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Rinta-aho, Marko, On monomial exponential sums in certain index 2 cases and their
connections to coding theory
Faculty of Science, Department of Mathematical Sciences, University of Oulu, P.O.Box 3000, FI-
90014 University of Oulu, Finland 
Acta Univ. Oul. A 503, 2008
Oulu, Finland

Abstract
In this paper monomial exponential sums over finite fields in certain index 2 cases are considered. A
recursion is given to compute these sums for most values of the parameters. For the remaining values
we should know certain Gauss sums exactly, which seems to be a hard problem in general. Examples
illustrating the methods and the remaining difficulties are given. Also, computational data is given
showing what happens for small values of the parameters.
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1 Introduction

LetN > 1 be an odd integer satisfying the conditions ordN 2 = φ(N)/2 and−1 /∈ 〈2〉 ⊆
Z∗

N. Then we say that index 2 case holds forN. In (10) it is shown thatN can have

at most 2 different prime factors, sayp andq, and there are three possible cases forN,

namely

I) N = qv, q≡ 7 (mod 8), ordqv 2 = φ(qv)/2;

II) N = puqv, p ≡ 5 (mod 8), q ≡ 3 (mod 8), 2 is a primitive root modulopu and

moduloqv;

III) N = puqv, p ≡ 3, 5 (mod 8), q ≡ 7 (mod 8), ordpu 2 = φ(pu), and ordqv 2 =

φ(qv)/2 with−1 /∈ 〈2〉 moduloqv.

Throughout the paper we will use the following notations.

– N = puqv with p, q primes,u≥ 0, v≥ 1, ordN 2 = φ(N)/2, and−1 /∈ 〈2〉 ⊆ Z∗
N;

– D = psqt with D | N;

– r = 2
mφ (N)

2 with m∈ Z+, andF is the finite field withr elements and with a primitive

elementγ;

– n = (r −1)/N.

Our aim is to obtain information in the index 2 case III on the monomial exponential

sums

S(a,D) := ∑
x∈F∗

e(γaxD)

wheree(x) = (−1)trx is the canonical additive character ofF and tr is the absolute trace

of F. In cases I and II the sumsS(a,D) were computed by Moisio in (10) and in the

special case III caseN = pqby van der Vlugt in (15). The sumsS(a,N) can be applied

to computation of the weight distribution of irreducible cyclic codes and their duals in

the following way. Let

CN(n) := {c = (c0, . . . ,cn−1) ∈ Fn
2 | c(γN) = 0}, (1)

wherec(x) = c0 + c1x+ · · ·+ cn−1xn−1 ∈ F2[x]/〈xn−1〉, be a cyclic code with a zero

γN. The dual ofCN(n) is an irreducible cyclic code

CN(n)⊥ = {c(α) = (tr(α), tr(αγN), . . . , tr(αγ(n−1)N)) | α ∈ F}.
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The weight of a wordc(α) ∈CN(n)⊥ for α = γa is

w(c(α)) =
1
2

n−1

∑
i=0

(

1− (−1)tr(αγ iN)
)

=
1
2

(

n−
n−1

∑
i=0

(−1)tr(γaγ iN)
)

=
1
2

(

n− 1
N

S(a,N)
)

(2)

sinceγN is annth root of unity. The weight distributions of a code and its dual are

connected via the Pless power moment identity, see (14). ForCN(n), (11, Theorem

3) gives a nice recursion connectingCN(n)⊥ and the sumsS(a,N). This is quoted in

Proposition 15 on page 31.

The dimension ofCN(n)⊥ is the degree of the generator polynomial ofCN(n), which

is the size of the 2-cyclotomic coset modulor −1 containingN, as its only zero isγN.

The dimension is thus ordn2. Letting

Ψ : (F,+) →CN(n)⊥, α 7→ c(α) (3)

we see that each codeword inCN(n)⊥ occurs|kerΨ| = 2mφ(N)/2−ordn 2 times.

The rest of the paper is organized as follows: in section 2 we present the work done

on S(a,N) so far, some preliminaries on cyclotomic cosets and introduce notations; in

section 3 we prove the recursive results in case III onS(a,D) which we use in computing

the value distribution ofS(a,N); section 4 deals with the Gauss sums involved in the

sumsS(a,D). The main problem will be determining the signs of their imaginary parts.

To that end we prove a congruence that enables us to compute the value distribution of

S(a,N) for mostN; in section 5 we present examples that classify numbersN according

to which technique can be used to determine the value distribution. These examples also

point to the difficulties that remain for thoseN to which our techniques do not apply;

the last section gives experimental results from our computer calculations, showing how

smallN andmdistribute into different classes.
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2 Previous Work and Preliminaries

In this section we recall what is known aboutS(a,N) in the cases I and II, and present

the concepts and lemmas needed to handle case III. First, let us gather some useful

arithmetical facts about the cases with which we are dealing. The proofs can be found

in (10, II lemmas 2, 3 and 5).

Lemma 1. If ordqv 2 = φ(qv), resp.φ(qv)/2, thenordq j 2 = φ(q j), resp.φ(q j)/2, for

all 1≤ j ≤ v.

If N = qv then−1 /∈ 〈2〉 ⊆ Z∗
N if and only if q≡ 7 (mod 8).

If N = puqv, ordpu 2 = φ(pu) andordqv 2 = φ(qv)/2 thenordpiq j 2 = φ(piq j)/2 for

all 1≤ i ≤ u and1≤ j ≤ v.

Each valuexD is obtainedD times asx runs throughF∗, so we haveD | S(a,D).

Further,S(a,D) = S(b,D) whenevera≡ b (mod D), especially ifD | a thenS(a,D) =

S(0,D). From the basic properties of the trace map and the fact thatx 7→ x2 is bijective

in F∗ it follows that

S(2a,D) = ∑
x∈F∗

e(γ2axD) = ∑
x∈F∗

e((γaxD)2) = ∑
x∈F∗

e(γaxD) = S(a,D).

Thus it suffices to computeS(a,D) whena runs through the representatives of the 2-

cyclotomic cosets moduloD. Denote the coset ofa moduloD by CD
a . By the above,

for a fixeda there arer−1
D |CD

a | valuesb ∈ {0, . . . , r − 2} such thatS(b,D) = S(a,D).

The representatives and the sizes ofCD
a are given in (10, II Lemma 7). In case I the

representatives and the sizes are

0, ±q j ; |CD
±q j | =

φ(qt− j )

2
, 0≤ j < t. (4)

In case II they are, forD = psqt , s, t ≥ 1,

0, ± piq j , psq j , piqt , 0≤ i < s, 0≤ j < t, (5)

and

|CD
±piq j | =

φ(D/piq j)

2
, |CD

psq j | = φ(qt− j), |CD
piqt | = φ(ps−i).

In case III we give a proof for the convenience of the reader and present the result as

the following lemma. We will use later only thoseD | N for which q | D. If N satisfies

case III thenD = qt , 1≤ t ≤ v, satisfies case I by Lemma 1 and the representatives are

in (4). Hence onlyD = psqt with s, t ≥ 1 are listed below.
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Lemma 2. In case III the representatives of CD
a are for D= psqt with s, t≥ 1

0, ± piq j , ± psq j , piqt , 0≤ i < s, 0≤ j < t,

and the sizes of the cosets are

|CD
±piq j | =

φ(D/piq j)

2
, |CD

±psq j | =
φ(qt− j )

2
, |CD

piqt | = φ(ps−i).

Proof. If |a| 6= |b| for non-zero claimed representativesa and b andCD
a = CD

b then

the largest powers ofp andq dividing a andb differ (at least) for one prime, sayq.

After dividing the common factors from the congruencea ≡ b2l (mod D), possibly

interchanginga andb and looking it moduloq, we find j ≥ 1 andi such thatpiq j ≡±2l

(mod q) or q j ≡±pi2l (mod q). Both of the cases lead to a contradiction.

If CD
a = CD

−a and j < t then−1≡ 2l (mod q) for somel . By Lemma 1, ordq2 =

φ(q)/2 and−1 /∈ 〈2〉 in Zq, making it impossible to find suchl . Hence the given

representatives define different cosets.

For a = ±piq j and l , |CD
a | | l if and only if 1≡ 2l (mod ps−iqt− j). Thus|CD

a | =
ord|D/a|2. By this and Lemma 1,|CD

±piq j | = φ( D
piq j )/2, |CD

±psq j | = φ(qt− j )/2 and

|CD
piqt | = φ(ps−i) for i < sand j < t.

If we take the sum∑|CD
a | over all the given representatives, then the numbers

D/piq j , qt− j and ps−i run over all positive factors ofD except 1. Thus these cosets

contain∑d|D, d>1 φ(d) = D−1 elements. Counting also 0 we have the lemma.

Let
(

a
b

)

denote the Legendre symbol. Itsith power
(

a
b

)i
equals

(

ai

b

)

and the latter

form will be used here to avoid confusing the Legendre symbol with a rational non-

integer. The cosetsCD
a with a | N, D - a can be determined by the next lemma.

Lemma 3. Let case III hold for N and letε ∈ {−1,1}, a= ε piq j and D- a. When i≥ s,

let ε ′ = ε ·
(pi−s

q

)

. Then

CD
a =







CD
ε ′ psq j if i ≥ s,

CD
piqt if j ≥ t,

and CD
a ⊆CD′

a for every D′ | D.

Proof. If i ≥ s, then j < t. Let a ≡ c2l1 (mod D), wherel1 ∈ Z+ and c is one of

the representatives in Lemma 2. Sincepsq j | gcd(a,D), psq j | c. Sinceq j+1 | D and

q j+1 - a, q j+1 - c. Thusc = δ psq j with δ = ±1. Thenε piq j ≡ δ psq j2l1 (mod D), and

pi−s ≡ εδ2l1 (mod q). By Lemma 1 ordq2 = φ(q)/2, so 2 is the square of a primitive

8



root moduloq and 〈2〉 ⊆ Z∗
q is the subgroup of squares. Further,−1 /∈ 〈2〉 (mod q),

hence
(pi−s

q

)

= εδ . The claim fori ≥ snow follows.

If j ≥ t we getCD
a = CD

±piqt similarly as above. Since−1∈ 〈2〉 ⊆ Z∗
ps−i by Lemma

1, we have−1 ≡ 2l2 (mod ps−i) for somel2 ∈ Z+. Thus−piqt ≡ piqt2l2 (mod D),

andCD
−piqt = CD

piqt .

Let D′ | D andb ∈ CD
a . Thenb ≡ a2 j (mod D) with some j ∈ Z+, so b ≡ a2 j

(mod D′), i.e.b∈CD′
a .

Let us now shortly recall howS(a,D) can be computed in cases I and II or when

−1∈ 〈2〉 moduloD. For−1∈ 〈2〉 moduloD, i.e. whens= 0 or t = 0 in case II and

whent = 0 in case III, we have by (10, II Theorem 1 and eq. (9))

S(a,D) =







(−1)m′−1(D−1)
√

r −1 if D | a,

(−1)m′√
r −1 if D - a,

(6)

where in case IIm′ ≡ 0 (mod 2) if s= 0, andm′ ≡ m (mod 2) if t = 0. In case III we

have, fort = 0, m′ordps 2 = mφ(N)/2 (see Theorem 1 and the beginning of section 2 in

(10, II)). By Lemma 1 ordps 2 = φ(ps), som′ = mφ(qv)/2≡ m (mod 2).

For the rest of the paper we letε ∈ {−1,1}, denote 1+δ
√−q by c(δ ) and letχ be

the multiplicative character of orderN in F∗ with χ(γ) = e
2π i/N wheree is the Napier’s

number andi is the imaginary unit. LetG(χ j) = ∑x∈F∗ χ j(x)e(x) denote the Gauss sum

overF defined byχ j , j = 1,. . . , N. In case I, i.e. forN = qv, we have by (10, II Theorem

2)

S(a,qt) =



















φ(qt)Re(G(χ
N
qt ))+S(0,qt−1) if a = 0,

−qt−1Re(G(χ
N
qt )c(ε))+S(0,qt−1) if a∈Cqt

εqt−1,

S(a,qt−1) otherwise.

(7)

In case II ordps 2 = φ(ps) and ordqt 2 = φ(qt), so fors= 0 or t = 0 we getS(a,D)

9



from (6). Fors, t ≥ 1 we have by (10, II Theorem 3)

S(a,D) = (8)






































































φ(D)Re(G(χ N
D ))+S(0, D

p )+S(0, D
q )−S(0, D

pq), a = 0,
φ(D)
1−p Re(G(χ

N
D ))+S(0, D

p )+S( D
pq,

D
q )−S(0, D

pq), a∈CD
D/p,

φ(D)
1−q Re(G(χ N

D ))+S( D
pq,

D
p )+S(0, D

q )−S(0, D
pq), a∈CD

D/q,
φ(D)
φ(pq) Re

(

G(χ N
D )(1+ ε

√−pq)
)

+S( D
pq,

D
p )+S( D

pq,
D
q )−S(0, D

pq), a∈CD
εD/pq,

S(a, D
p ), a∈CD

ε D
pi qj

,

S(a, D
q ), a∈CD

ε D
pj qi

,

wherei ≥ 2. The representatives of the cosetsCD
a can be seen in (4) and (5).

In case III fors, t ≥ 1, we have by (10, II eq. (4)),

S(a,D) = g(a,D)+S(a,D/p)+S(a,D/q)−S(a,D/pq), (9)

where

g(a,D) = 2Re
(

G(χN/D)sD(a)
)

(10)

with

sD(a) = ∑
j∈〈2〉⊆Z∗

D

χ−N
D j(γa) = ∑

j∈〈2〉⊆Z∗
D

ζ−a j
D

andζD = e
2π i/D. SinceZ∗

D = 〈2〉∪ (−〈2〉) and〈2〉∩ (−〈2〉) = /0, we have

2Re(sD(a)) = sD(a)+sD(a) = ∑
j∈〈2〉

ζ a j
D + ∑

j∈〈2〉
ζ−a j

D = ∑
j∈Z∗

D

ζ a j
D

wherezdenotes the complex conjugate ofz. The last sum is the Ramanujan sum, so by

(2, Theorem 272, p. 238)

2Re(sD(a)) = µ(D0)
φ(D)

φ(D0)
, (11)

whereD0 = D/gcd(D,a) andµ is the Möbius function

µ(n) =







0 if n is not square-free,

(−1)i if n is the product ofi ≥ 0 distinct primes.

10



Let χD be the residue class character moduloD with

χD( j) =







1 if j ∈ 〈2〉 ⊆ Z∗
D,

−1 if j /∈ 〈2〉 ⊆ Z∗
D.

SinceχD(−1) = −1,

−2i Im(sD(a)) = sD(a)−sD(a) = ∑
j∈〈2〉

ζ a j
D − ∑

j∈〈2〉
ζ−a j

D

= ∑
j∈〈2〉

ζ a j
D + ∑

j∈〈2〉
χD(− j)ζ−a j

D = ∑
j∈Z∗

D

χD( j)ζ a j
D .

DenotingD0 = D/gcd(D,a) as above anda0 = a/gcd(D,a), we get by the above, (4,

p. 446 (I), p. 449 (IV), p. 471 (IX)) and (10, II Lemma 8) that

−2i Im(sD(a)) =







0 if q - D0,
φ(D)
φ(D0)

µ
(D0

q

)

χq
(D0

q

)

χq(a0)
√−q if q | D0,

(12)

where χq( j) is defined to be 0 whenq | j. Since 2 generates the squares modulo

q, χq( j) =
( j

q

)

, the Legendre symbol. Noting thatφ(D)/φ(D0) ∈ R andµ(D0/q) =

−µ(D0) for square-freeD0 andq | D0, the equation (10) gives after substituting (11)

and (12) into it

g(a,D) =
µ(D0)φ(D)

φ(D0)
Re

(

G(χN/D)
(

1+ χq
(D0

q

)

χq(a0)
√−q

))

(13)

=
µ(D0)φ(D)

φ(D0)
Re

(

G(χN/D)c
(

χq
(D0

q

)

χq(a0)
))

for q | D0.

Using these we are able to derive in case III recursions similar to those in (8) for case

II. This will be done in the next section.

11
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3 The Recursion

For the rest of the paper we let case III hold forN and letε ∈ {−1,1} andc(δ ) =

1+ δ
√−q as above. ForD = ps we havet = 0 andm′ ≡ m (mod 2) in (6), yielding

S(a, ps) =







(−1)m−1(ps−1)
√

r −1 if ps | a,

(−1)m√r −1 if ps - a.
(14)

By (10, II eq. (3))S(a,qt) = ∑d|qt g(a,d). Using The Möbius inversion formula we get

S(a,qt) = g(a,qt)+S(a,qt−1) as in (10, II eq. (4)) and in case I. Hereg(a,qt) is as in

(10). Substituting (10) through (13) into this we get (cf. (7))

S(a,qt) =



















φ(qt)Re(G(χ
N
qt ))+S(0,qt−1) if a = 0,

−qt−1Re(G(χ
N
qt )c(ε))+S(0,qt−1) if a∈Cqt

εqt−1,

S(a,qt−1) otherwise.

(15)

Using equations (9) through (13) we get fors, t ≥ 1

S(a,D) =











































φ(D)Re(G(χ N
D ))+ Σ(0,D) if a = 0,

φ(D)
1−p Re(G(χ N

D ))+ Σ(a,D) if a∈CD
D/p,

φ(D)
1−q Re

(

G(χ N
D )c(ε)

)

+ Σ(a,D) if a∈CD
εD/q,

φ(D)
φ(pq) Re

(

G(χ N
D )c(ε

(p
q

)

)
)

+ Σ(a,D) if a∈CD
εD/pq,

Σ(a,D) otherwise,

(16)

whereΣ(a,D) = S(a,D/p)+S(a,D/q)−S(a,D/pq). TheΣ(a,D) can be calculated by

the following result.

Theorem 4. In (16)

Σ(a,D) =































































S(0, D
p )+S(0, D

q )−S(0, D
pq) if a = 0,

S(0, D
p )+S( D

pq,
D
q )−S(0, D

pq) if a∈CD
D/p,

S(ε
(p

q

)

D
pq,

D
p )+S(0, D

q )−S(0, D
pq) if a∈CD

εD/q,

S(a, D
p )+S( D

pq,
D
q )−S(0, D

pq) if a∈CD
ε D

pq
,

S(a, D
p ) if a∈CD

ε D
piqj

,

S(a, D
q ) if a∈CD

ε D
pj qi

,

13



where i≥ 2.

Proof. Casea = 0 is clear. Fora = D/p the middle term follows from Lemma 3 and

the others sinceD/p andD/pq divide a. Similarly, we get the casesa = εD/q and

a = εD/pq.

For a = ε piq j with i ≤ s−2 we use induction ont. For t = 1, i.e. forD = psq, we

have by (14) and byps−1 - a

Σ(a,D) = S(a, D
p )+S(a, ps)−S(a, ps−1) = S(a, D

p ).

If S(a,D′) = S(a,D′/p) for D′ = psqt−1 then

Σ(a,D) = S(a, D
p )+S(a, D

q )−S(a, D
pq) = S(a, D

p )+S(a,D′)−S(a, D′
p ) = S(a, D

p ).

For a = ε piq j with j ≤ t −2 ands= 1 we get by (15)

Σ(a,D) = S(a, D
q )+S(a,qt)−S(a,qt−1) = S(a, D

q )

and the induction step is similar as above.

For a = D/p and a = εD/q we can use (16) and Theorem 4 to writeS(a,D) more

explicitly.

Corollary 5. For a = D/p and a= εD/q we have

S
(D

p
,D

)

=
1

1− p

t−1

∑
i=0

φ
(D

qi

)

Re
(

G(χ
N
D qi

)
)

+S
(

0,
D
p

)

+(−1)mps−1√r

S
(

ε
D
q

,D
)

=
1

1−q

s

∑
i=0

φ
( D

pi

)

Re
(

G(χ
N
D pi

)c(ε
(pi

q

)

)
)

+S
(

0,
D
q

)

.

Proof. By (8) the casesa = D/p anda = 0 have the same recursion as in the index 2

case II so (10, II Lemma 13) gives the formula forS(D/p,D). For a = εD/q we have

by equation (16) and Theorem 4

S(ε D
q ,D) =

φ(D)

1−q
Re

(

G(χ
N
D )c(ε)

)

+S
(

ε
(p

q

)

D
pq,

D
p

)

+S(0, D
q )−S(0, D

pq)

=
φ(D)

1−q
Re

(

G(χ
N
D )c(ε)

)

+
φ(D/p)

1−q
Re

(

G(χ
N
D p)c(ε

(p
q

)

)
)

+S
(

ε
(p2

q

)

D
p2q

, D
p2

)

−S(0, D
p2q

)+S(0, D
q ).

Continuing this process and recalling thatD/ps = qt , we finally obtain by (15)

S(a,D) =
1

1−q

s−1

∑
i=0

φ
( D

pi

)

Re
(

G(χ
N
D pi

)c(ε
(pi

q

)

)
)

+S
(

ε
(ps

q

)

qt−1,qt)−S(0,qt−1)+S(0, D
q )

14



=
1

1−q

s−1

∑
i=0

φ
( D

pi

)

Re
(

G(χ
N
D pi

)c(ε
(pi

q

)

)
)

−qt−1Re
(

G(χ
N
qt )c(ε

(ps

q

)

)
)

+S(0,qt−1)−S(0,qt−1)+S(0, D
q )

=
1

1−q

s

∑
i=0

φ
( D

pi

)

Re
(

G(χ
N
D pi

)c(ε
(pi

q

)

)
)

+S(0, D
q ).

15
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4 Determination of the Gauss Sums

In this section we first recall what is known about the Gauss sums appearing in (16)

and then study what can be said about the signs of the real and the imaginary part.

From equations (14)–(16), Theorem 4 and Corollary 5 it follows that we need the sums

G(χ N
D ) for whichq | D.

Mbodj (9) has also studied these Gauss sums. He has obtained an expression for

them containing the class number ofQ(
√−q) and a Diophantine equation related to a

certain ellipse, see Propositions 3.2, 3.3 and 3.4, and Theorem 3.5 in (9). Our method

is similar to that in (10, II), it does not use the class number and it yields a simpler

Diophantine equation. Let

hm = min
{

S2
( r −1

D

)

,
mφ(N)

2
−S2

( r −1
D

)

}

(17)

with S2(x) denoting the digit sum of the binary expansion ofx. Since

r −1
D

=
2mφ(N)/2−1

D
=

2φ(N)/2−1
D

m−1

∑
i=0

2iφ(N)/2

we see by denotingr1 = 2φ(N)/2 that

hm = min
{

mS2
( r1−1

D

)

,
mφ(N)

2
−mS2

( r1−1
D

)

}

= mh1.

We know (see e.g. (10, II p. 8)) thatG(χ N
D ) = 2hm(b+c

√−q)/2, whereb, c∈ Z are

odd if hm < mφ(N)/4 and(b,c) = (±2,0) if hm = mφ(N)/4. Further,|G(χ
N
D )| = √

r

and (±b,±c) are the only solutions to the Diophantine equation

b2 +qc2 = 2mφ(N)/2−2hm+2 = 2m(φ(N)/2−2h1)+2. (18)

In (3) a fast algorithm for solving this equation is presented. Note thatG(χ
N
D ) ∈ R if

and only ifhm = mφ(N)/4. Also, p cannot divide bothb andc, andq cannot divideb,

for otherwisep | 2 orq | 2.

To determine the sign of Re(G(χ N
D )) we use the following theorem which is a mod-

ification to the case III of the lemma on page 1245 of (12). That lemma gives similar

simple congruences in cases I and II.

17



Theorem 6. For D = qt ,

ReG(χ
N
D ) ≡−1 (mod q),

and for D= psqt , s, t≥ 1,

ReG(χ
N
D ) ≡ (−1)m−1 (mod q).

Proof. DenoteG(χ N
D ) = 2hm−1(b+c

√−q) with hm as in (17). IfD = qt then we get as

in (12)

2(hm−1)qt
(bqt

+(c
√−q)qt

) ≡ G(χ
N
D )qt ≡ ∑

x∈F∗
χ

N
D qt

(x)e(qtx)

= ∑
x∈F∗

e(x) = −1 (mod q).

Sinceq - b, gcd(2hm−1b,q) = 1 and the claim in this case follows from Fermat’s little

theorem.

ForD = psqt with s, t ≥ 1 we similarly obtain

2(hm−1)qt
(bqt

+(c
√−q)qt

) ≡ G(χ
N
D )qt ≡ ∑

x∈F∗
χ

N
ps (x)e(qtx) = G(χ

N
ps ) (mod q)

sincee(qtx) = e(x) asqt is odd. Here ordχ
N
ps = ps and−1 is a power of 2 modulops,

so by a result of Stickelberger and by Davenport-Hasse theorem (see e.g. (10, II Lemma

1)),

G(χ
N
ps ) = (−1)m−1√r = (−1)m−12

mφ (N)
4 .

Again, by Fermat’s little theorem, 2hm−1b≡ (−1)m−12
mφ (N)

4 ≡ (−1)m−1 (mod q) and

the claim follows.

The congruence in Theorem 6 is satisfied by ReG(χ N
D ) whose absolute value is

known from (18). Both choices of the sign can not satisfy the congruence since then

we could substract the congruences and would getq | 2hmb for a solution(b,c) of (18)

leading to a contradiction. Hence exactly one of±2hm−1|b| satisfies Theorem 6 and we

get ReG(χ N
D ) completely.

For someD andm we could also generalize the method from (15) in the following

way: for D = qt and arbitrarym, let χ ′ be a multiplicative character ofF2l of order

ordχ ′ = ordχ
N
D = qt , where l = (q− 1)qt−1/2 = φ(qt)/2. This χ ′ exists sinceqt |

18



(2l −1) as ordqt 2= φ(qt)/2= l . If G(χ ′) = 2h′−1(b′+c′
√−q) then the absolute values

of b′ andc′ are determined by the equationb′2 +qc′2 = 2l−2h′+2 where

h′ = min
{

S2
(

2l−1
qt ), l −S2

(

2l−1
qt

)}

.

The degreel ′ of the extensionFr/F2l is l ′ = m(p−1)pu−1qv−t , so by the Davenport-

Hasse identity (see e.g. (7, Theorem 5.14)) we haveG(χ N
D ) = −(−G(χ ′))l ′ . For any

complex numberz and an even integerk ≥ 0 the real part ofzk is given by Rezk =

∑i even
(k

i

)

(Rez)k−i(i Imz)i , so sgnRezk is the same regardless of sgnRez. Here

sgnx =



















−1 if x < 0,

0 if x = 0,

1 if x > 0,

denotes the signum function. Since the exponentl ′ is even, we find sgnReG(χ
N
D ).

When m is even we can use similarly the intermediate fieldF2l with l = φ(psqt)/2

since nowl ′ = mpu−sqv−t is even regardless ofD.

Knowing only the real part is enough to computeS(0,D) andS(D/p,D) for every

D |N. ForS(εD/q,D) andS(εD/pq,D) we get two choices for each termG(χ N
D )c(ε) or

G(χ N
D )c(ε

(p
q

)

) appearing in the equation (16). By Corollary 5, equation (16) and The-

orem 4 we need, forS(εD/q,D) andS(εD/pq,D), the imaginary parts ImG(χ N
D pi

) =

ImG(χ pu−s+iqv−t
) for i = 0,. . . , s. Since, forδ = ±1,

Re
(

G(χ
N
D pi

)(1+ δ
√−q)

)

= ReG(χ
N
D pi

)− δ
√

qImG(χ
N
D pi

)

we see that if the signs of bothδ and ImG(χ N
D pi

) are changed then this term remains

the same.

Suppose that, for fixedD anda ∈ {εD/q,εD/pq}, we have computedS(a,D) for

every possible combination of sgnImG(χ N
D pi

), i = 0,. . . , s (we do not know which

combination is the correct one). ThenS(−a,D) is obtained for a given sequence of the

signs by changing every sign and computingS(a,D) using these altered signs. Hence,

if we are able to limit the possible combinations down to two we know that one gives

S(a,D) and the otherS(−a,D) and we get the value distribution. In other words, we can

computeS(a,D) andS(−a,D) with a fixed combination and the distribution is the same

with the other combination, too. We will illustrate these concepts in the next section.

Before that, let us show how the imaginary parts are related to each other modulop.

Note that, for eachS(a,D), in the needed ImG(χ N
D pi

) the power ofq is fixed and only

the power ofp varies.
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Theorem 7. For a fixed t, let G(χ
N
D ) = G(χ pu−sqv−t

) = bs+cs
√−q. Then, for0< s≤ u,

cs ≡
(ps

q

)

(c0−c′s−1) (mod p) (19)

where c′0 = 0 and for0 < s< u

c′s =
1
p

((ps

q

)

cs− (c0−c′s−1)
)

∈ Z. (20)

Proof. First we note that (19) is equivalent to findingc′s ∈ Z satisfying (20). The real

parts forS(ε D
q ,D) in Corollary 5 are

Re
(

G(χ pu−s+iqv−t
)
(

1+ ε
(pi

q

)√−q
))

= bs−i − εq
(pi

q

)

cs−i (21)

for 0≤ i ≤ s. Fors= 1 we have by (21) and Corollary 5

S(ε pqt−1, pqt) =
φ(qt)

1−q

(

φ(p)(b1− εqc1)+ (b0− εq
(p

q

)

c0)
)

+S
(

0,
D
q

)

.

SinceD | S(a,D),

0≡ S(pqt−1, pqt)−S(−pqt−1, pqt) = 2qt((p−1)c1+
(p

q

)

c0
)

(mod pqt)

and we have−c1 +
(p

q

)

c0 ≡ 0 (mod p). Thus the claim holds withs= 1, andc′0 = 0.

Assume now thatci ≡
(pi

q

)

(c0−c′i−1) (mod p) with
(pi

q

)

ci = c0−c′i−1+ pc′i for all

1≤ i < s. By (21) and Corollary 5 we get again

0≡ S(psqt−1, psqt)−S(−psqt−1, psqt)

=
φ(qt )

1−q

s

∑
i=0

φ(ps−i)
(

−q
(pi

q

)

cs−i −q
(pi

q

)

cs−i
)

≡ 2qt
s

∑
i=0

φ(pi)
(ps−i

q

)

ci (mod psqt).

Thus

−φ(ps)cs ≡
s−1

∑
i=0

φ(pi)
(ps−i

q

)

ci (mod ps).

Here−φ(ps) ≡ ps−1 (mod ps) and
(ps−i

q

)

=
(ps+i

q

)

. Then we have by the inductive

assumption

ps−1cs ≡
(ps

q

)

c0 +
s−1

∑
i=1

φ(pi)
(ps

q

)

(c0−c′i−1+ pc′i)

=

(

ps

q

)

(

c0

s−1

∑
i=0

φ(pi)−
s−2

∑
i=0

φ(pi+1)c′i +
s−1

∑
i=1

φ(pi)pc′i
)
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=
(ps

q

)

(ps−1c0 + φ(ps−1)pc′s−1) ≡
(ps

q

)

(ps−1c0− ps−1c′s−1) (mod ps).

The claim now follows by cancellingps−1.

Remark8. From Theorem 7 it clearly follows thatp | c0 if, and only if, p | c1. Other

similar equivalences or implications do not seem obvious sincec′s depends also on the

quotient, not only on the remainder modulop. For instance,c2 ≡ c0−c′1 (mod p) with

c′1 =

(p
q

)

c1−c0

p . In order to tell howc2 andc0 are related modulop we should know

something aboutc′1 modulo p and hence aboutc0 andc1 modulo p2. However, our

computations indicate that eitherp | cs for every 0≤ s≤ u or p - cs for every 0≤ s≤ u,

see sections 5 and 6.

Remark9. Assume thatp - cs for everys≥ 0. Thenc0 determines, by Theorem 7,

recursively the othercs and we have only two possibilities for the signs. Hence by the

discussion before Theorem 7 we can fix sgnc0 e.g. to+1, compute sgncs, s≥ 1, with

that and then compute the value distribution using these signs.

A Gauss sumG is said to bepureif Gn ∈ R for somen∈ Z+. Evans (1) gives some

sufficient conditions for Gauss sums to be pure. Settinge= qt , t ≥ 1 in his Theorem 2,

we see thatG(χ puqv−t
) can not be pure, especially this Gauss sum is not real, soc0 6= 0

in our Theorem 7. By (10, II Lemma 1),G(χ
N
ps ) = (−1)m−1√r ∈ R. For s, t ≥ 1, we

are able to prove, using the results of (1, 9), thatG(χ pu−sqv−t
)∈R if, and only if,

(p
q

)

= 1.

The if part of the claim is also proved in (9, Theorem 3.5) with slightly different method.

For completeness, we give a proof for that, too, but use a method based on (1). First, let

us give one lemma.

Lemma 10. Let α /∈ R be an element of a quadratic number fieldQ(
√
−d), where

d ∈ Z+, d /∈ {1,3}, is square-free. Assume thatReα 6= 0. Then, for every l∈ Z+,

α l /∈ R.

Proof. Assume the claim does not hold and letl ∈ Z+ be the smallest exponent such

thatα l ∈ R. Obviously,α l ∈ Q and l > 2 sinceα ∈ Q(
√
−d) and Reα 6= 0. We let

α l = a∈ Q and we will prove thatxl −a is irreducible inQ[x]. First, 4- l , for otherwise

α l/2 ∈ R or Reα l/2 = 0. The first contradicts the minimality ofl and the latter would

imply Re(b+c
√
−d)2 = 0, whereb+c

√
−d = α l/4. Thenb2−dc2 = 0 givingd = 1.

Since 4- l , (6, Theorem 16) tells thatxl −a is irreducible inQ[x] if, and only if, a

is not aλ th power inQ for any primeλ dividing l . Supposea is aλ th power inQ for

some primeλ | l . If λ = 2 thenα l/2 ∈ Q, a contradiction. Ifλ is odd thenα l/λ = ζ λ√a
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where λ√a∈ Q andζ /∈ R is a (primitive)λ th root of unity. Thenζ andα l/λ determine

the same number field. Since the degrees ofQ(ζ ) andQ(α l/λ ) = Q(
√
−d) overQ are

λ −1 and 2, this contradictsd /∈ {1,3}.

Thusxl − a is irreducible andQ(α) has degreel overQ. But this is not possible

sinceQ(α) = Q(
√
−d) and l ≥ 3.

Clearly the restrictionsd /∈ {1,3}, Reα 6= 0, in the above lemma are necessary, as

(1+ i)4 = −4, (−1+
√
−3)3 = 8, and(

√
−d)2 = −d. Lemma 10 could also be proved

using (13, Theorem 3.11), which gives the degree of tan( kπ
l ) overQ. The connection to

the tangent function follows from the fact that if(b+c
√
−d)l ∈ R then tan( kπ

l ) = c
√
−d
b

for somek∈ Z.

Theorem 11. Let s, t≥ 1. Then G(χ pu−sqv−t
) ∈ R if, and only if,

(p
q

)

= 1. Moreover, if
(p

q

)

= −1, then these Gauss sums can not be pure.

Proof. Let first
(p

q

)

= 1. This part of the claim is also proven in (9, Theorem 3.5) but

we use here a method based on (1). Takee= psqt in the equation (22) of Theorem 3 in

(1), which then says thatp∈ 〈2〉 ⊆ Zqt implies thatG(χ N
D ) is pure.

As argued in the proof of Lemma 3, 2 is the square of a primitive root moduloqt ,

hence〈2〉 is the subgroup of squares inZqt andp∈ 〈2〉 is equivalent top being a square

moduloqt . This holds if, and only if,p is a square moduloq, which is seen as follows.

Let m≥ 1, and letp ≡ a2 (mod qm) for somea. Thena2 = kqm+ p, k ∈ Z. As

gcd(2a,q) = 1, we findl ∈ Z such that 2al = −k in Zq. Then

(a+ lqm)2 = a2 +2alqm+ l2q2m ≡ a2−kqm = p (mod qm+1),

hencep is a square moduloqm+1. By inductionp is a square modulo everyqt . The

converse is clear.

By the above, ifp is a square moduloq, i.e. if
(p

q

)

= 1, thenG(χ N
D ) is pure forD =

psqt . As the characteristic is 2 the pureness and (1, Lemma 6) implyG(χ
N
D )2 = r > 0,

soG(χ N
D ) ∈ R. Hence we have the claim for

(p
q

)

= 1.

If
(p

q

)

= −1 then (9, Theorem 3.5 and Proposition 3.4) give

G(χ
N
D ) = 2

φ (N)
4 − hN

D (b+cω)
2N
D ,

whereh is the class number ofQ(
√−q), ω = (−1+

√−q)/2 and the integersb andc

satisfy 2- c, c > 0,

b2−bc+
q+1

4
c2 = 2h, and

2b−c
2

≡−2
φ (N)

4 + h
2 (mod q).
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Hereb+cω = 2b−c
2 + c

2

√−q. Usingc > 0 and the congruence forb andc we see that

the real and imaginary parts ofb+cω are both non-zero. Lemma 10 andφ(N)
4 − hN

D ∈ Z

now imply that neitherG(χ N
D ) nor any of its powers can be real. This completes the

proof.

Viewing Theorem 11 in light of (17) and (18) (recall thatc = 0 in (18) if, and only

if, hm = mφ(N)/4) we see that if
(p

q

)

= 1 thenS2
(2mφ (N)/2−1

D

)

= mφ(N)
4 for everym≥ 1

and 1≤ s≤ u, which is a nice arithmetic result.
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5 Examples

In this section we give numerical examples illustrating the use of (16) and Theorems 4

and 7. Determining sgnImG(χ N
D ) for the needed Gauss sums will be crucial in our task

to compute the value distribution ofS(a,D). Fortunately, Theorem 7 gives us enough

information for mostN.

In the index 2 cases I and II the only instances for which we need an imaginary

part are, by (7),S(εqt−1,qt) in case I and, by (8),S(εD/pq,D) in case II. The other

S(a′,D′) needed to compute theseS(a,D) do not fall into the same category, so only

one imaginary part is needed. Hence we have only two possibilities for each particular

valueS(a,D) of which one equalsS(a,D) and the otherS(−a,D).

The case III is different since now we need several ImG(χ j) for S(εD/q,D) and

S(εD/pq,D). In accordance with the discussion preceding Theorem 7 the crucial step

is to limit the possible combinations of sgnImG(χ N
D pi

), i = 0,. . . , s, to two. We have

found three different ways these Gauss sums can turn out:

– cs = 0 for all 1≤ s≤ u in Theorem 7, call thisthe real case(for N andt);

– p - cs for all 0≤ s≤ u in Theorem 7, call thisthe irreducible case(for N andt);

– cs 6= 0 andp | cs, for all 0≤ s≤ u in Theorem 7, call thisthe reducible case(for N

andt).

Except for some reducible cases, we are able to determine the value distribution

completely. Let us start with the real case, which holds, by Theorem 11, if, and only if,
(p

q

)

= 1. Then the Gauss sums are real fors≥ 1, they are known exactly and the only

ambiguity is about sgnImG(χ puqv−t
). Thus we have only two possibilities for the signs

and the value distribution ofS(a,D) is known from the discussion preceding Theorem

7. This situation is illustrated in the following example.

Example 12. Let N = 11·7 andm= 1. Then we have index 2 case III withp = 11 and

q= 7, and
(

11
7

)

= 1. Now φ(N)/2 = 30,r = 230 = 1073741824, andn= 13944699. As

noted at the beginning of section 4 we now need the Gauss sumsG(χ N
D ) with D = 7 and

D = N = 77, i.e.G(χ11) andG(χ). With D = 77 (forG(χ)) the equation (17) yields

h1 = min
{

S2
(

230−1
77

)

,30−S2
(

230−1
77

)}

= min
{

S2(n),30−S2(n)
}

= 15=
φ(N)

4

giving G(χ) = ±215 ∈ R. The latter congruence of Theorem 6 now givesG(χ) = 215.
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With D = 7 (for G(χ11)) we similarly get

h1 = min
{

S2
(230−1

7

)

,30−S2
(230−1

7

)}

= min
{

S2
( (23)10−1

23−1

)

,30−S2
( (23)10−1

23−1

)}

= 10

and the equation (18) becomesb2 + 7c2 = 230−2·10+2 = 212, yielding b = ±57 and

c = ±11. The former congruence in Theorem 6 now tells thatb = −57 and Remark 9

that we may assumec = 11. HenceG(χ11) = 29(−57+11
√
−7).

Using the above results equation (15) gives

S(0,7) = 6ReG(χ11)−1 = −171·210−1,

S(ε,7) = −Re
(

G(χ11)(1+ ε
√
−7)

)

−1 = −29(−57−77ε)−1

∈ {67,−10} ·210−1,

where the value forε = 1 is presented first. We will use the same order in the following

too. AsG(χ) = 215 ∈ R, Re(G(χ)c(±ε)) = 215 and the only ambiguity inS(ε11,77)

andS(ε,77) comes fromS(±1,7). Equations (16) and (14), Theorem 4 and the above

formulae forS(a,7) now give

S(0,77) = φ(77)ReG(χ)+S(0,7)+S(0,11)−S(0,1)

= 60·215−171·210+10·215−1 = 2069·210−1,

S(ε,77) = Re
(

G(χ)(1+ ε
√
−7)

)

+S(ε,7)+S(1,11)−S(0,1)= S(ε,7),

S(ε11,77) = −10Re
(

G(χ)(1+ ε
√
−7)

)

+S(ε,7)+S(0,11)−S(0,1)= S(ε,7),

S(7,77) = −6ReG(χ)+S(0,7)+S(1,11)−S(0,1)

= −6 ·215−171·210−215−1 = −395·210−1.

Each valueS(a,N) appearsr−1
N |CN

a | = n|CN
a | times and Lemma 2 gives|C77

ε | =

φ(77)/2 = 30, |C77
ε11| = φ(7)/2 = 3 and|C77

7 | = φ(11) = 10. The weights inC77(n)⊥

are then obtained from (2) and eachS(a,N) corresponds to|kerΨ| = 1 codeword with

Ψ as in (3). The results are summarized in Table 1, where “F” denotes the frequency

of the given value ofS(a,D) and the given weight. The sumsS(a,D) correspond to the

non-zero words, so only they are listed (0 corresponds to∑x∈F∗ e(0 ·xD)).
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Table 1. The value distribution of S(a,77) and the weight distribution of C77(n)⊥ for

N = 11·7 and m= 1.

S(a,77) C77(n)⊥ F/n

−395·210−1 29 · 220+395
77 10

−10·210−1 210 · 219+5
77 30+3 = 33

67·210−1 29 · 220−67
77 30+3 = 33

2069·210−1 29 · 220−2069
77 1

In this example we saw thatS(ε,77) = S(ε11,77) = S(ε,7). This is no coincidence,

for if N = pqandG(χ) ∈ R then

(−1)m−1 ≡ ReG(χ) = |G(χ)|sgnG(χ) = 2φ(N)/4sgnG(χ) ≡ sgnG(χ) (mod q)

by Theorem 6 and sinceq−1
2 | φ(N)

4 . HenceG(χ) = (−1)m−1√r. By (14), S(0, p) =

(p−1)G(χ)−1 andS(1, p) = −G(χ)−1. Substituting these into (16) and Theorem 4

and remembering thatS(0,1) = −1 we see that fromS(ε, pq), resp.S(ε p, pq), cancels

out everything butS(ε,q), resp.S(ε
(p

q

)

,q). Especially, if
(p

q

)

= 1 then by the above and

Theorem 11S(ε, pq) = S(ε p, pq) = S(ε,q).

Let us next consider the irreducible case. Now the congruences of Theorem 7,

together with sgnImG(χ puqv−t
), determine recursively sgnImG(χ pu−iqv−t

) for 1≤ i ≤ s,

as noted in Remark 9. Thus there are only two possible sequences of the signs and again

the value distribution can be computed. Ifm= 1 gives the irreducible case forN andt

then the Davenport-Hasse identity can be used to compute the Gauss sums for otherm,

too. Denoteχm = χ andGm(χN/D
m ) = G(χN/D) and letχm = χ1 ◦Norm andG1(χN/D

1 )

be the corresponding character and Gauss sum overF2φ (N)/2, where Norm is the norm

from F ontoF2φ (N)/2. Then the Davenport-Hasse identity tells that

Gm(χN/D
m ) = −(−G1(χN/D

1 ))m (22)

and we have the required Gauss sums overF2mφ (N)/2. The following example shows one

case whenm= 1 gives an irreducible case and illustrates the above method to compute

the Gauss sums form= 2.

Example 13. Let N = 21= 3 ·7 andm= 1, so that index 2 case III holds withp = 3

andq = 7. Nowφ(N)/2 = 6, r = 26 = 64, andn= 63
21 = 3. Although the codeCN(n) =
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C21(3) that S(a,N) is now connected to is not interesting (as the lengthn is 3) these

parameters make a fine example of our techniques.

The computation proceeds as in the previous example. Now we need the Gauss

sumsG(χ) andG(χ3). ForG(χ), by (17),

h1 = min{S2(3), 6−S2(3)} = 2.

Equation (18) becomes nowb2 + 7c2 = 26−2·2+2 = 24 and givesb = ±3 andc = ±1,

thus G(χ) = 2(±3±
√
−7). Similarly, for D = 7, h1 = min{S2(9), 6−S2(9)} = 2

yielding same equation as above. ThusG(χ3) = 2(±3±
√
−7).

Theorem 6 gives ReG(χ) = 2 · (−3) = −6 (the second congruence withD = 3 ·7)

and ReG(χ3) = 6 (the first congruence withD = 7). Now the irreducible case holds

and we can use the congruences of Theorem 7. With those we getc1 ≡
(3

7

)

c0 (mod 3),

soc1 =−c0. By Remark 9, we may assume sgnc0 = +1 andG(χ3) = 2(3+
√
−7) and

G(χ) = 2(−3−
√
−7).

From (15) we see that

S(0,7) = 6ReG(χ3)+S(0,1) = 6 ·6−1= 35,

S(ε,7) = −Re
(

G(χ3)(1+ ε
√
−7)

)

−1 = −2(3−7ε)−1∈ {7,−21},

where the value forε = 1 is again mentioned first. Continuing as in the previous exam-

ple, and using equations (16) and (14), Theorem 4 and theS(a,7) above, we get

S(0,21) = φ(21)ReG(χ)+S(0,7)+S(0,3)−S(0,1)

= 12· (−6)+35+2·23−1+1= −21,

S(ε,21) = Re
(

G(χ)(1− ε
√
−7)

)

+S(ε,7)+S(1,3)−S(0,1)

∈ {2(−3−7)+7, 2(−3+7)−21}−23 = {−21,−21},

S(ε3,21) = −2Re
(

G(χ)(1+ ε
√
−7)

)

+S(−ε,7)+S(0,3)−S(0,1)

∈ {−2 ·2(−3+7)−21, −2 ·2(−3−7)+7}+2·23−1+1

= {−21,63},

S(7,21) = −6ReG(χ)+S(0,7)+S(1,3)−S(0,1)

= −6 · (−6)+35−23−1+1= 63.

HereS(1,21) andS(−1,21) happen to have the same value but this is not true in gen-

eral. If we chose equal signs then we would haveS(ε,21) ∈ {7,−49}, andS(ε3,21) ∈
{35,7}, which are not divisible by 21 and thus not applicable, as stated by Theorem 7.
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EachS(a,D) appearsr−1
D |CD

a | times and by (4) and Lemma 2

|C7
±1| =

φ(7)

2
= 3, |C21

±1| =
φ(21)

2
= 6,

|C21
±3| =

φ(7)

2
= 3, |C21

7 | = φ(3) = 2.
(23)

ThusS(0,7) = 35 appears2
6−1
7 = 9 times andS(ε,7) = 7 or−21 each 9·3 = 27 times.

Similarly for S(a,21), −21 appears 3· (1+2 ·6+3)= 48 times and 63 appears 3· (3+

2) = 15 times.

Using the notation of (22) we know from above thatG1(χ3
1) = 2(3+ c0

√
−7) =

−G1(χ1), wherec0 = +1 can be assumed for our purposes. By (22) then

Gm(χm) = −(−G1(χ1))
m = −G1(χ3

1)m = (−1)mGm(χ3
m).

Therefore ImGm(χm) and ImGm(χ3
m) have the same signs ifm is even and opposite

signs ifm is odd. For instance, withm= 2 we haveG2(χ3
2)= 23(1+3c0

√
−7)= G2(χ2)

where againc0 = +1 can be assumed. The value distribution ofS(a,D) can now be

computed as above. In Example 17 we will give details for this.

In the reducible case we have two or more unknown signs and Theorem 7 cannot

rule out any of the combinations. Ifm= 1 leads to the irreducible case forN andt then

we can use the Davenport-Hasse identity as discussed before Example 13. However,

there are some pairs(p,q) such thatm = 1 leads to the reducible case. By the next

theorem then everym leads to the reducible case.

Theorem 14. For given(N,t), let m0 = m0(N,t) be, if such exists, the smallest m such

that we have the reducible case for N and t when we work inFr , r = 2mφ(N)/2. Then

every multiple of m0 gives the reducible case for N and t. For m0 - m we have the

irreducible case.

Proof. Let Gm(χN/D
m ) andG1(χN/D

1 ) be as in (22). Further, for the rest of the proof

let χ j = χ1 ◦Norm be the lifted character toF2 jφ (N)/2, where Norm is the norm from

F2 jφ (N)/2 ontoF2φ (N)/2, and letG j(χN/D
j ) be the corresponding Gauss sum overF2 jφ (N)/2.

Let (N,t) be given. Ifm0 | m andGm0(χN/D
m0 ) = −b−c

√−q with p | c andc 6= 0 then

by the Davenport-Hasse identityGm(χN/D
m ) = −(b+c

√−q)
m

m0 and

i ImGm(χN/D
m ) = −

m/m0

∑
i=1
i odd

(

m/m0

i

)

b
m

m0
−i

(c
√−q)i .
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Hencep | ImGm(χN/D
m )/

√
q. If Gm(χN/D

m ) ∈ R then (1, Lemma 6) yieldsGm0(χN/D
m0 ) ∈

R contradictingc 6= 0. Thus ImGm(χN/D
m ) 6= 0, and we have another reducible case. If

m0 - m thenm= m1m0 +m2 with 1≤ m2 < m0. By the above and the minimality ofm0

−(−G1(χN/D
1 ))m1m0 = Gm0m1(χN/D

m0m1) = b1 +c1
√−q and

(−G1(χN/D
1 ))m2 = −Gm2(χN/D

m2 ) = b2 +c2
√−q

for somebi andci with p | c1 andp - c2. Herep cannot divide bothb1 andc1 (otherwise

p | 2, see (18)). Now

Gm(χN/D
m ) = −(−G1(χN/D

1 ))m1m0(−G1(χN/D
1 ))m2 = (b1 +c1

√−q)(b2 +c2
√−q)

= b1b2−qc1c2 +(b1c2 +b2c1)
√−q,

wherep - (b1c2 +b2c1), and the last claim follows.

According to our computations (see section 6 for more details) 12 of the 1240 pairs

with p, q< 2000 andφ(pq)/2≤ 60000 in case III havem0 = 1 in the previous theorem.

These pairs are

(5,q) with q∈ {103,487,503,607,823,967,1543,1607,1823},

(13,359), (29,1759) and (149,311).
(24)

In these cases the codesCN(n) may appear useful in determining the correct value

distribution ofS(a,D). All of the above pairs give very large numbers to handle, so we

will demonstrate the technique withN = 21 andm= 2. At the end of Example 13 we

already computed the Gauss sums involved inS(a,D), but in Example 17 we use the

following method that avoids the Davenport-Hasse indentity. We begin by quoting a

result from (11) that connects the weight distribution ofCN(n) to the power moments

of Gaussian periods. Let

sN(α) :=
n−1

∑
i=0

e(αγ iN)

denote the Gaussian periods and

M j(N) :=
N−1

∑
i=0

(sN(γ i)) j , j ≥ 0, (25)

their power moments. Note that sinceγN is annth root of unity,NsN(γa) = S(a,N).

Let also
{a

b

}

= 1
b! ∑b

j=0(−1)b− j
(b

j

)

ja be the Stirling number of the second kind. It is
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well known, see e.g. (5, p. 66), that
{a

b

}

reveals the number of ways a set ofa elements

can be partitioned intob disjoint nonempty subsets. By (11, Theorem 3) we have the

following recursion.

Proposition 15. For h ≥ 0 the number Ah of codewords of weight h in CN(n) can be

calculated by the recursion A0 = 1, and

h!Ah =
1
r

h

∑
j=0

(−1)h+ j
(

h
j

)

nh− j+1M j(N)−
h−1

∑
j=0

(−1)h+ jA j

h

∑
i= j

i!

{

h
i

}

2h−i
(

n− j
n− i

)

.

Especially, the following corollary holds.

Corollary 16. M0(N) = N, M1(N) = −1, M2(N) = r −n, and

A3 =
n
6r

(M3(N)+n2). (26)

Proof. Equation (26) is (11, Theorem 1). The formula forM0(N) is clear and

M1(N) =
N−1

∑
i=0

n−1

∑
k=0

e(γ i+kN) = ∑
x∈F∗

e(x) = −1.

If there were a codeword with weight 1 or 2 inCN(n) then by the definition ofCN(n)

(see (1)) there would be 0≤ i < j < n such that

γ iN = 0 or γ iN + γ jN = 0.

Both contradict the fact thatγ is a primitive element ofF. Hence substituting these

M0(N), M1(N) andA1 = A2 = 0 into Proposition 15 gives withh = 2

0 =
1
r

(

n3N−2n2 · (−1)+nM2(N)
)

−
({2

0

}

·22+
{2

1

}

·2 ·
( n

n−1

)

+2 ·
{2

2

}

·
( n

n−2

))

=
n
r

(

n(r −1)+2n+M2(N)
)

−2n−2 · n(n−1)

2

=
n
r

(

n(r +1)+M2(N)
)

−n−n2.

Thus 1
r (n(r +1)+M2(N)) = 1+n yielding

M2(N) = r + rn−nr−n= r −n

as claimed.

The following example illustrates the use of Corollary 16.
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Example 17. As in Example 13, letN = 21= 3 ·7, takem= 2, and proceed without

the Davenport-Hasse identity. Nowφ(N)/2 = 6, r = 212 = 4096, andn = 4095
21 = 195.

Following the lines of Examples 13 and 12 we start by computingG(χ) andG(χ3). In

Example 13 we saw thath1 = 2 for D = 21 andD = 7. Hence the Diophantine equation

in (18) becomesb2 + 7c2 = 22(6−2·2)+2 = 26 for bothD = 21 andD = 7. Now m= 2

is even and the congruences in Theorem 6 are the same. HenceG(χ) andG(χ3) are

23(−1±3
√
−7) but possibly with different signs of the imaginary parts.

Here 3| ImG(χ3i
) for i = 0, 1, so we have the reducible case and Theorem 7 be-

comes trivial. To apply Corollary 16 for the codeCN(n) = C21(195) we first compute

the two possible distributions. From (15) we get

S(0,7) = 6ReG(χ3)−1 = −49,

S(ε,7) = −Re
(

G(χ3)(1+ ε
√
−7)

)

−1 =







11 ·24−1 if sgnImG(χ3) = ε,

−10·24−1 if sgnImG(χ3) 6= ε.

In the following the values ofS(1,21), respectivelyS(3,21), are presented assuming

the signs(sgnImG(χ),sgnImG(χ3)) in the order(+,+), (+,−), (−,+), (−,−). By

equations (16) and (14), Theorem 4, andS(0,1) = −1 we obtain

S(0,21) = φ(21)ReG(χ)+S(0,7)+S(0,3)−S(0,1)

= 12(−23)−49−2 ·26 = −273,

S(1,21) = Re
(

G(χ)(1−
√
−7)

)

+S(1,7)+S(1,3)−S(0,1)

=







23(−1+21) if sgnImG(χ) = 1,

23(−1−21) if sgnImG(χ) = −1

+







11·24−1 if sgnImG(χ3) = 1,

−10·24−1 if sgnImG(χ3) = −1
+26

∈ {21,0,0,−21} ·24+26−1 = {399,63,63,−273},

S(3,21) = −2Re
(

G(χ)(1+
√
−7)

)

+S(−1,7)+S(0,3)−S(0,1)

= −2 ·







23(−1−21) if sgnImG(χ) = 1,

23(−1+21) if sgnImG(χ) = −1

+







−10·24−1 if sgnImG(χ3) = 1,

11·24−1 if sgnImG(χ3) = −1
−2 ·26
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∈ {192,528,−480,−144}−2·26−1 = {63,399,−609,−273},

S(7,21) = −6ReG(χ)+S(0,7)+S(1,3)−S(0,1)= −6(−23)−49+26 = 63.

According to the discussion preceding Theorem 7 we obtainS(−1,21) with a given

combination(±,±) by changing both signs and computingS(1,21) with those signs.

Similarly, we getS(−3,21), hence

S(−1,21) ∈ {−273,63,63,399}, S(−3,21)∈ {−273,−609,399,63},

assuming the same order as above for the pairs of signs.

Note that every possible value above for anyS(a,21) is divisible by 21, as they

should be, so this divisibility condition does not tell which sign combination is the

correct one. In this case, however, we can make the required distinction by using the

equation (26). For this we need the 3rd power moment of the Gaussian periodss21(α) =
1
21S(a,21). The frequencies of the values ofS(a,21) are r−1

N |CN
a | = n|CN

a | with |CN
a |

as in (23) sinceN is same as there. Table 2 shows the value distribution ofS(a,21)

assuming the same and opposite signs for ImG(χ) and ImG(χ3). As in Table 1 the “F”

denotes the frequency of the given value ofS(a,N).

Table 2. The possible value distributions of S(a,N) for N = 3·7 and m= 2.

same signs opposite signs

S(a,N) F/n S(a,N) F/n

−273 1+6+3 = 10 −609 3

63 3+2 = 5 −273 1

399 6 63 2·6+2 = 14

399 3

As NsN(γa) = S(a,N) and for everyi = 0,. . . , N−1 we findn elementsα such that

sN(α) = sN(γ i) in (25), we have

M j(N) =
1
n

r−1

∑
a=0

(S(a,N)

N

) j
. (27)

Substituting the possible distributions forS(a,N) from Table 2,M3(N) becomes for the

33



same signs

M3(N) = M3(21) = 10· (−273
21 )3 +5 · (63

21)
3 +6 · (399

21 )3

= −10 ·133+5 ·33+6 ·193 = 19319

and for opposite signs

M3(N) = 3 · (−609
21 )3 +(−273

21 )3 +14 · (63
21)

3 +3 · (399
21 )3

= −3 ·293−133+14·33+3 ·193 = −54409.

Equation (26) now gives the number of words inCN(n) = C21(195) having weight 3:

A3 =
195

6 ·212(19319+1952) = 455, A3 =
195

6 ·212(−54409+1952) = −130

for the same and opposite signs, respectively. Opposite signs give a negative number, so

we must have sgnImG(χ) = sgnImG(χ3). Equation (2) can now be used to compute

the weight distribution ofC21(195)⊥. The non-zero weights are

1
2(195+ 273

21 ) = 104, 1
2(195− 63

21) = 96, 1
2(195− 399

21 ) = 88

with respective frequencies of 10n, 5n and 6n (|kerΨ| = 1 for Ψ in (3)). These results

are in accordance with the tables in (8).

We really need the codesCN(n), or some method other than the Davenport-Hasse

identity, only for thoseN which havem0 = 1 in Theorem 14. Unfortunately, among

these there are cases when the codeCN(n) does not help us. One such case isN = 5·103,

which corresponds to the smallest pair in (24). Thenm= 1 leads to the reducible case,

r = 2204≈ 2.6·1061 andn≈ 5.0·1058. Now Corollary 16 gives positive integers forA3,

whether the imaginary parts have the same or opposite signs. For both possibilitiesA3 ≈
8.1·10113 with the first 26 digits coinciding andM1 andM2 agreeing with Corollary 16.

To conclude this section, let us illustrate our results whenN is not square-free. In

the next exampleN is of the formp2q and, in the one after that,pq2.

Example 18. Let N = 52 ·7 = 175 andm= 1. Then case III holds forN, φ(N)/2 = 60,

r = 260 and n = (260− 1)/175≈ 6.6 · 1015. To determine the value distribution of

S(a,D) we now needG(χ
N
D ) for D = 7, 35 and 175, i.e.G(χ25), G(χ5) andG(χ). For

G(χ25), i.e.D = 7, (17) gives

h1 = min
{

S2
(260−1

7

)

, 60−S2
(260−1

7

)}

= min
{

S2
( (23)20−1

23−1

)

, 60−S2
( (23)20−1

23−1

)}

= 20,
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then (18) and Theorem 6 yieldb2+7c2 = 260−2·20+2 = 222 andG(χ25) = 219(−1201±
627

√
−7). Similarly, for D = 35 we get

h1 = min
{

S2
(260−1

35

)

, 60−S2
(260−1

35

)}

= 25,

b2 + 7c2 = 260−2·25+2 = 212, andG(χ5) = 224(57±11
√
−7). The same way forD =

N = 175 we have

h1 = min
{

S2
(260−1

175

)

, 60−S2
(260−1

175

)}

= 29,

b2 +7c2 = 260−2·29+2 = 24, andG(χ) = 228(−3±
√
−7).

Now the irreducible case holds, so we can use Theorem 7 to limit the combinations

for the signs of these imaginary parts to two. Using the notations of the theorem and

assuming again sgnc0 = +1 we havec0 = 219 ·627 fromG(χ25), c1 = ±224 ·11≡ ±1

(mod 5) from G(χ5), andc2 = ±228≡±1 (mod 5) from G(χ). By Theorem 7

c1 ≡
(

5
7

)

219 ·627≡−(3 ·2)≡−1 (mod 5),

so sgnc1 = −1. Then

c′1 =
1
5

(

−
(

5
7

)

224 ·11−219·627
)

= −28835840≡ 0 (mod 5)

and Theorem 7 gives thatc2 ≡
(52

7

)

219 ·627≡ 1 (mod 5). Hence sgnc2 = sgnc0 = 1

and the signs(+,−,+) can be assumed. As in the previous examples we get from (15)

S(0,7) = 6ReG(χ25)−1= −3603·220−1,

S(ε,7) = −Re
(

G(χ25)(1+ ε
√
−7)

)

−1∈ {2795,−1594} ·220−1,

where, as in Examples 13 and 12, the value forε = 1 is written first. In the following

we will use the same order. From equations (16) and (14) and Theorem 4 we get

S(0,35) = φ(35)ReG(χ5)+S(0,7)+S(0,5)−S(0,1)

= 24·224·57−3603·220+4 ·230−1 = 22381·220−1,

S(ε,35) = Re
(

G(χ5)(1− ε
√
−7)

)

+S(ε,7)+S(1,5)−S(0,1)

∈ 224{57−77,57+77}+{2795,−1594} ·220−1−230

= {1451,−474} ·220−1,

S(ε5,35) = −4Re
(

G(χ5)(1+ ε
√
−7)

)

+S(−ε,7)+S(0,5)−S(0,1)

∈−4 ·224{57+77,57−77}+{−1594,2795} ·220−1+4 ·230
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= {−6074,8171} ·220−1,

S(7,35) = −6Re(G(χ5))+S(0,7)+S(1,5)−S(0,1)

= −6 ·224·57−3603·220−230−1 = −10099·220−1.

Now we can proceed using again equations (16) and (14) and Theorem 4 to get

S(ε,175) = S(ε,35), S(7,175) = S(7,35),

S(0,175) = φ(175)ReG(χ)+S(0,35)+S(0,25)−S(0,5)

= 120·228· (−3)+22381·220+24·230−4 ·230−1

= −49299·220−1,

S(ε5,175) = 5Re
(

G(χ)(1− ε
√
−7)

)

+S(ε5,35)+S(5,25)−S(0,5)

∈ 5 ·228{−3+7,−3−7}+{−6074,8171} ·220−1−230−4 ·230

= {−6074,−9749} ·220−1,

S(ε25,175) = −20Re
(

G(χ)(1+ ε
√
−7)

)

+S(−ε5,35)+S(0,25)−S(0,5)

∈ −20·228{−3−7,−3+7}
+{8171,−6074} ·220−1+24·230−4 ·230

= {79851,−6074} ·220−1,

S(35,175) = −30Re(G(χ))+S(0,35)+S(5,25)−S(0,5)

= −30·228· (−3)+22381·220−230−4 ·230−1 = 40301·220−1.

Equation (4) and Lemma 2 tell now the sizes ofCD
a , which are

|C7
±1| =

φ(7)

2
= 3, |C35

±1| =
φ(35)

2
= 12, |C35

±5| =
φ(7)

2
= 3,

|C35
7 | = φ(5) = 4, |C175

±1 | =
φ(175)

2
= 60, |C175

±5 | =
φ(35)

2
= 12,

|C175
7 | = φ(25) = 20, |C175

±25| =
φ(7)

2
= 3, |C175

35 | = φ(5) = 4.

Combining these with the above valuesS(a,D), we get the value distribution presented

in Table 3, whered = r−1
D for D = 7 and 35.
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Table 3. The value distributions of S(a,D) for N = 52 ·7 and m= 1.

S(a,7) F/d S(a,35) F/d S(a,175) F/n

−3603·220−1 1 −10099·220−1 4 −49299·220−1 1

−1594·220−1 3 −6074·220−1 3 −10099·220−1 20

2795·220−1 3 −474·220−1 12 −9749·220−1 12

1451·220−1 12 −6074·220−1 12+3 = 15

8171·220−1 3 −474·220−1 60

22381·220−1 1 1451·220−1 60

40301·220−1 4

79851·220−1 3

Example 19. LetN = 3·72 = 147 andm= 1, so that case III holds forN andφ(N)/2=

42,r = 242, andn = (242−1)/147≈ 3.0·1010. We now needG(χ
N
D ) for D = 7, 21, 49

and 147, i.e.G(χ21), G(χ7), G(χ3) andG(χ). ForG(χ21), (17) gives

h1 = min
{

S2
(242−1

7

)

, 42−S2
(242−1

7

)}

= min
{

S2
( (23)14−1

23−1

)

, 42−S2
( (23)14−1

23−1

)}

= 14,

from whichG(χ21) = 213(87±91
√
−7) by b2 +7c2 = 242−2·14+2 = 216 and Theorem

6. ForG(χ7) we similarly get

h1 = min
{

S2
(242−1

21

)

, 42−S2
(242−1

21

)}

= 14.

Therefore we have the same Diophantine equation as above but now Theorem 6 gives

G(χ7) = 213(−87±91
√
−7). ForG(χ3) andG(χ) we have

h1 = min
{

S2
(

242−1
49

)

, 42−S2
(

242−1
49

)}

= 20

and

h1 = min
{

S2
(

242−1
147

)

, 42−S2
(

242−1
147

)}

= 20,

respectively. Again, the Diophantine equations are the same andb2+7c2 = 242−2·20+2=

24 and Theorem 6 yieldG(χ3) = 219(3±
√
−7) andG(χ) = 219(−3±

√
−7).
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Again, the irreducible case holds forN and t with both t = 1, 2, so Theorem 7 is

useful. The theorem connects now sgnImG(χ21) to sgnImG(χ7) and sgnImG(χ3) to

sgnImG(χ). For the first pair,|c0|= |c1| = 213 ·91 and Theorem 7 yieldsc1 ≡
(3

7

)

c0 =

−c0 (mod 3). Hence the signs differ and, as in the previous example, we may assume

by Remark 9 thatG(χ21) = 213(87+91
√
−7) andG(χ7) = 213(−87−91

√
−7). Simi-

larly, for G(χ3) andG(χ), |c0|= |c1|= 219 andc1 ≡
(

3
7

)

c0 = −c0 (mod 3). Again, the

signs differ and we may assumeG(χ3) = 219(3+
√
−7) andG(χ) = 219(−3−

√
−7).

As before, (15) gives

S(0,7) = 6ReG(χ21)−1 = 261·214−1,

S(ε,7) = −Re
(

G(χ21)(1+ ε
√
−7)

)

−1∈ {275,−362} ·214−1,

S(0,72) = φ(49)ReG(χ3)+S(0,7) = 42·219·3+261·214−1 = 4293·214−1,

S(ε,72) = S(ε,7),

S(ε7,72) = −7Re
(

G(χ3)(1+ ε
√
−7)

)

+S(0,7)∈ {1157,−1979} ·214−1

with the values forε = 1 shown first. The same order holds in the following. Again,

equations (16) and (14) and Theorem 4 yield

S(0,21) = φ(21)ReG(χ7)+S(0,7)+S(0,3)−S(0,1)

= 12·213· (−87)+261·214+2 ·221−1 = −5 ·214−1,

S(ε,21) = Re
(

G(χ7)(1− ε
√
−7)

)

+S(ε,7)+S(1,3)−S(0,1)

∈ 213{−87−91·7,−87+91·7}+{275,−362}·214−221−1

= {−215,−215} ·214−1,

S(ε3,21) = −2Re
(

G(χ7)(1+ ε
√
−7)

)

+S(−ε,7)+S(0,3)−S(0,1)

∈ −2 ·213{−87+91·7,−87−91·7}+{−362,275} ·214+2 ·221−1

= {−656,1255} ·214−1,

S(7,21) = −6Re(G(χ7))+S(0,7)+S(1,3)−S(0,1)

= −6 ·213· (−87)+261·214−221−1 = 394·214−1.

Similarly, we getS(ε,147) = S(ε,21), S(ε3,147) = S(ε3,21),

S(0,147) = φ(147)ReG(χ)+S(0,49)+S(0,21)−S(0,7)

= 84·219· (−3)+4293·214−5 ·214−261·214−1

= −4037·214−1,
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S(ε7,147) = 7Re
(

G(χ)(1− ε
√
−7)

)

+S(ε7,49)+S(7,21)−S(0,7)

∈ 7 ·219{−3−7,−3+7}
+{1157,−1979} ·214+394·214−261·214−1

= {−950,−950} ·214−1,

S(ε21,147) = −14Re
(

G(χ)(1+ ε
√
−7)

)

+S(−ε7,49)+S(0,21)−S(0,7)

∈−14·219{−3+7,−3−7}
+{−1979,1157} ·214−5 ·214−261·214−1

= {−4037,5371} ·214−1,

S(49,147) = −42Re(G(χ))+S(0,49)+S(7,21)−S(0,7)

= −42·219· (−3)+4293·214+394·214−261·214−1

= 8458·214−1.

By (4) and Lemma 2 we have the following sizes for the cosetsCD
a :

|C7
±1| =

φ(7)

2
= 3, |C49

±1| =
φ(49)

2
= 21, |C49

±7| =
φ(7)

2
= 3,

|C21
±1| =

φ(21)
2

= 6, |C21
±3| =

φ(7)

2
= 3, |C21

7 | = φ(3) = 2,

|C147
±1 | =

φ(147)
2

= 42, |C147
±3 | =

φ(49)
2

= 21, |C147
±7 | =

φ(21)
2

= 6,

|C147
±21| =

φ(7)

2
= 3, |C147

49 | = φ(3) = 2.

We are now able to compute the value distribution ofS(a,D) shown in Table 4.

Thered = r−1
D for D = 7, 49, 21.
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Table 4. The value distributions of S(a,D) for N = 3·72 and m= 1.

S(a,7), S(a,49) F/d S(a,21) F/d S(a,147) F/n

−362·214−1 3 −656·214−1 3 −4037·214−1 4

261·214−1 1 −215·214−1 12 −950·214−1 2·6 = 12

275·214−1 3 −5·214−1 1 −656·214−1 21

−1979·214−1 3 394·214−1 2 −215·214−1 2·42= 84

−362·214−1 21 1255·214−1 3 1255·214−1 21

275·214−1 21 5371·214−1 3

1157·214−1 3 8458·214−1 2

4293·214−1 1
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6 Computer Runs

For the final part of this paper, let us present some results obtained from our computer

runs in the index 2 case III. We executed the computations with Maple 9, running on a

2.66 GHz PC with 512 MB of RAM.

We checked every prime less than 2000 and found 117 primesp with ordp2 =

φ(p) = p−1 and 61 primesq with ordq2 = φ(q)/2 = (q−1)/2 andq ≡ 7 (mod 8).

Also, for thoseu and v that fit the ranges in our computations we have ordpu 2 =

φ(pu) and ordqv 2 = φ(qv)/2 with the abovep and q. Since gcd(pu,qv) = 1, we

have ordpuqv 2 = lcm(ordpu 2,ordqv 2). Hence,N = puqv is in case III if, and only if,

gcd(φ(pu),φ(qv)/2) = 1. Among the above mentioned primes there are 5340 pairs

such thatpq satisfies case III, which is 75 % of all the pairs. In total there are 303

primes less than 2000.

We searched everyN in case III and everym such thatm≤ 50 andmφ(N)/2 ≤
60000 with the prime factors ofN less than 2000. For every such pair(m,N) we letD

run through the divisors ofN such thatq | D, and checked whether ImG(χ N
D ) is zero

or not, or divisible byp. In other words, we checked whether the real or (ir)reducible

case holds forN andt (recall thatD = psqt). We found that one of these cases does

hold for every(m,N). Also, the real case holds if, and only if,
(p

q

)

= 1, as implied

by Theorem 11. There are a total of 1689 numbersN in the above range and 1241

different pairs(p,q) are present in the prime factors of thoseN. The computation time

was approximately 2 days (≈ 50 hours) in total.

For givenN and t, let m0 = m0(N,t) be 0 if the real case holds forN and t and

otherwise, as in Theorem 14, the smallestm such that we have the reducible case forN

andt when we work inFr , r = 2mφ(N)/2. By Theorem 11m0 = 0 if, and only if,
(p

q

)

= 1.

If m0 > 0 then by Theorem 14 everym with m0 | m, resp.m0 - m, gives the reducible,

resp. the irreducible case. In addition, everyN exceptN = 83·72 in the checked range

m≤ 50,mφ(N)/2≤ 60000,p, q < 2000, agrees with the following:

– m0 exists for everyN and 1≤ t ≤ u,

– m0 depends only onp andq (not onu, v or t),

– if
(p

q

)

= −1, thenm0 | p+1
2 (m0 > 0 by Theorem 11).

TheN = 83·72 (now(p+1)/2= 42) agrees with all but the second property above.

For this particularN we checkedm up tom0 and found thatm0 = 6 for N andt = 1 (i.e.
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D = 7 or 83·7) andm0 = 42 forN andt = 2 = v (i.e.D = 72 or N).

Although they did not fit in our range, we checkedN = 83·73 andN = 83·74. We

found that, similarly for them,m0 = 42 forN andt = v (i.e.D = N or N/83), andm0 = 6

for N andt < v. Settingv > 4 yielded numbers and equations too big to compute. Also

N = 83·7 givesm0 = 42 forN andt = 1 = v. As nowv = 1, there are no casest < v.

For the other 1240 pairs(p,q) giving index 2 case III in our range them0 distributes

as in Table 5. There “other” means 1< m0 < p+1
2 and “n/a” that all the computedm

gave the irreducible case. In every such case our bounds form andN did not allowm

to be p+1
2 , so these still agree with the existance ofm0 and the observationm0 | p+1

2 .

Recall thatm0 = 0 in the real case. Also, the percentages for the different values are

given.

Table 5. The distribution of m0.

m0 0 1 p+1
2 other n/a

# 604 12 102 34 488

% 48.7 1.0 8.2 2.7 39.3

We note that, even for moderate-sizedp and q, the boundmφ(N)/2 ≤ 60000 re-

strictsm heavily. For example, withp = 53,q = 463, and withp≈ q≈ 160 the largest

m in this range ism= 4. In our range there are 1216, resp. 1236, numbersN in case III

that do not allowm to be 10, resp.(p+1)/2. In total there are 1689N fitting our range.

Limiting ourselves to
(p

q

)

= −1 we have 599, resp. 627, suchN of 823 possible.
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