<,>,#}.

Proof. By Theorem 3.9, there exists a 2-bounded nonregular language L' € 7 (L).
By Theorem 2.14, either 7(S<) C T(L'), T(S>) C T(L') or T(S%) C T(L').
This proves the claim concerning full trios. Since 7 (L) C F(L), the claim con-

cerning full AFLs follows by the same reasoning. O

Corollary 3.11. Let 6 € {<,>,#}. Then the full trio T(Sp) and the full AFL
F(Sy) are minimal with respect to the family C1\ Ca.

33 On the Structure of Languages in C; \ Ciy1

In the previous section, we noted that, if we are looking for a language generating
a minimal full trio (or a minimal full AFL) inside the family Ci \ Cgy1, we
may always restrict to look it inside the family of (k4 1)- strictly bounded
languages. This gives us an excellent starting point for studying the structure of
weak languages of the family Cy \ Cx41 in this section. However, general (k+1)-
strictly bounded languages still provide too complex structure for deeper analysis
of the languages. We shall note that every nonregular strictly bounded context-
free language can be intersected with a regular language R so that the resulting
language is nonregular and semiconvex in R (see Lemma 3.14). Languages that

are semiconvex in some regular language turn out to be simple enough so that
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we will get some results out of the structure of these languages in the family
Ce \Cry1-

Note that the Parikh image of a strictly bounded regular language may always
be represented as a semilinear set whose periods are parallel with a coordinate
axis. Thus, the next lemma states that a proper linear set is always convex in a
semilinear set whose periods are parallel with a coordinate axis. In other words,
a proper linear set is fully characterized by its boundaries and a grid. This is

illustrated in Figure 1.

—
\——

Fig 1. lllustration of Lemma 3.12 in case k = 2.

Lemma 3.12. (16, Lemma 2) Let k € Ny and S C Ni be a proper linear set.

Then there exists a regular language R C aja3---aj such that S is convex in

3-1(R).

Lemma 3.13. Let k€ Ny and L C ajas---aj, be a SLIP-language such that L is
semiconvez in a reqular language R C ajal---a}. Let R’ C aja3---af be another

regular language. Then LN R’ is semiconver in RN R'.

Proof. Let n € Ny and Ly, Ls,...,L, be linear components of L such that L =
Ui, Li = Ui, (Conv(L;) N R). For each i € {1,2,...,n}, let n(i) € Ny and
Lia,Li2,. .., L; n(;) belinear components of L; N R’ such that L;NR' = U;Lill) Li;.
Then for each i € {1,2,...,n}, we have

n(i)

U Conv(L; ;) C Conv(L;).

j=1

By the above relation and semiconvexity of L in R, we have

n TL(’L) n
U U Conv(Lij)nRAR' C | Conv(L)NnRNR =LNR.
i=1j=1 i=1
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On the other hand, since L C R and LNR' =, ; Li; C U, ;Conv(L; ;), we

have

LNR = UC’onv(Lm)ﬂRﬂR’.
0]

O
The next lemma is a slightly modified version of Lemma 3 from (16). The
lemma states that we can factorize every strictly bounded SLIP-language into
parts that are semiconvex in some regular language. Moreover, the lemma states
that we may do this by intersecting the original SLIP-language with a regular
language. This result and Theorem 3.9 will imply that, if we are looking for
a language generating a minimal full trio (or a minimal full AFL) inside the
family Ci \ Cg+1, we may always restrict to look it inside the family of (k+ 1)-
strictly bounded languages that are semiconvex in some regular language. By
the semiconvexity, the inner structure of the studied language gets much simpler.

Figure 2 illustrates the lemma.

A 4 \L A
/
— // N
| ;
A / i 4 \L 4
/

/
[
/
ﬁ /
A?/’j// =

| L
A A= =

Fig 2. lllustration of Lemma 3.14 in case k = 2.
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Lemma 3.14. Let k€ Ny and L C aja3---aj, be a SLIP-language. Then there
exist n € Ny and regular languages Ry, Ra,..., Ry, C ajaj---aj, such that

1. ®(R;) is a linear set for alli€ {1,2,...,n};
2. LNR; is semiconvex in R; for all i € {1,2,...,n};
3. L=U",LNR;.

Proof. Since ®(L) is a semilinear set, there exist, by Theorem 2.1, n € N} and
proper linear sets S1,Ss,...,S, € N¥ such that ®(L) = Ui, S;. For each i €
{1,2,...,n}, let L; C aja3---aj, be such that ®(L;) = S;. By Lemma 3.12, there
exist regular languages R1, Ra,...,R, C ajas---aj, such that L; is convex in R;
for each i € {1,2,...,n}. For each I C {1,2,...,n}, let T ={1,2,...,n}\ I and

I = <mRZ> N ﬂE Najas---ay.

el il

Since U1, 0y BUI) = ajaz---aj, we have L =15,y (LOR(I)).
Let I C {1,2,...,n}. If i € I, then by Lemma 3.13, L; N R(I) is semiconvex
in R;NR(I)=R(I). If i ¢ I, then

L; ﬂR(I) = COTL’U(LI) NR; ﬁR(I) =0.

Therefore, for each I C {1,2,...,n}, LNR(I) is either empty or semiconvex in
R(I).

Finally, it should be obvious that to all I C {1,2,...,n}, we may split the
regular language R(I) into regular languages, each of which has a linear Parikh

image. O
Let us see an example of the construction of Lemma 3.14.

Example 3.15. Let L = {a>"a)?|n1 < na}U{a]™ a5?|n1 > na}. Then the

languages
Ly = LN (a)*abn(af) a3 = {al™ al?|2n1 < ng Vg > na}

and
Lo = LN (ad)*asn(ad) a3 = {a]™ a0l |20, +1 < na}
are semiconvex in (a?)*asN(a})*al = (a})*al and (a?)*a3N(a)*al = a2 (a)*al,

respectively. Moreover, L = Ly U Ls.
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Lemma 3.16. Let k € Ny and L C aja3...a}, be a semiconver language in a
language K C ajaj...aj,. Then either L or K\ L does not contain as a subset

any language from the family Ry \ Rp—_1.

Proof. This lemma is geometrically obvious since if both L and K \ L contained
a language from the language family Ry \ Ri_1, then these regular languages
would overlap infinitely many times. This would break the semiconvexity of L.
This is also the idea of the formal proof.

Assume contrariwise that R1, Ro € Ry \ Ri—1 are languages for which Ry C L
and Ry C K\ L. Then there exist n;,m; € N4 and n},m} € N such that

’

!/ /
ait (a7') ag? (ah?)"apk (ap*) C Ry C L
and
’ / /
ai"™ (@) ag? (ay?) - ap* (af*)" € Ry C K\ L.

Without loss of generality, we may assume that m/ > n/ for all ¢ € {1,2,...,k}.
Let [ = Hle n;m;. Then

and

Define the half-line
S(t> = (nllvnéaangg)+t(m/1 7n/1am12 7n,27"'am;c 7’”’;@)7

where t € Nj.. Then s(jl) € (L) and s(jl+1) € (K \ L) ¢ (L) for all j € N.
This contradicts the semiconvexity of ®(L) in ®(K). O

Lemma 3.17. Let k €Ny, j€{1,2,....,k+1} and L Cajas---aj , be a semi-
convez language in a reqular language R C aja3---ay , such that ®(R) is linear

and

* ok * * * *
Lﬂa1a2 . 'aj_laTaj+1aj+2 . 'ak+1 S L:REG
for all m € N. If for each mg € N, there exists m > mqg such that
LNajaz- a5 15051059 aj 4y € R\ Rg-1, (1)
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then there exists my € N such that
(R\L)Najay---aj_aj'aj a5 o apq € R
for all m > mf,.

Proof. Let p € N and L1,La,...,L, be linear components of L such that L =
UY_, Li = U (Conv(L;) N R). Assume that there exist m1,ma,...,mopt1 €N
such that m; <mo < -+ <map41,

LNajas---aj_ja; aj 10519 ajq € R\ Ri—1 (2)
for all i € {1,3,5,...,2p+ 1} and
(R\L)Najas- ~~a;f71a;nia;f+1a;+2 a1 € R\ Ri—1 (3)

for all i € {2,4,6,...,2p}. We shall show that this assumption leads to a con-
tradiction. Since by Presumption (1), there exists integers m; for satisfying
Relation (2), Relation (3) must cause the contradiction. This will indicate that

there exists m( < ma), such that
(R\L)Naja3---aj_jaj"aj a5 9 ap4q € Rp—1

for all m > m6. Let us now obtain the contradiction.
By Lemma 3.16,

(R\L)Naja3--aj_ja;"aj, 105 9 afyy € Ry—1
for all i € {1,3,5,...,2p+1} and
LNajas---aj_ya;"aj 1aj o ajq € Re—1
for all i € {2,4,6,...,2p}. Thus, there exists ng € N such that
n;_1 i n 1 n 2 n
{aay? a7 al" ajjj a]fz ‘it € Rlna,na, ..., npp1 >no} C L
for all i € {1,3,5,...,2p+ 1} and
{ ny ne o JMi—1 my T+l 142 Tt1 € R| >ng} CR\L
Gy Aoy j 1 a]- ajJrl aj+2 ak+1 ny,n2,...,MNkg4+1 = No

for all i € {2,4,6,...,2p}. By Relations (2) and (3) and by the linearity of ®(R),

there exist n1,ng,...,nE4+1 > ng such that
ny n2 Nj—1 _my Tj+1 7542 ”k+1
R S S S R €ER
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for all i € {1,2,...,p}. Let us now define the line segment

x(t) = (nl,ng,...,nj_l,t,nj+1,nj+2,...,nk_,_l),

where m1 <t <map41. The line segment x(t) contains two distinct points from
the same convex set ®(Conv(L;)) such that their intermediate point belongs
to ®(R) but does not belong to the set ®(Conv(L;)). Therefore, we have a
contradiction. Figure 3 illustrates this situation. Thus, the Relation (3) does

not hold. Therefore, there exists my, < mg, such that

* %k * m ok * *
(R\L) malaz . 'aj_la/j aj+1aj+2 . 'ak+1 S Rk-_]_

for all m > my,. O
| (n1,mg,. .., M1, M2p 1y Rl nEt1)
L (M1, M2y M1, M2ps Mgy 1)
(n1,ng M1, M3 MGy ngy1)
x(t) T
gl (n1,mn9,..., nj_1,ma,mji1.. . ngi1)
A
’/ (n1,n9,..., L P RS ELY NE PR 'nk+1)

Fig 3. lllustration of the contradiction in the proof of Lemma 3.17. The grid shows
points of the set ®(L).

Let us generalize the definition of the family Cy by setting
Cr = {L e &*|LNzowizrws - xp_1wizy € LrEg Vo;,w; € X]}

for all k€ Ny.
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Lemma 3.18. Let k € Ny and L C aja3---aj | be a SLIP-language such that
LeCi\Cpy1. Let J be a set of all j € {1,2,...,k+1} for which there exist
mo € N such that

* % * m % * *
Lﬂa1a2~--aj_1aj aj+1aj+2"'ak+1 S Rk,‘fl (4)

for all m > mg. Then ®(L) contains a period with at least min{k+1,|J|+ 1}
nonzero coordinates in every representation of ®(L) as a finite union of linear

sets.

Proof. Let Ly, La,...,Ly be strictly bounded languages such that ®(L;) is a
linear set for all i € {1,2,...,n} and L =J;_ L;.

Let I = |J|. Without loss of generality, we may assume that J ={1,2,...,l}.
We have two cases: [ <k+1and [ =k+1.

Case 1. We have | < k+1. The claim is trivial if [ = 0. Thus, we may
assume that [ > 1. Since [ < k+ 1, we have

* % * m * * *
LNnajay---ajafy a7y 90713+ apy1 € R\ Ri—1 (5)

for an arbitrary large number m € N. Let us denote Jo = {{+2,14+3,...,k+1}.
By Relation (5), ®(L) contains an element e such that

— all the coordinates of J are arbitrary large compared to each coordinate of J
in e;

— a coordinate j € J is arbitrary large compared to a coordinate j' € J in e,
whenever j > j';

— the coordinate [ +1 is arbitrary large in e (since m is arbitrary large in (5)).
Thus, there exists r € {1,2,...,n} such that

(i)  for each j € Jo, there exists a period p; of ®(L,) such that the coordinate
J is nonzero in p; and all the coordinates of J are zero in pj;

(ii) for each j € J, there exists a period p; of ®(L,) such that the coordinate
J is nonzero in p; and all the coordinates of {1,2,...,j —1} are zero in p;;

(iii) there exists a period p;y1 of ®(L,) such that the coordinate [+ 1 is nonzero

in pr41.

Let us define the set J3 = {j € J|the coordinate j of p; ;1 is zero}. Assume
that the set J3 is nonempty. Let ;' be the smallest element of J3. By Item (i) of
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the above list, by pumping periods p; for all j € Ja, the coordinate j remains as
a constant while all the coordinates of J2 get arbitrary large values. By Items
(ii) and (iii), by pumping the periods p; for J3\{j'} and the period p;y;, the
coordinate j' remains as a constant while all the coordinates of J\ {j'}U{l+1}
get arbitrary large values. On the other hand, by Presumption (4), only k£ —1
coordinates of ®(L) can have simultaneously arbitrary large values while some
coordinate of the set J is fixed. Thus, we have a contradiction. This situation
is illustrated in Figure 4. Therefore, the set Js is empty. This will indicate that
all the coordinates of J are nonzero in p;41. Thus, p;41 is a period with [+ 1

nonzero coordinates.

lail lag| |ag] |ag] las]| lag| |a7] lai] laz| lag| |agq| |as]| |ag]| |a7]

(a) (0)

lail laz| |ag] |ag]| las]| lag| |a7] lail lag| lag]| lagl| lag| |ag| |a7]

(©) (d)

Fig 4. lllustration of the contradiction in the proof of Case 1 of Lemma 3.18. In
this example, we have [ =4, J ={1,2,3,4}, Jo = {6,7} and J3 = {2,3,4}. Figure (b)
shows ®(L.) after pumping the periods pg,p7 (the periods p; for j € Jo). Figure (c)
shows ®(L;) after pumping the period ps (the period p;;1). Figure (d) shows ®(L;)
after pumping the periods p3,p4 (the periods p; for j € J3\{i'})-

Case 2. We have | =k+1. Let mg € N be a number according to the
presumption of the theorem. Therefore

* % * m % * *
Lﬂa1a2 "'Clj_laj a;j+1aj+2 "'ak+1 c kal (6)
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for all m >mg and j € {1,2,...,k+1}.

Let us denote R_1 = (). At this point, it should be noted that since L €
Ci\Cry1, we have L € Lj41\ Ly. Let J; € {1,2,...,k+1} be a set of maximal
cardinality such that there exist arbitrary large integers o; (j € {1,2,...,k+1}\
Jp) for which

Lﬂa?lag”nag_ﬁl€R|J1|\R|J1|_1, (7)

where oj =« for j € Jy. Let s =|Ji|. Without loss of generality, we may assume
that J; ={1,2,...,s}.

Let us denote Jo = {s+1,5+2,...,k+1}\ J1. By Relation (7) (using a similar
reasoning that we used in Case 1 for Relation (5)), there exists r € {1,2,...,n}
such that

(i)  for each j € Jq, there exists a period p; of ®(L,) such that the coordinate
Jj is nonzero in p; and all the coordinates of J and {1,2,...,j—1} are zero
in pj;

(i)  for each j € Jo, there exists a period p; of ®(L,) such that the coordinate

J is nonzero in p;.

Assume that there exist j/,j” € Jo and a period p of ®(L,) such that the
coordinate j’ of p is zero and the coordinate 7" of p is nonzero. Then keeping
the coordinate j’ as a constant, the coordinate j” and all the coordinates of
J1 can increase without limit in ®(L,). This causes a contradiction with the
maximality of |J1|. Hence, whenever a coordinate j € Jo of an arbitrary period
p of ®(L,) is nonzero, all the other coordinates of Jo of the period p are also
nonzero.

We show by induction on ¢ that there exists a period p of ®(L,) such that
all the coordinates of Jy and all the coordinates 1,2,...,¢ are nonzero in p for all
t€{0,1,...,s}. If t =0, then the claim holds by the above conclusion.

Assume now that the induction claim holds for t = ¢ — 1. Thus, there exists a
period p of ®(L,) such that the coordinates 1,2,...,¢—1 and all the coordinates
of Jy are nonzero in p. Let us assume that the coordinate q of p is zero. Then all
the coordinates of Jo and all the coordinates 1,2,...,¢— 1 can increase without
limit in ®(L,) while the coordinate ¢ stays as a constant. By Item (i) above,
the coordinates ¢+ 1,q+2,...,s can also increase without limit in ®(L,) while
the coordinate g stays as a constant. Thus, keeping the coordinate ¢ as fixed in

®(L,), all the k other coordinates can have arbitrary large values. On the other
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hand, by (6), only k— 1 coordinates of ®(L) can have simultaneously arbitrary
large values while some coordinate is fixed. Thus, the coordinate ¢ of p must
also be nonzero. Hence, the induction is extended, and the induction claim
holds for t = s. Therefore, there exists a period p of ¢(L,.) such that all the k+1

coordinates of p are nonzero. O

Let us now give three simple examples of Lemma 3.18. The first one illus-
trates Case 2 (I = k+1) and the second and third one Case 1 (I < k+1) of the
proof.

Example 3.19. Let L = {alaja}|n € N}. We have LNa*ajal = LNajay'al =
LNatasal = {af afaj'} € Ro C Ry for all m € N. Therefore, we have L € Co\C3
and [ = 3. Lemma 3.18 states that ®(L) contains a period with min{3,4} =3
nonzero coordinates in every representation of ®(L) as a finite union of linear

sets.

Example 3.20. Let L = {a]"a5?a3®|n1 <naAny; <ng € N}. We have LN
a*abal € Ro\R1 and LNajay’a;, LNajaiay® € Ry for all m € N. Therefore,
we have L € C2\C3 and | = 2. Lemma 3.18 states that ®(L) contains a period
with min{3,3} = 3 nonzero coordinates in every representation of ®(L) as a finite

union of linear sets.

Example 3.21. Let

L={al"a3?a3®ay* | (n1<naAni<nzAni<ng)

\/(n4 <niAng <ngAng < ng)}

It can be easily seen that LNa*ajala), LNajaiaia)’ € R3\Re and

LNatadaial, LNajaiad al € Ro\ Ry for all m € N. Therefore, L € C3\ Cy and
I =2. Lemma 3.18 states that ®(L) contains a period with at least min{3,5} =3
nonzero coordinates in every representation of ®(L) as a finite union of linear sets.
It is quite obvious that ®(L) contains a period with four nonzero coordinates
in every representation of ®(L) as a finite union of linear sets. Hence, the
statement of the lemma is not optimal in that sense. It is also obvious that ®(L)
has representations such that ®(L) does not contain a period with exactly three

nonzero coordinates. Thus, the expression “at least” is necessary in the lemma.

In all three examples above, in every representation of a semilinear set ®(L),

the set ®(L) has contained a period with k+ 1 nonzero coordinates. On the
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other hand, since our earlier examples have concerned context-free languages,
semilinear set ®(L) has had a representation such that each period of ®(L) does
not contain more than two nonzero coordinates. One interesting issue is whether
there are any strictly bounded SLIP-languages in the family Cr \ék+1 between

these two cases.

Open Problem 3.22. Let k > 3. Does there exist a (k+1)- strictly bounded
SLIP-language L € Ci,\ Cy1 such that

2 < minmax {n|®(L)has a period with n nonzero coordinates} < k+1,
where min has been taken over all the representations of ®(L)?

The next theorem states that a strictly bounded language L € Ci \ Cr+1 that is
semiconvex in a regular language R C ajaj---ay, is always big, i.e. it contains
almost the whole language R. Since by Theorem 3.9 and Lemma 3.14, every
language L € Cy, \ Cr+1 can be transformed to a language of this form with the
full trio operations, this theorem gives us important knowledge of the structure of
weak languages in the family Ci \ Cr+1. The theorem and its variation (Theorem
3.27) play a crucial role in this thesis; they are used in Section 3.5 for proving
that Ci is closed under morphism and in Section 3.4 for proving that we can
transform any language from the family Ci \ Ci41 into the family Cry1 \ Cr42

with the full trio operations.

Theorem 3.23. Let k > 2 be an integer and L € Ci, \Cx11 a semiconvex language
in a regular language R C ajaj---ay_ | such that ®(R) is linear. Then there exist
mo €N and jo € {1,2,...,k+1} such that

(R\L)Najay---aj_,aj'aj a5 o ap 1 € Rep—1
for allm >mg and j € {1,2,....k+1}\ {jo}-

Proof. Note that since R C ajaj---ap,, and L is semiconvex in R, we have also
LCajas--ap,,.
Since L € C, we have R\ L € C,. Thus

% % * m % * *
(R\L)ﬂala2~~aj71aj aj+1aj+2"'ak+1 S EREG

for all m e N and j € {1,2,...,k+1}. Let us assume that there exist ji,j2 €
{1,2,...,k+1} and arbitrary large integers mj,mo such that

* % * mi % * *
(R\L)ﬂa1a2~~-aj1_1a,jl aj1+1aj1+2"'a,k+l S Rk \kal
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and
* %k * mo % * *
(R\L)ﬂa1a2 ---an_lan aj2+1aj2+2"'a/k+1 S Rk\Rk,l.

Since L is semiconvex in R, the language R\ L is also semiconvex in R. Thus,

by Lemma 3.17, there exists mg € N such that
m

k) k * * * *
Lma1a2 "'aji_la]i aji+1aji+2 "‘ak+1 € Rk_]_

for all m > mg and ¢ € {1,2}. If j; # jo, then by Lemma 3.18, in all representa-
tions of ®(L) there exists a period p of ®(L) such that p contains at least three
nonzero coordinates. This causes a contradiction with the context-freeness of L.

Thus, j; = jo, which concludes the proof. O

Corollary 3.24. Let k> 2 be an integer and L € Ci, \C+1 a semiconvex language
in a regular language R C ajas---aj | such that ®(R) is linear. Then R\ L does
not contain any language as a subset from the family Ry11 \ Ry.

Proof. The corollary follows directly from Theorem 3.23. O
Let us now consider two examples of Theorem 3.23.

Example 3.25. Let us consider the language

S1(#,#,#) = {a a3 az® [y # n2 Vi # ns}.

We have ajabaj\ S1(#,#,#) = {a] a3%a3?|n1 = na =n3}. Thus, all the lan-
guages (ajajaj \ S1(#,#,#)) Naadal, (ajadal\ S1(#,#,#)) Najay’ay and
(ayaza3 \ S1(#,%#,#)) Najasay® are singletons, and the index jo of Theorem
3.23 may be chosen freely.

Example 3.26. Let us consider the language
S1(#,>,>) ={al"a3?a5?|n1 > na Vi > ng}.

We have ajaja}\ S1(#,>,>) = {a] a5?a3?|n1 < ng Ani <ng}. Thus, in this
case (ajazaj\ S1(#,>,>))Na"a3ay = al'ay’abafal € R\ R1 and (ajadaj \
S1(#,>,>))Najaytal, (afasal \ S1(#,>,>)) Najasay* € Ri. Hence, the index
jo of Theorem 3.23 is one.

Next, we state another variation of Theorem 3.23.
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Theorem 3.27. Let k > 2 be an integer and L € Cy \ Crpy1 such that L C
ajay---ajp, . Then there exist jo € {1,2,...,k+1} and R € Lrpg such that
LURE Ck\Ck+1 and

LURNajay---a;_yai"a; 1050 a5 1 € Rp1
forallmeN and j € {1,2,....,k+1}\ {jo}.

Proof. By Lemma 3.14, there exists a regular language R C ajaj---ap,, that
has a linear Parikh image such that L' = LNR ¢ Lrpe and L’ is semiconvex in
R. Thus, L' ¢ Cj11. Since L € C, we have also L' € C.

By Theorem 3.23, there exist mg € N and jg € {1,2,...,k} such that

L'NRNatas---aj_jal*ala} o - af, ) € Rp_1

for all m >mg and j € {1,2,...,k+1}\ {jo}. Since L'NR = L'UR=LUR, we
have
LURNaja3---aj_qaj'a} 1079 --af 1 € Rp—1
for all m > mg and j € {1,2,...,k+1}\ {jo}.
Finally, let
k+1mo—1
R = U U ajasz - a;_105'a; 1059 g -
j=1 m=0
Since L' € Cy, \Cr11, ' "NR=0 and R’ € Ry, we have LURUR' = L' URUR' €
Ck \ Cr+1. Hence, the regular language RU R’ satisfies the required conditions.
O

Theorem 3.28. Let k € Ny and L € C; \ Cxq1 be such that L C ajal- Ay -
Then ®(ajas---aj ,\ L) contains a period with k+1 nonzero coordinates in

every representation of ®(ajas---ay,,\ L) as a finite union of linear sets.

Proof. If k=1, then aja¥\ L is not regular, and the claim is trivial. So we may
assume that k > 2.

By Lemma 3.14, there exists a regular language R that has a linear Parikh
image such that L' =LNR ¢ Lrpg and L' is semiconvex in R. By Theorem 3.23
and Lemma 3.18, there exists a period of ®(R\ L’) with £+ 1 nonzero coordinates
in all representations of ®(R\ L'). Since R\L' = L'NR=LNR=(aja3---aj
L)NR, also ®(aja3---aj ,\L) contains a period with k+ 1 nonzero coordinates

in all of its representations. U
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Corollary 3.29. Let k > 2 be an integer and L € By11 N (Cx\Crs1). Then L is

not context-free.

Let L € C;; \ Cr4+1 be a (k+1)- strictly bounded semiconvex language in a
regular language R. In Corollary 3.24, we saw that R\ L does not contain any
language as a subset from the family Ry11 \Rr. However, the next theorem

states that R\ L always contains a language from the family L£11\ Lg.

Theorem 3.30. Let k € Ny, If L € Ci; \Cry1 is a semiconvex language in a
regular language R C ajas---aj_ q, then R\ L € Lyy1\ L.

Proof. If R\ L € Ly, then there exists mg € N such that

k+1 mgo

R\L=(R\L)N (U U ajas - fla?laf+1a;‘+2~~~az+1>. (8)

i=1 m=0

Since L € Cy, we have R\ L € 5k~ Thus, by Equation (8), we have R\ L € Lrgq-
Then, also L € Lrgqg, which is a contradiction. O

Thus far, all our example languages S;(61,62,...,0,1+1) have had a prop-
erty such that ®(5;(61,62,...,0,+1)) has a representation such that each linear
component of ®(5;(01,02,...,0k+1)) contains only one period with two nonzero
coordinates. One could ask whether this is a global property for all the (k4 1)-
strictly bounded languages in the family Cy \ Cr41. However, this is not the case,

as seen in the next example.
Example 3.31. Consider the language
L= {a?laQ a33|n1 >2noVng >2n3Vng =no —|—n3}

Then L € C2\ C3. Moreover, L contains a linear component with periods (1,1,0)
and (1,0,1) in the most natural representation of ®(L). It seems also quite obvi-
ous that there exists a linear component with periods (n1,n2,0) and (n3,0,n4),

where n; > 0, in every representation of ®(L).
Let us define the commutative closure of a language L by
c(L) =@~ H(D(L)).

Until now, all our examples of languages in the family Bg1 N (Cx \ Cxr1) have
been symmetric in the sense that, if L € Bi41 N (Cy \ Cgt1), then

(L) Nar1yar(2) tr(kt1) € Ck \Crr1
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for all the permutations 7 : {1,2,...,k+1} — {1,2,...,k+1}. Obviously, the
only possibility that

(L) Nar1)ar(2)  r(kt1) & Cr \ Chi1
would be that
c(L)Naryax(2)  Or(rs1) & LOF-

Let us ask whether this is a general property of the family By41 N (Ck \ Cit1)-

Open Problem 3.32. Let k€ Ny and L € B, +1 N (Cx \Ci41). Do we have

c(L)Nar1)ar(2)  Ar(ky1) € LOF
for every permutation 7: {1,2,....k+1} — {1,2,...,k+1}?

Let us assume that there exist a language L € Bi41 N (Cx \ Cr+1) and a per-
mutation 7: {1,2,...,k+1} — {1,2,...,k+1} such that

c(L)Naryar(2)  Ar(ks1) & LOF-

Recalling the definition of a stratified linear set, this implies that in some linear
component of L there are two periods that have two different nonzero coordinates.
It seems quite natural that then we can intersect the language L by a regular
language R so that exponents of two letters become constants eliminating one
of these periods and leaving nonregularities of the other period in the resulting
language. Then we have a contradiction with the assumption L € Cg. The next

example demonstrates this issue.

Example 3.33. Consider the language

L ={a"a5?az?ay*|n1 >naVni >n3Vn >ngV(2n1 =ng Ang =ng)}.
Then

LNayasalal = ayalal Uarasal U{arayalai|n € N}.

Thus, L € C1\Cs.

We call a language L commutative if L = ¢(L). Latteux has conjectured
that a commutative language L is context-free if and only if for all n € N and
Y1,Y2,- .-, Yn € ¥, the language LNyjy; - -y is context-free (18). If this conjec-

ture holds, then to solve Open Problem 3.32, it would be enough to prove that
¢(L) is context-free for every L € Biy1 N (Ci \ C41)-
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3.4 Propagation in the Chain

In this section, we will prove in Theorem 3.36 that for each k € Ny and L €
Cr \ Ck11, there exists a language L’ € C11 \ Cr1o such that L’ belongs to the
full trio generated by the language L. At the end of this section, we will prove
that, for full trios and full AFLs, the minimality with respect to the (k- 1)-

bounded context-free languages is equivalent to the minimality with respect to

Ci \Cry1-
Let us sketch the idea of the proof of Theorem 3.36 with a few examples.

Example 3.34. Since

S1(# #,7#) = {a'ay?a3?|ni,ne,n3 € N,ny #na}

U{af'ay?a33|n1,ng,n3 € Nyny #ns},

we have Sy (#,#,#) € T(S1(#,#)). Correspondingly,

ny n2

Sl(#7>7>) = {al (12 a§3|n1,n23n3 S anl > 7?,2}

U{a]tay?a3®|n1,n2,n3 € N;ng > ng}
and

S3(>,>,#) = {ay"ay’az®Ini,n2,n3 € Nyng >nq}

n n n
U{ay'ay?as?|ng,ne,n3 € Nyn3 > no}.

Thus, we have S1(#,>,>) € T7(S1(#,>)) and S3(>,>,#) € T(S1(#,<)). By
Theorem 3.7, Sy (#,#,#),S1(#,>,>),53(>,>,#) € C2\Cs.

Example 3.34 showed us a hint how a language L € Cj \ Cx41 could be trans-
formed into the family Cpy1 \ Cr1o. We introduce a new letter whose exponent
can have arbitrary values. Then we take the union of that language and a
language, where the roles of the new letter and some original letter have been
changed. We call this trick copying. Considering transducers, it is obvious that
this kind of copying may be realized with the full trio operations. Unfortunately,

we cannot select the copied letter completely freely, as seen in the next example.

Example 3.35. We have

ny m2

S1(#,<,<) = {a'ay?a5?|ni,ne,n3 € N,ny <ng}

n n n
U{ajtay?as?ni,na,n3 € Nyng <ng}.
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But S1(#,<,<)Najay = S1(#,<) € C1\ Ca.

Example 3.35 showed that we cannot copy whatever letter. In the next
theorem, it is shown that Theorem 3.27 (or equivalently Theorem 3.23) defines
those letters that can be copied. Thus, there exists at most one letter that cannot

be copied.

Theorem 3.36. Let k € Ny. For each language L € Cp \ Cry1, there exists a
(k+2)- strictly bounded language L' € T (L) such that L' € C11 \ Cr12.

Proof. Let us assume first that k£ = 1. By Theorem 3.10, S1(#,#) € 7 (L), S1(#
>) € T(L) or S1(#,<) € T(L). Thus, by Example 3.34, S1(#,#,#) € T(L),
S1(#,>,>) € T(L) or S3(>,>,#) € T(L). In each case, we have a 3- strictly
bounded language L' € 7 (L) NCs\ C3. Therefore, we may assume that k > 2.

By Theorem 3.9, we may assume that L C ajaj---ay ;. Let jo € {1,2,...,k+
1} and R be a number and a regular language according to Theorem 3.27. In
addition, let j € {1,2,...,k+1}\{jo}. Without loss of generality, we may assume
that j = 1. Let us denote L' = LUR,

/ _ n ni nz. NEe41 niy nz nk+1

Ly = A{agaj'ay®---q, 7 [n€Najay? a1 el} and
1 _ n_nz nsg. k:+1 ny, n2 nk+1

LY = {aj'atay?ay gl |neN,ay" a5 Ay elL'},

where ag ¢ X/ is a new letter. Denote also Ly = L) ULY. Since L; is obtained
from the language L’ by copying the letter ay, it should be clear that Ly € T (L').
Moreover, since L' ¢ Lrpg, we have L1 ¢ Lippg, and thus, L1 ¢ Cyo. Thus, it
suffices to show that Ly € Cr41. By Theorem 3.6, we have L; € Ci41 if and only
if

LiNagay---aj_yai"a; 079 a1 € LREG

for all m e N and i € {0,1,...,k+1}. Since L’ € Cy, we have
LiNagat--ai_jai*ai  ai 9 -ap4q € LREG

for allm e N and ¢ € {2,3,...,k+1}. The cases i =0 and i = 1 are symmetrical.

Hence, we need only to prove case ¢ = 1. Let m € N be arbitrary. Let us denote

/ _ / * Mk ok *
Lm = L1 ﬂaoal a2a3"'a/k+1
_ n2 "Ic+1 m _mn2 N1 /
= {agaT"ay?- Ayl |neN,al"a5?- caply elL'}
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and

1 _ " * Mk x *
Lm = Ll maoal a2a3~--ak+1

_ ny m Mg N3 Ng41 ny _no ns3 N1 /
= {ay'al"ay%ay craph |aj'ay?ag ceapiy eL'}.

By Theorem 3.27, aa(?ﬂ attasay---ay 1) € Rg. Thus, there exists a regular
language R € Ry such that

I k(7! mook %k * ok m, k % *
Ly, =ap(L'Naf*aza3---agy1) = agay*azaz---ap 1 \ Ri.
Hence

LiNagaf'asaz---ay,
= L, ULl
= (L5, ULy)NR)U((Ly, ULy,) N Ry)
= (L NR)U(Ly, N Ry)U(agatasas---aj gy \ Ra)

Since L’ € Cx, we have L) L € Cy. Thus, L' NRi,L)), "Ry € Lrrg and
further Ly Nagay*asa3---ay 1 € Lreg. Therefore, Ly € Cp1. ]

We used Theorem 3.27 in the proof of Theorem 3.36. However, it should be

remarked that we could have used as well Theorem 3.23 with Lemma 3.14.

Theorem 3.37. A full trio (resp. full AFL) L is minimal with respect to the
(k+1)-bounded context-free languages if and only if it is minimal with respect to
Ci \ Ct1-

Proof. Let us prove the claim concerning full trios. The claim concerning full
AFLs follows by the same reasoning, observing that, for each language L, we
have T(L) C F(L).

Let the full trio £ be minimal with respect to the (k+1)-bounded context-free
languages. By Theorem 2.12, it suffices to show that £N(Cg \ Cx11) is nonempty
and for each L € LN (Cx \Ci41), we have T (L) = L.

Let L € £ be a nonregular (k+ 1)-bounded context-free language. Then
L ¢ Cry1. Therefore, there exists [ < k such that L € C;\Cj+1. By Theorem
3.36, there exists L' € T7(L) such that L' € Cp \ Cxy1. Thus, LN (Cx \Criq) is
nonempty.

Let L € LN (C; \Cx+1). Then by Theorem 3.9, there exists a (k4 1)-bounded

nonregular context-free language L’ € 7(L). Since £ is minimal with respect to
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the (k+1)-bounded context-free languages, we have £ =T (L") C 7(L). Thus,
T(L)=L, and £ is minimal with respect to Cy \ C41.

Let the full trio £ be minimal with respect to Cg \ Cr+1. By Theorem 2.12,
it suffices to show that £ contains nonregular (k+ 1)-bounded context-free lan-
guages and for each (k4 1)-bounded nonregular context-free language L € L, we
have T(L) = L.

Let L € LN (C; \Ck41). Then by Theorem 3.9, there exists a (k+1)-bounded
nonregular context-free language L' € T (L) C L.

Let L € £ be a nonregular (k+ 1)-bounded context-free language. Then
L ¢ Ci11. Therefore, there exists | < k such that L € C;\ C;41. By Theorem 3.36,
there exists L' € T (L) such that L' € C; \ Cx+1. Since £ is minimal with respect
to Cx \Cxa1, we have L=T(L') C T(L). Thus, 7(L) =L, and £ is minimal
with respect to the (k+ 1)-bounded context-free languages. O

3.5 Closure Properties of the Family C;,

In this section, we will prove that the family Cj is a substitution closed full
AFL for each k € Ny. This will be done in three phases. First, we will prove
that Cj is closed under intersection with regular languages, union and inverse
morphism (Theorem 3.38). Closure under morphism is the hardest part of the
proof, and it is proved in a separate theorem (Theorem 3.43). Then we shall
prove closure under substitution (Theorem 3.44). Closure under catenation and
catenation closure follow from the fact that each substitution closed full trio is
a full AFL. Finally, as a corollary of these closure properties and Theorem 3.36,
we will prove that Conjecture 3.1 holds (Theorem 3.45).

Theorem 3.38. Let k € Ny. The families Cr, and C are closed under inter-

section with regular languages, union and inverse morphism.

Proof. Let us prove the claim concerning the families Cg, where k € N;.. There-
fore, the claim concerning the family Co, follows from the fact that Co is the
intersection of the families Cy,.
Let Ly,Ls € Cy, xo,21,...,0 € X* and wi,ws,...,w € X* be arbitrary. De-
note R = xowiziw; ---xp_1wizy. Hence, L1 NR € Lrpc and LaNR € LRrEg.
Let us first prove closure under intersection with regular languages. Let
R; be a regular language. Since (LNR1)NR=(LNR)NR; € Lrrg, we have
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LNRy €Cy.

Next, we will prove closure under union. We have
(Ll ULQ) NR= (Ll ﬂR) U (L2 ﬂR).

Since L1 N R and Le N R are regular, the language (L1 U Lg) N R is also regular.
Therefore, L1 U Ly € Cy,.

Finally, let us consider closure under inverse morphism. Let L € C; and
h:¥* — %% be a morphism. Since R C h~1(h(R)), we have

Y L)NR
= Y L)nh Y (h(R)NR
h~Y(LNh(R))NR.

Furthermore, since LNh(R) € Lrrg, we have h"1(L)NR € Lrpg- O

Note that we used the assumption L € Lo only for ensuring that Lop is
closed under intersection with regular languages, union and inverse morphism.

Thus, Theorem 3.38 holds also for a greater family
Cr = {Le¥*|LNzowiziws - xp—1wiz € Lrpe Vi, w; € T}

It is easily seen that the family Cy, is even closed under intersection. However, a
context-free assumption is necessary for closure under morphism, as seen in the

example below.

Example 3.39. Let L = {ala5a}|n € N} and h: {a1,a2,a3}* — {a1,a2}* be
the projection. Obviously, L € Co but h(L) = {a?a%|n € N} ¢ Cs.

Before proving closure under morphism, we need two auxiliary results for
noting that it suffices to prove closure under morphism for strictly bounded
languages. After these results, we still have to prove one technical auxiliary

lemma.

Theorem 3.40. (7, Theorem 1, Theorem 2) For each context-free language L C
¥* there exists a bounded context-free language L' C X* such that ®(L') = ®(L)
and L' C L.

Lemma 3.41. Let k € Ny and L C ¥* be a language such that L € Cy,. Let
hi:X* — A* be a morphism such that hi(L) is strictly bounded. Then there
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exist a strictly bounded language L' € C, and a morphism ho : ¥* — A* such
that ho(L') = hy(L).

Proof. By Theorem 3.40, there exists a bounded context-free language L1 C ¥*
such that ®(L;) = ®(L) and L1 C L. Let n € N and vy,v2,...,v, € £¥* be words
such that L; Cvjvl---v’. Set Lo = LNovjvs ---v). Then ®(L1) C ®(La) C ®(L).
Thus, ®(La) = ®(L). Further ®(hy(Ls2)) = ®(h1(L)) and since hq(L) is strictly
bounded, we have hi(La) = hi(L). Define the language L, C ¥* by

Ly ={al"ay? - ap o] vy ot € Lo}
Since L € Cy, we have Lg € Ci, and moreover by Lemma 3.8, L} € Cj. Finally,
define the morphism hg : ¥* — A* by ha(a;) = hi(v;) for all i € {1,2,...,n}.
Then hQ(L,Q) = hl (L2) = hl(L) O

Lemma 3.42. Let L C A*, L' C ¥* be languages and h: * — A* a morphism.
Then h(h=Y(L)NL") =h(h~Y(L)NL').

Proof. We have

h(h Y (L)NL') = {h(w)|lweh Y L)NnL'}
= {h(w)|h(w) € Lywe L'}
= {h(w)lwehr HL)NL'}

= w(h~YL)NL).

O

Theorem 3.43. Let k € N. The families C, and Co are closed under mor-
phism.

Proof. Let us prove the claim concerning the families Cy, where k € N;. There-
fore, the claim concerning the family Co follows from the fact that Coo is the
intersection of the families Cy.

If k=1, then Cx = LoF, and the claim is trivial. So in the rest of the proof
we may assume that k > 2.

Let h:¥* — A* be a morphism and L € Cj,. Let us assume that h(L) ¢ Cy,.
We shall first make some simplifications.

By Theorem 3.36, there exists a language L’ € 7 (h(L)) such that L' € BN
(Cx—1\Cr). By Theorem 2.5, there exist an alphabet ", morphisms hq : T — A*,
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g1 :T* — X* and a regular language R C T'* such that L' = hl(gl_l(L) NR). Since
Cj, is closed under inverse morphism and intersection with regular languages, the
language g1 Y(L)NR is in C. Thus, we may assume that in our original problem
L eCy and h(L) € BN (Cr—1\Ck).

By Lemma 3.41, we may assume that L is strictly bounded. Let n be the
smallest integer such that L C aja5---a;,. Let us decompose the morphism h
as a composition of multiple morphisms h = hgyq0hgio0--:0hy,, where each
morphism h; reduces the size of the alphabet by one. Let us denote L,, = L and
Li =hiy1(Lit1) for all i € {k,k+1,...,n—1}. Then there exists p € {k+1,k+
2,...,n} such that L, € C; and L,—1 ¢ Cx. Thus, by Theorem 3.6, there exists
a1,a2,...,0p—1 € NU{} such that

p1=Lp-1Nafta5? "1 ¢ Lrig,
where [{i|o; = *}| =k and |[{i|o; € N}| =p—1—k. Note that since only constants
may be mapped to constants, the language L;_l may be expressed as a finite

union of languages

hp(Lpﬂa’?laQQ "'agp)v

where 31, (2,...,8p € NU{*} and [{i|3; € N}| > p—1—Fk. Thus [{i|3; = *}| <k+1.
Since Ly, € Cx and L;,_; is nonregular, we have |{i|3; = x}| = k+ 1. Ignoring
letters whose powers are constants, we get a morphism that maps a language
in the family Bry1 N (Cr \Cry1) to a language in the family Br N (Cr—1 \ Ck).
Thus, we may assume that in our original problem L C aja3---aj_; and h(L) C
ajas---ajy.

Without loss of generality, we may assume that h(a1),h(az) € a} and
haiy1) € af for all i € {2,3,...,k}. Let l1,l2 be two nonnegative integers such
that h(a1) = all1 and h(ag) = allz. Now we have made needed simplifications, and
we are ready to begin the actual proof.

By Lemma 3.14, there exists a regular language R C ajaj---ajy,, that has a
linear Parikh image such that LN R is semiconvex in R and h(LNR) € Cr,—1 \ Ck.
Let us denote Lr = LN R.

By Theorem 3.23, there exists mg € N such that LrNa"a3a3---aj,NR €
Ri—1 or LrNajay‘aiay---ap, N RE R,y for all m >mg. Without loss of
generality, we may assume that LrNaf'a3a3---aj ;N R € Rg—1 for all m >my.
Therefore, h(ﬁﬂa?a§a§~~-a}’;+l NR) € Ri_1 for all m > mg. Thus, we have
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for each m > myg,

h(Lg)Nh(al"a3a3---ajp, 1 NR)
= h(h~!(h(Lg))Naf*a3a3---aj 1 NR)
b2 342y =T(W(Lg)) NaPajal---aj 1 NR)
C h(LrNai'a3a3---ap 1 NR) € Ry_1. (9)

However, since

h(altal?) = a111n1+l2n2

9

we have
lo—1

U hlalazas---ajyy) = h(ajas--aj ). (10)
j=0

By Lemma 3.14, there exists a regular language R’ C aja3 - --aj, such that h(Lg)N
R’ is semiconvex in R’ and h(Lgr)NR' € Cx_1 \ Cg. Let m > mg. By Equation
(10), there exists jo € {0,1,...,lo — 1} such that

hLR)NR Nh(a]0a%al--af 1) € Cho1\Ch.
Since h(Lg) N R’ is semiconvex in R’, by Lemma 3.13, the language
h(Lgr)NR Nh(a]"a}a} a1 NR)

is semiconvex in R’ ﬂh(a;nﬂo asai---ajp 1 NR). Thus, by Theorem 3.30,

h(Lr)NR Nh(a]" 7 a%a%---aj, 1 NR)
- (h(LR) UR N h(a] Pazas---af, 4 N R))

N(R' Nh(a]asal--af 1 NR))

= h(Lg)NR'Nh(a"ata}---af, NR)
N(R' ﬂh(a?ﬁ'joa;a; rap 1 NR)) € L\ Ly—1.

This contradicts (9). Thus, h(L) € Cy, and the proof is complete. O
Finally, we complete the closure results with the following theorem.

Theorem 3.44. Let k € No. The language families C, and Coo are substitution
closed full AFLs.
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Proof. Let us prove the claim concerning the families Cy, where k € N.. There-
fore, the claim concerning the family Co follows from the fact that Coo is the
intersection of the families Cy.

Tt is well known that each substitution closed full trio is a full AFL (see, e.g.,
(5, Proposition V.5.5)). Thus, by Theorems 3.38 and 3.43, it suffices to show
that Ci is closed under substitution.

Let L C ¥* be a language in the family C; and 0 : ¥* — 28" a Cj-substitution.
Since each full trio is closed under regular substitution (5, Example V.5.5), it
suffices to show that there exists a regular subsitution ¢’ : ©* — 28" such that
o'(L)=0o(L).

Let R € Ry,. Let us define a substitution o’ : ©* — 247 by

o'(a)=0o(a)NF(R) Va €3,

where

F(R)={w e X"|3z,y € ¥* : zwy € R}.

Then we have o(L)NR C ¢’'(L). Since ¢'(L) C o (L), we have o(L)YNR=0'(L)N
R. Tt should be clear that F(R) € Ri. Thus, o’ is a Ry-substitution. This

proves the claim. O

As a direct consequence of Theorems 3.44 and 3.36, we get the following

theorem, which proves Conjecture 3.1.

Theorem 3.45. There does not exist a minimal full trio or a minimal full AFL

with respect to the family of bounded context-free languages.

Proof. Let L be an arbitrary nonregular bounded context-free language. Then
L € Ci \Cq1 for some k € Ny. By Theorem 3.36, there exists a nonregular
bounded language L’ € T (L) such that L’ € C41 \ Cxr2. Hence, T(L') C T(L)
and F(L') C F(L). On the other hand, by Theorem 3.44, L ¢ F(L') and L ¢
T(L'). Thus, T(L') C 7 (L) and F(L') € F(L). Hence, 7(L) and F(L) cannot

be minimal with respect to the bounded context-free languages. O

As a corollary of Theorem 3.45, none of the languages S;(01,602,...,0k11)
can be minimal with respect to the bounded context-free languages. Autebert

et al. have stated a conjecture that the full trios generated by the languages
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S1(#,#,...,#) would be minimal with respect to the (k+ 1)-bounded context-
—————

k+1 times
free languages (1). Remembering Theorem 3.7, it is fascinating to expand the

question of the conjecture a little bit.

Open Problem 3.46. Let k> 2 be an integer, i € {1,2,...,k+1} and ; € {>
,Z£} forall j € {1,2,....,k+1}. Are the full trios and the full AFLs generated by
the languages S; (01,02, ...,0k11) minimal with respect to the family of (k+1)-

bounded context-free languages?

It should be noted that Problem 3.46 is completely solved in case k = 1.
Corollary 2.16 states that the full trios and the full AFLs generated by the
languages S1(#,0), where 6 € {>,<,#}, are minimal. Moreover, by Theorem
2.14, these languages generate the only minimal full trios and full AFLs with
respect to 2-bounded context-free languages. The situation in higher dimensions

is open. So we may extend Problem 3.46 a little bit.

Open Problem 3.47. Let k € Ni. Define all the full trios and the full AFLs

that are minimal with respect to the (k+1)-bounded context-free languages.

When considering Open Problems 3.46 and 3.47, it should be remembered
that, by Theorem 3.37, for full trios and full AFLs, the minimality with respect
to the (k+ 1)-bounded context-free languages is equivalent to the minimality

with respect to Cg \ Cr41-
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4 Very Small Families Generated by Unbounded

Context-Free Languages

We showed in the previous chapter that there does not exist a minimal full trio or
a minimal full AFL with respect to the family of bounded context-free languages.
We managed to prove this result since the family Co, does not contain any
bounded nonregular language. However, we had a hint in Example 3.4 that the
family Coo contains unbounded nonregular languages. That is why we cannot use
the chain of the language families Cx11 \ Cx12 (k € N) to prove that Conjecture
2.10 holds. This motivates us to develop a similar chain of decreasing language
families inside Coo. Let k € N.7 We define

k
ek = {LeCsx | LNz (zowijzriws - z_qwizk) 2" € LrEG
ron
Vr y T, T, W1, T, W2, .., Tl 1, W, T € Zz}

and Céooo) = ﬂ;?iOCé?. Clearly Cé’oHl) C Cgé) for all k € N. It follows also directly
from the definition that Cég) =Cs and Lreag C Céooo).

In Section 4.1, we will show that the family Céﬁ) \Cé’f,+1) is nonempty for each
k € N. In Section 4.2, we will focus on Conjecture 2.10. We will sketch a proof
for the conjecture. However, we will face some problems, and the conjecture will

remain as a conjecture.

4.1 The Family cé’.f) \cé’.f“) Is Nonempty

In this section, we will show that the full trio 7 (S1(#,#)) contains languages
from each family ¢S\ ¢S,
Define the regular substitution o : * — 2= by
asa%---ai_ a1, ifi=1,
o(a;) = 203 k+191

ag, otherwise.

Define also the rational transduction 7 : X* — 2% by setting

7(w) = wai(aza3---ajja1)” for all w € X*.

"It should be remarked that in the previous chapter we used notation k € N4, but in this
chapter, we assume from now on that k& € N.
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Finally, let us denote w = T7o0. Since a composite function of two rational
transductions is a rational transduction, w is a rational transduction. Let L C

* % *
ayaz---ag., ;. Then

_ * % * n1 ng ng Nk41 * %k * *
w(l) = { (a2a3 . --ak+1a1) ay’az® a7 a (a2a3 . ~ak+1a1)
’a{”agQ cea it e L}
(0) (1) -(0) (p) -(p) (p)
_ ty " l3 "kt1 Ly " i3 Pkt1
— {(a2 @ alan) - (af ap -a)ar)
)

E)]
’pe N,35 € {0,1,...,p}: a{a? ---ak':'fll € L}.
Define

Lg=w(S1(#,#)) = {aéoalaélalma;”al lpeN, 3Fje{0,1,...,p}:4 7&]}

It should be noted that this language is exactly the same as the language in

Example 3.4. Correspondingly, it should be noted that, for example,

wSI(AAA) = {dafaadagon- afafa
’pEN,Hj €{0,1,...,p} i # Vi, ;éj}.

Goldstine has proved that every bounded language in the full trio 7(Lg) is
regular (12).8 We get the same result using Theorem 3.44 and Corollary 4.3,
which is proved at the end of this section. Autebert et al. have proved that each
nonregular language in the duo D(L¢) is a generator of D(Lg), i.e. the duo
D(L¢) is minimal (1). They have also proved that the full trio 7(Lg) is not
minimal (1).
Denote (#1,72,...,#k+1) = (# 7>, F)-
XAy

k+1 times

8QGoldstine defined the language Lg by
Lg, = {aélala?aywa;”m |lpeNy, 3Fje{l,2,...,p}:4; ;éj}

Since
Lg = (a5a1)" \ {a1,a102a1,a10a2a1030a1,...}
and
La, = (a3a1)" \{aza1,a2a103a1,a2a105a1a3a1,.. .},

we have Lg, =a1/Lg and Lg = a1Lg, Uaz(aka1)’. Hence, T (Lg,) =7 (Lg).
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Lemma 4.1. Let k€ N. Then

w(S1(#1,7#2,-- - F#k+2)) € Coo \ LREG-

Proof. Let us denote
L= W(Sl(#la #Qa [ERD) #k+2))

and

L= (a5a3- --az_i_zal)"‘\L.

Then

22 9
L= {a1a2a3~~-ak+2a1a2a3 Q001 -~~a§a§~--a£+2a1 pe N}. (11)

From this expression, it should be clear that L ¢ Lrpg, and thus, L ¢ Lrea.
Thus, it suffices to show that L € L.

Let n € N;. We will show that L € C,,. Let xg,w1,z1,w2,...,Tp—1,Wn, Ty €
Y* and R =zowiz1w5 -+ Tp—1W;, Ty,

Assume that |ZﬂR| =o00. Let | = |zowiziwe - Tp_1wpxn|. Then there

exists an integer m > [ such that
v(m) = a1a2as3 - ap4201a303 - aj o1 - ah Tl ~az_'::£”a1 e LNR. (12)
Since v(m) € R, there exist i1,i2,...,i, € N such that

v(m) :wowilxlw?---xn_lwi{bwn. (13)

By Equation (12), the subword a), occur at least in (n+1) different locations in
the word v(m). On the other hand, by Equation (13), this is not possible. Thus,
the language LN R is finite. Therefore, we have

LNR=((aja}-a}i0a1) T \L)NR = ((aba}---a}0a1) " NR)\(LNR) € Lrpg-
Hence, L € C,, and L € Co. O
Theorem 4.2. Let k€ N. Then

W(S1(FA1 F2r- - Frg2) €CENCETD.
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Proof. Let us denote L = w(S1(#1,#2,.-.,#k+2)). By Lemma 4.1, we have
L ¢ Lrpg, and thus, L ¢ cé’;*”.
Let 2/,2", 20, w1,22,wa,...,TE_1,Wg, T € X* be arbitrary. By Lemma 4.1,

it suffices to show that the language

* 1

r LNz (zowiziws -z _qwizg)

= Ln((a3a3---ap 9a1)" N’ (zowiziwd -z _qwizg)*2’”)  (14)

is regular. By Equation (14), we may assume that, if two distinct letters occurs in
some word wj, also the letter a; occurs in w;. Thus, there exists i € {2,3,...,k+
2} such that for each j € {1,2,...,k}, we have either |wj|qs;, =0 or |wj|q; > 0. In

either case, between two occurrences of the letter aq, there are less than
n=|Tow1 LW Tp_1WKTk]|

occurrences of the letter a; in the language (zvowiziw3---xp_qwizy)*. This

means that the language

LNz (zowiziws - xp_qwizg) "

is finite, where L is the language defined by Equation (11). Since

L= ((a§a§ apy0a1)” \Z) N (zowiziwsh - zp_wizy) 2",

we have L' € LrEc. O

Corollary 4.3. Lg € cég) \C((xl;).

4.2 Outline of the Proof of Conjecture 2.10

In this section, we will sketch a similar proof for Conjecture 2.10 that we had
for Conjecture 3.1 in Chapter 3. We will also shortly study why our approach
fails in this case.

In order to prove Conjecture 2.10 in the same manner as we proved Conjec-

ture 3.1, we would need to prove following items:

k

1. Each nonregular language from the family C belongs to cé’é) \CC()O-H) for

some k € N;
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2. For each k € N and L € ) \cé’é“), there exists a language L’ € 7 (L) such
that L' € cSEHD\ 2.
3. The family Cé’é) is a full trio for all k € N.

In addition, to prove that there does not exist a minimal full AFL in the family
of context-free languages, we would need to prove that Cé’g) is a full AFL for all
keN.

Let us first consider Item 1. Item 1 is equivalent to the statement Cc(,ooo) =

Lreg. This is proved by very straightforward reasoning.
Theorem 4.4. C(()OOO) =LREG-

Proof. Let L € Co be nonregular and Xp, = {aj,as9,...,a,}. Then we have L C
St ={a1,a2,...,an}* C (ata}---a)*. Thus, L ¢ CY and €% = Lrpe. O

So we have proved Item 1. Thus, our new chain is applicable for proving
Conjecture 2.10. By Theorem 4.4, we now have perfect understanding of the

relationships of our family chains. The family chains are illustrated in Figure 5.
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Fig 5. lllustration of the family chains C;,; and Cc(,]g). Note that the outermost circle
is [/CF(: C1).

Let us next consider Item 2. The item is an analogue with Theorem 3.36 that
we proved in Section 3.4. The idea of the proof of Theorem 3.36 was to restrict
our attention to the family of strictly bounded languages that are semiconvex
in a regular language and then to copy one letter. In copying, we introduced a
new letter whose exponent can have arbitrary values. Then we took the union

of that language and a language, where the roles of the new letter and some
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original letter had been changed. When dealing with languages of the family
Cgé) \Cg(f—’_l), we cannot naturally restrict our attention to the family of strictly
bounded languages. Despite that, we will prove in Section 4.2.1 that, for each

language L € el \Cgl.f+1), there exists a nonregular language L’ in the family
Bis1={LCX*3a1,a9,...,ap42 €S : L C (a3a3---aj 9a1)"}

so that L' € T(L) and L' € ck) \Cc(fé—’_l). Thus, we may restrict our attention
inside the family gk+1. It feels quite natural that the same copying trick would
work also for languages of the family l?;ﬁq ﬂCé’é) \Cé’éJrl). We actually used this
idea already in Theorem 4.2.

Before proving Theorem 3.36, we needed some study of the structure of weak
languages of the family Cj41 \Cr42. This was done in Section 3.3. For languages
of the family Cé}é) \Cé’é“), this study is much more difficult. We would need to
redefine our key concepts (e.g., semiconvexity, L, R), which is not a trivial
problem anymore.

Finally, let us consider Item 3. In Section 3.5, we proved that Cii; is a
substitution closed full AFL. Closure under intersection with regular languages,
union and inverse morphism was proved by very straightforward reasoning. We
will prove these results for the family Cgf)) in Section 4.2.2. Closure under mor-
phism was certainly the hardest part of the proof of Theorem 3.44. Morphism
causes even bigger problems for the family Cé’g). In fact, we shall prove in Sec-
tion 4.2.2 that Cé’é—H) is not closed under morphism. Nevertheless, this result
does not necessary break down totally our approach for proving Conjecture 2.10.
It is possible that, with slight modifications of the definition of the language
family Cé’é), we would achieve closure under morphism without losing the other

important properties (Items 1, 2 and 3 above) of the language family.

4.2.1 A Normal Form Representative for Languages in
(k) \ p(k+1)
Cxo’ \ Cxo

In this section, we will develop an analogue version of Theorem 3.9 for the family
Cc(fé) \Cé’é“) (Theorem 4.6). The structure of this section is essentially the same
as Section 3.2.

At the very beginning, we define a slightly similar family of languages with
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the family of k- strictly bounded languages. Let us define
Bi ={L C £*|3a1,as,...,ap41 €Sp : L C (a3a3---aj,ja1)*}.

Let n € N and 2/,2", 20, w1,21,w2,...,Tp_1,Wn, Ty € X*. Let us define a

transducer

/ 12
M(z' xo,w1,21,w2,...,Tn_1,Wn,Tn,x")

= ({pé)ap;q,-flap()apl)' . ~apn+1}a2azn+1,E1 UE2 UE37p65{p;L+1})a

where

El - {pavevxlap0}u{(p()vevevpn—‘rl)}U{pn+1767x/,ap;1+1}u{(pn+17€767p0)}7
E2 = {(p%eyxiupi-‘rl)lie{0717'”777‘_1}}U{(pnaa17xnapn+1)} and

E3 = {(piaa’i—‘rlawiapi)'ie{1725"'an}}'

If the words o', 2", zg, w1, 21, W2, ..., Tn—1,Wn, Ly are clear from the context, we

may simplify the notation by setting
M = M(2' 20, w1,71, w2, ..., Tn_1,Wn,Tn,2").

Let L C (a3a3---ay ja1)*. Then

. / 11,1 1,2 i1,n 12,1 12,2 ipn 1"
(L) = {2'zow;  ziwy Ty qwn " TpTow,” TWy T - Ty T T
11,1 91,2 i1,n 12,1 122 ipn
|peNy and ay "ag ™" --a, Y a1ay "ag” --a, ) ar € L}

Therefore, it should be clear that the rational transduction 7ps(L) : £¥* — 25"
may be regarded as a function 7p7(L) : (a3a3---a},,1a1)* — ¥*. We should
also note that, as an inverse of a rational transduction, 7']\7[1 is also a rational
transduction.

Next, we will prove an analogue version of Lemma 3.8.

Lemma 4.5. Let n € N and L C 2/ (zowiziwl - xp_qw)izy)*x”. Given k €N,

the language L is in Cé’.f) if and only if T]_Wl(L) s in ng).
Proof. Assume first that L € Cgé). Let
R=y(yoviy1v3 -+ ye—1viye) "y,
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where ¥, y" 90, V1, 91,02, - s Yk—1,Vk, Yk € ZT_l(L). It suffices to show that
M

Tﬂ}l (L)NR € LrEg. Since 7']\741(11) C (a3a3---a}, 1a1)*, we may assume that

R C (a3a3---ay,_ ja1)*. Since L € cé’?’ we have LN1y(R) € Lrpg and

o (LD)NR =1/ (L)N7y (e (R)NR =13, (LN7T:m(R))NR € LREG-

Hence, T]\_/Il(L) € cé’é).
Assume next that 7']\_41 (L) e c®) . Let

1

R =y (yoviy1vs - yu—1viyr)*y”,

where v',9",yo0,v1,Y1,V2, ., Yk—1,Vk, Yk € L. It suffices to show that LNR €
Lreg. Therefore, we may assume that R C 2/ (zowiziws - op_1wiz,)*z".
Clearly, there exist ui,us,...,u; € X*_; and 2/,2",20,21,...,2, € X*_,
Tar (L) Tar (L)
such that
v (2 (zoufziul - 2 qupzr)*2") = R.

Let us denote R’ = 2/ (zoujz1u3 - - zp_q1uj i) 2" Since TA}l(L) c Cé’é), we have
LNR= TM(T;/Il(L)) ﬂTM(R/) = TM(TA}l(L) ﬂR/) € LrREG-
Therefore, L € Célg). O

Finally, we are ready to prove the main result of this section. The next
theorem will imply that, if we are looking for a language generating a minimal
full trio (or a minimal full AFL) inside the family Cé’é) \Cé}g+1), we may always
restrict to look it inside the family l§k+1.

Theorem 4.6. Let k€ N and L € C@ \ngJrl). Then there exists a language
Ly € T(L) such that Ly € Byyr N(CE\ &),

Proof. Since L ¢ Cc(,].f+1), there exist 2, 2" xg,21...,2p411 € X* and

W1, W2, ..., Wet1 € L such that
! 12
Ly = LNz (zowir1ws - Tpwi 1 Thy1) 2" ¢ LREG-

Hence, Ly ¢ Cgﬂ). Since L € Cc()].f), we have L1 € c£’.§) \c&*”. According to
Lemma 4.5, we have Tﬂ}l (L) e Cgé) \Cé’éJrl), where 77 : (a5a3---aj  ja1)* — X*
is a function defined in the beginning of this section. Since T]\_Jl

transduction, we have by Theorem 2.17, 73, (L1) € 7(L). O

is a rational
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4.2.2 Closure Properties of the Family cé’é)

In this section, we will handle closure properties of the family Cgf)).

Theorem 4.7. Let k € N. The language family Cgé) 18 closed under intersection

with regular languages, union and inverse morphism.

Proof. Let Ly,Ls € Cc()].f), 2’ 2" xo,x1,...,2;, € B* and wi,ws,...,w, € X* be
arbitrary. Let us denote R = z'(zowjziws - xp_1wizrg)*s”. Then LiNR €
Lreq and LoNR € LrEG.

Let us consider the intersection with regular languages. Let R; be a regular

language. Since
(Ll ﬂRl)ﬂR = (Ll ﬂR)ﬂRl

and L1 NR € Lrgg, we have (L1 ﬂRl) NRe Lrpg and L1NR; € C'(()lé)
Let us next show closure under union. We have (LyULs)NR = (L1 NR)U
(LoaNR) € Lrpg. Thus, Céf) is closed under union.

Finally, we will show closure under inverse morphism. Let L € Cé’é) and
h:%* — 3% be a morphism. Since R C h=1(h(R)), we have
Y (L)NR
= YL)nh Y (h(R)NR
= h Y LNh(R)NR.
Furthermore, since LNh(R) € Lrpg, we have h"Y(L)NR € LrEc- O

The next theorem shows that, without any modifications, the chain of the

language families Cé]g) \cé’é*l) is not applicable for proving Conjecture 2.10.

Theorem 4.8. Let k € N. The family cé’.f“) is not closed under morphism.

Proof. Let k € N. By Theorem 4.2, there exists a language L € Cé’é*” \C£§+2)
such that L C (a3a3---aj ,a1)*. Let A={a1,az2}. Define a morphism A : %7 —
A* by h(a;) = a’;lal for each i € {1,2,...,k+2}. Then h is injective, and we
have L = h=1(h(L)). Thus, h(L) is nonregular, and moreover, h(L) ¢ ¢V, O
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5 Future Work

In this chapter, we will summarize all the open problems we have found so far.

In addition, we will pose a few more open issues regarding this thesis.

5.1 Future Work Regarding Chapter 3

As in Chapter 3, we also use the notation k € N in this section. Our first open
problem (Open Problem 3.22) handled the period structure of the Parikh-image
of (k4 1)- strictly bounded SLIP-languages in the family Cp\ Cpi1. The next
open problem was the problem whether a (k+ 1)- strictly bounded language
L € C; \ C41 is context-free if we change the order of the letters. This was
presented more formally in Open Problem 3.32.

Open Problems 3.46 and 3.47 dealt with the minimality with respect to
the (k4 1)-bounded context-free languages (or equivalently the minimality with
respect to Cx, \Cx41). Open Problem 3.46 asked whether the full trios and the full
AFLs generated by languages S;(601,03,...,0;) are minimal with respect to the
(k+1)-bounded context-free languages when 0; € {>,#} for all j € {1,2,...,k}\
{i}. Another issue is whether there are any other minimal full trios or minimal
full AFLs with respect to the (k4 1)-bounded context-free languages. Thus, we
posed the problem to define all the minimal full trios and full AFLs with respect
to the (k4 1)-bounded context-free languages (Open Problem 3.47).

5.2 Future Work Regarding Chapter 4

As in Chapter 4, we also use the notation & € N in this section. To prove

Conjecture 2.10 in Section 4.2, we faced two major problems.

Open Problem 5.1. Let k € N. Redefine the language family Cé]é) so that Cé’é)
would be full trio.

Open Problem 5.2. Let k€N and L € cé’.f) \Cé].erl). Does there exist a lan-
guage L' € T(L) such that L' € ekt \C£§+2) ¢

However, to solve Open Problem 5.2, we had a hint that copying a letter of

65



the language L € ng) \Cé§+1) ﬂ§k+1 would produce a language in the family
(k+1) (k+2)
Coo "\Coo ™.

Recall the definition of the rational transduction w in Section 4.1. Let us

consider the language
So(>,#,>) ={a]ay?a3® | ng > ny or ng >ns}.
Then

w(S2(>,#,>)) Najazazar
= {(a3a3a1)" ay?a5?a1(a3aza1)*|ne > ny or ng >n3}Najazazar

= {a*a3?a3*a; |n2 >nq or ng >ns} ¢ Cs.

Thus, the transduction w does not transfer the language So(>,#,>) inside
the language family Co,. Now the problem is whether there exists a language
L € T(S2(>,#,>)) such that L € Co \ Lreg- Let us pose the problem more
generally.

Open Problem 5.3. Does there exist a nonregular context-free language L such

that T (L) does not contain any language from the family Coo \ LrEG ?

53 General Future Work

In this section, we will briefly present a possible nice interface between the ap-
proach of this thesis and the theory of iterative pairs. We do not cover the
basics of the theory here. A very good description of iterative pairs can be
found from the book (5). According to the theory of iterative pairs, for example,
the languages

{(ay ay?)"az*|n1 > no Ang > na}

and

{(al*a3?)"3az*|ny <ng Ang <ng}

are rationally incomparable since they have different types of iterative pairs.
One weakness of the theory of the iterative pairs is that it cannot say anything
for so-called degenerated iterative pairs. Loosely speaking, degenerated iterative
pairs are weak components of context-free languages. However, this thesis cov-
ers exactly rational dominating relations of weak context-free languages. Thus,

perhaps the theory of iterative pairs may be extended with our approach.
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Let us explain this more concretely. For each ¢ € N, let h; : Yoo — X0 be a
morphism such that h;(a;) = a;4; for all j € Ny. The problem is whether we

could develop the theory so that we could say that, for example, the language

{a w"2|n1 # n2,w € hi(La) }hs(S1(#,>,#))

does not dominate rationally the language

{a’?lwﬂa‘nl 7é n2,w € hl (Sl(#?#))}h3(51(7&v>?7&))

since L does not dominate rationally S7(#,#).

Another weakness of the theory of iterative pairs is that it can say only that
one language does not dominate rationally another language. The theory gives
no positive answers. Let us continue our discussion by asking whether we could

say that the language
{af w2 n1 # na,w € ha(S1(#,#)) tha (S1(#,>,#))
dominates rationally the language
{a7"w"2|n1 # n2,w € hi(Lg)hs(S1(#,>,#))

since S1(#,#) dominates rationally Lg. Further, could we find some “prime
context-free languages” so that, by combining these languages, we would obtain

a rationally equivalent language for any context-free language.
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