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Abstract

In this paper monomial exponential sums over finite fields in certain index 2 cases are considered. A
recursion is given to compute these sums for most values of the parameters. For the remaining values
we should know certain Gauss sums exactly, which seems to be a hard problem in general. Examples
illustrating the methods and the remaining difficulties are given. Also, computational data is given
showing what happens for small values of the parameters.
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1 Introduction

LetN > 1 be an odd integer satisfying the conditions\o2d= ¢(N)/2 and—1 ¢ (2) C
Z§,. Then we say that index 2 case holds far In (10) it is shown thaiN can have
at most 2 different prime factors, sayandq, and there are three possible cased\fpr
namely

) N=g",qg=7 (mod 8, ordy 2= 9(q")/2;

) N=p'qg", p=5 (mod 8, g=3 (mod 8, 2 is a primitive root modulg" and
moduloq;

)y N=p'q’, p=3,5(mod8, q=7 (mod 8, ordu2 = @(p"), and orgy2 =
®(q")/2 with —1 ¢ (2) moduloq".

Throughout the paper we will use the following notations.

— N = p'qg”with p, gprimes,u>0,v> 1, ordy2= @(N)/2, and—1 ¢ (2) C Zy;
D=p°q withD |N

—r= Zﬂpz(m with me Z,., andF is the finite field withr elements and with a primitive
elementy;

n=(r—1)/N.

Our aim is to obtain information in the index 2 case Il on the monomial exponential
sums

S(a,D) e(y*xP)

Xe
wheree(x) = (—1)"* is the canonical additive characterloind tr is the absolute trace
of F. In cases | and Il the sun&a,D) were computed by Moisio in (10) and in the
special case Il casd = pgby van der Vlugtin (15). The sun®a, N) can be applied
to computation of the weight distribution of irreducible cyclic codes and their duals in
the following way. Let

Cn(n) :={c=(Co...-,Cn-1) € F3 | c(YN) =0}, @)

wherec(X) = o+ C1X+ -+ + Cn_1X"1 € Fp[x] /(X" — 1), be a cyclic code with a zero
yN. The dual ofCy(n) is an irreducible cyclic code

Cn(n)* = {c(a) = (tr(a),tr(ay"),....tr(ay™N)) | a € F}.



The weight of a worat(a) € Cy(n)* for a = y2is

1 n-1 N 1 n-1 N
wie(a) =5 ¥ (1= (~1"") = Z(n- 3 (-1
2 iZO 2( iZO ) 2)
=S (- S@n)
sinceyN is annth root of unity. The weight distributions of a code and its dual are
connected via the Pless power moment identity, see (14).Citm), (11, Theorem
3) gives a nice recursion connecti@g(n)* and the sum§(a,N). This is quoted in
Proposition 15 on page 31.
The dimension o€y (n)* is the degree of the generator polynomiaCqfn), which
is the size of the 2-cyclotomic coset module 1 containingN, as its only zero igN.

The dimension is thus of@. Letting
W: (F,+) — Cn(N)*, a — c(a) (3)

we see that each codeworddq (n)- occurslkerW| = 2M¢(N)/2-0rh2 times,

The rest of the paper is organized as follows: in section 2 we present the work done
on S(a,N) so far, some preliminaries on cyclotomic cosets and introduce notations; in
section 3 we prove the recursive results in case |5@ D) which we use in computing
the value distribution o8(a,N); section 4 deals with the Gauss sums involved in the
sumsS(a, D). The main problem will be determining the signs of their imaginary parts.
To that end we prove a congruence that enables us to compute the value distribution of
S(a,N) for mostN; in section 5 we present examples that classify numierscording
to which technique can be used to determine the value distribution. These examples also
point to the difficulties that remain for tho$¢to which our techniques do not apply;
the last section gives experimental results from our computer calculations, showing how
smallN andm distribute into different classes.



2 Previous Work and Preliminaries

In this section we recall what is known ab@&#, N) in the cases | and Il, and present

the concepts and lemmas needed to handle case Ill. First, let us gather some useful
arithmetical facts about the cases with which we are dealing. The proofs can be found
in (10, Il lemmas 2, 3 and 5).

Lemma 1. If ordy2 = @(q"), resp.¢(q")/2, thenord,; 2 = o(ql), resp.@(ql)/2, for
al1<j<w.

IfN =q"then—1¢ (2) CZy ifand only if g=7 (mod 8).

If N = pq, ordy 2 = @(p") andordy 2 = (q") /2 thenord,4 2= @(p'al) /2 for
all<i<uandl<j<v.

Each valuexP is obtainedD times asx runs throughF*, so we haveD | S(a,D).
Further,S(a,D) = S(b,D) whenevea = b (modD), especially ifD | athenS(a,D) =
S(0,D). From the basic properties of the trace map and the fackthak? is bijective
in IF* it follows that

S2aD)= y eP%)= 3 (X)) = 3 elys®)=S@D).

Thus it suffices to comput§(a, D) whena runs through the representatives of the 2-
cyclotomic cosets modulD. Denote the coset af moduloD by CP. By the above,
for a fixeda there are%|CaD| valuesb € {0,...,r — 2} such thatS(b,D) = §(a,D).
The representatives and the size<Bfare given in (10, Il Lemma 7). In case | the
representatives and the sizes are

0, =g [C0l= "’(q;), 0<j<t. )
In case Il they are, fob = p5qf, s, t > 1,
0, +pg), pdl, pdf, 0O<i<s 0<j<t, (5)
and -
el = ZOPE) 12 = ), (GO = 0l )

In case Ill we give a proof for the convenience of the reader and present the result as
the following lemma. We will use later only thoge| N for whichq| D. If N satisfies

case lll therD = ¢f, 1 <t < v, satisfies case | by Lemma 1 and the representatives are
in (4). Hence onlyD = pq* with s, t > 1 are listed below.



Lemma2. In case Il the representatives ofGire for D= pSq' with s, t> 1
0, +pd, +pid, pd, o0<i<s 0<j<t,
and the sizes of the cosets are

i i t—j .
gl = PP 12,1 = 2T, ey = i),

Proof. If |a| # |b| for non-zero claimed representativesand b andC? = CP then

the largest powers gb andq dividing a andb differ (at least) for one prime, say.

After dividing the common factors from the congruereces b2 (mod D), possibly

interchanging andb and looking it modula, we findj > 1 andi such thap'q! = +2'

(modq) orq! = £p'2" (modq). Both of the cases lead to a contradiction.

If C2 =CP,andj <tthen—1=2 (modq) for somel. By Lemma 1, org2 =
@(q)/2 and—1 ¢ (2) in Zq, making it impossible to find such Hence the given
representatives define different cosets.

Fora=+p'g! andl, |[C?| |l if and only if 1=2' (mod p*>'q'~}). Thus|C?| =
ordp/s 2. By this and Lemma 1/C2 (5'3—)/2 (o o(g~1)/2 and
|cB qt| =q@(p>) fori < sandj <t.

If we take the sumy |CD| over all the given representatives, then the numbers
D/p'gl, g~/ and ps' run over all positive factors db except 1. Thus these cosets
containy gp, ¢~1¢(d) = D — 1 elements. Counting also 0 we have the lemma. O

gl = pai| =

Let () denote the Legendre symbol. ith power(%)i equals(%i) and the latter
form will be used here to avoid confusing the Legendre symbol with a rational non-
integer. The coset8? with a| N, D { a can be determined by the next lemma.

Lemma3. Let case lll hold for N and let € {—1,1}, a= ep'q! and Dfa. When i>s,
lete =¢- ( ) Then

O, >t

and Q@ C CY' for every B | D.

Proof. If i > s, thenj <t. Leta=c2t (modD), wherel; € Z, andc is one of
the representatives in Lemma 2. Singtg! | gcd(a, D), p°q’ | ¢. Sinceq!*!| D and
g *1ta, gt fc. Thusc = 6psgl with 6 = £1. Thenep'q! = 6p°g/2't (mod D), and
p'~S=¢e52"1 (modq). By Lemma 1 org2 = ¢(q)/2, so 2 is the square of a primitive
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root modulog and (2) C Zj is the subgroup of squares. Furthed ¢ (2) (modq),
hence(?) = £4. The claim fori > snow follows.
If j >t we getCl = CDp, . similarly as above. Sincel e (2) C Zzs,i by Lemma
1, we have—1 = 22 (mod p>') for somel, € Z,. Thus—p'q' = p'q'22 (mod D),
andCDpl = CB i
Let D’ | D andb € C. Thenb = a2l (modD) with somej € Z,, sob = a2l
(modD’),i.e.beCl. O

Let us now shortly recall hov#(a,D) can be computed in cases | and Il or when
—1 € (2) moduloD. For—1 € (2) moduloD, i.e. whens=0 ort =0 in case Il and
whent = 0 in case lll, we have by (10, Il Theorem 1 and eq. (9))

(6)

m— .
SaD) - {(1) D—1)F—1 ifD|a,
(—)™yr—1 ifDta,

where in case Il =0 (mod 2 if s=0, andm’ =m (mod 2 if t = 0. In case Ill we
have, fort =0, m ordys 2= m@(N)/2 (see Theorem 1 and the beginning of section 2 in
(10, 11)). By Lemma 1 orgs 2 = ¢(p®), som =m@(q’)/2=m (mod 2.

For the rest of the paper we lee {—1,1}, denote } d,/—q by c(J) and letx be
the multiplicative character of ordéfin F* with x (y) = e2/N wheree is the Napier's
number andis the i |mag|nary unit. LeB(x!) = 3 xer X! (X)€(X) denote the Gauss sum

overF defined byy!, j =1,...,N. Incase |, i.e. foN = q', we have by (10, Il Theorem
2)
N
@(d')Re(G(x ) + (0.9 1) ifa=0,
N
S@.d) = { 4 *Re(G(x?)c(e) + S0, Y ifaecl ()
Sa,q?) otherwise.

In case Il orgs2 = ¢(p®) and orgk 2 = @(q'), so fors=0 ort = 0 we getS(a,D)

9



from (6). Fors, t > 1 we have by (10, Il Theorem 3)

S(a,D) = (8)
9(D)Re(G(xB)) +5(0.8)+5(0.2) - S0, £). a=0,

A Re(G(XB)) +S(0.9) +S(R. §) ~SO. ). aeCh,

P Re(G(X D)) + (5 B) +5(0.2) - S0, R), acCh,

20 Re(G(xB)(1+£/~P0))

=
= T

—q

Nl

[
D
+S(55 5) + S(pe 7) — SO0, ), € Cip g
a7g y aGCD 1
p
)
S(a>%)1 aec CED

a
wherei > 2. The representatives of the cosglscan be seen in (4) and (5).
In case lll fors, t > 1, we have by (10, Il eq. (4)),
S(a,D) =g(a,D) +S(a,D/p) +S(a,b/q) — Sa,D/pa), 9)
where
9(a,D) = 2Re(G(x"/P)0(a)) (10)

with _
w@= 3 x B 5 &
je(czy,

je(2)CZy

andZp = e?™/P. SinceZ = (2) U(—(2)) and(2) N (—(2)) = 0, we have

2Res(a) =@ +@= Y &+ T V=5 &

€2 i€(2) i€z

wherez denotes the complex conjugatezfThe last sum is the Ramanujan sum, so by
(2, Theorem 272, p. 238)

2Re(so(8)) = H(Do) A5 (1)

whereDg = D/gcd D, a) andy is the Mébius function

() 0 if nis not square-free,
pn) = _
(—=1)" if nis the product of > 0 distinct primes.

10



Let xp be the residue class character modDlwith

o=, 1he@ e
-1 ifj¢(2) CZp.

Sincexp(—1) = -1,

—2iim(sp(a) =so(@ -o@ = 5 &' T &

ISEs i€
=5 &+ > x0(-DHY =Y x()i5
€@ i€ iezp
DenotingDy = D/ gcd D, a) as above andy = a/gcdD,a), we get by the above, (4,
p. 446 (), p. 449 (IV), p. 471 (1X)) and (10, Il Lemma 8) that

) 0 if CH’ Do,
—2ilm(sp(a)) = { o) /Do By _

oo M () Xa(F) Xa(@0)v/ =0 if | Do,
where xq(j) is defined to be 0 when | j. Since 2 generates the squares modulo
a4 Xq(j) = (é) the Legendre symbol. Noting thaiD)/@(Do) € R and u(Do/q) =
—u(Dg) for square-freddg andq | Do, the equation (10) gives after substituting (11)
and (12) into it

12)

Re(GX/®) (1+ Xo(2) Xa(20)v/~0)) (13)

Using these we are able to derive in case Il recursions similar to those in (8) for case
II. This will be done in the next section.

11
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3 The Recursion

For the rest of the paper we let case Il hold fdérand lete € {—1,1} andc(d) =
1+ d,/—qas above. Fob = pSwe havet = 0 andm’ = m (mod 2 in (6), yielding

So.p) — {(—1>m1<p5—1>ﬁ—1 i e°la .

(-1)™/r—-1 if p5fa.
By (10, Il eq. (3))S(a,q') = Ydjqt 9(a,d). Using The Mobius inversion formula we get
S(a,q) = g(a,q) +S(a g 1) asin (10, Il eq. (4)) and in case |. Hegéa,q!) is as in
(10). Substituting (10) through (13) into this we get (cf. (7))

o(d)Re(G(x¥)) +50.dY)  ifa=0,
Sad) = ¢ ~dReG(x¥)c(e) +SO0.¢Y ifacch ,  (15)
S(a,qt) otherwise.

Using equations (9) through (13) we get ot > 1

®(D)Re(G(x D)) +3(0,D) if a=0,
?(TDQR( G(xD))+2(a,D) if acCp,,
S(a,D) = { %2 Re(G(xb)c(e)) + Z(a, D) if ac Clp (16)
$((pq>) Re(G(xb)c(£(2))) +X(a,D) ifae Ch)py
>(a,D) otherwise,

whereX(a,D) = S(a,D/p) + S(a,D/q) — S(a,D/pq). TheZ(a,D) can be calculated by
the following result.

Theorem 4. In (16)

S0,2)+508)-50.8)  ifa=0,
S0.2)+s2.2)-s0,2) ifacCp,,
SE(®)2.2)+50.2)-50.2) ifacc,

3(a,D) = S(a’%)JrS(%’%),qo’%) |fa€C £D

D D
S&2) ifacC p
plq/
S(a,2) ifaeCaD_jD_r
p’q

13



where i> 2.

Proof. Casea = 0 is clear. Fora= D/p the middle term follows from Lemma 3 and
the others sinc®/p andD/pq divide a. Similarly, we get the cases= ¢D/q and

a=¢D/pq.
Fora= ep'ql with i < s— 2 we use induction oh Fort =1, i.e. forD = pg, we
have by (14) and bp>1}a
Z(av D) = S(aa %) + S(av pS) - S(a7 p571) = S(aa %)
If S(a,D’) = S(a,D’/p) for D’ = pg"~* then
5(a.D)=S@8)+S@’) -SaLl)=5a8)+saD)-sa)=5ab)
Fora= ep'ql with j <t—2 ands= 1 we get by (15)
z(a7 D) = S(a7 %) + S(a7 qt) - S(a7 qtil) = S(a7 %)
and the induction step is similar as above. O
Fora=D/panda= ¢D/qwe can use (16) and Theorem 4 to wig@, D) more
explicitly.
Corollary 5. Fora=D/p and a= ¢D/q we have

t—1
S(% D) = 11p gocp;’. Re(G(X5)) + 5(0.2) + (~1)"p* 17

D D
S(e— BP)o(e (2 S(0,—).
(D) = 1= qufp o) Re(Gx®P)e(e(5))) +5(0. )
Proof. By (8) the cases = D/p anda = 0 have the same recursion as in the index 2
case Il so (10, Il Lemma 13) gives the formula &D/p,D). Fora= ¢D/q we have
by equation (16) and Theorem 4

S(e%,D)(f(TD;Re(G(XtN?) (¢)) +S(e ()m,_Hg(o’q) S(O,%)
= PO Re(a(cE ) + 2/ Re(G(xEP e (2)

+S( ( )pzq pZ) S(O )+S(O>q)
Continuing this process and recalllng tma,tp = ¢, we finally obtain by (15)

S(a.D) = q%q) 5 Re(G(xB")e(e (%))
+S(eE)dtq) -S0,d7H)+50,2)

14



1 sl
QZ)(pp'

—qg- 1Re(G(xgr)c( &(

G5 )c(e (%))

S

£))) +50,d7) - S(0,d7 1) +50,3)

qZOfP 5 R G(xBP)c(e(2))) +5(0,2).

15
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4 Determination of the Gauss Sums

In this section we first recall what is known about the Gauss sums appearing in (16)
and then study what can be said about the signs of the real and the imaginary part.
From equations (14)—(16), Theorem 4 and Corollary 5 it follows that we need the sums
G(X%) for whichq | D.

Mbodj (9) has also studied these Gauss sums. He has obtained an expression for
them containing the class number@¢,/—q) and a Diophantine equation related to a
certain ellipse, see Propositions 3.2, 3.3 and 3.4, and Theorem 3.5 in (9). Our method
is similar to that in (10, I1), it does not use the class number and it yields a simpler
Diophantine equation. Let

r—1

-%(55)} (17)

. r—1, me(N)

hm:mln{sz( 5 ), >

with S;(x) denoting the digit sum of the binary expansiorxoSince
r—1 2me(N)/2 _ N)/2_1m-1

D D ZZW

we see by denoting, = 2°(N)/2 that

-1
D

), W,m&(%)} ——

hm = min{mSg(r1 >

We know (see e.g. (10, Il p. 8)) th@l(xg) = 2'm(b+c,/=q)/2, whereb, cc Z are
odd if hm < m@(N)/4 and(b,c) = (£2,0) if hm=me(N)/4. Further,|G(x%)| =r
and (+b, &-c) are the only solutions to the Diophantine equation

b2+qc2 2m(p N)/2—2hm+2 _ 2m( o(N )/272h1)+2. (18)

In (3) a fast algorithm for solving this equation is presented. Note@ﬁxt%) eRif
and only ifhpm = m@(N) /4. Also, p cannot divide botlb andc, andq cannot divideb,
for otherwisep | 2 orq]| 2.

To determine the sign of RG(X%)) we use the following theorem which is a mod-
ification to the case Il of the lemma on page 1245 of (12). That lemma gives similar
simple congruences in cases | and Il

17



Theorem 6. For D = ¢,
ReG(xP)=-1 (modg),
and for D= p, s, t> 1,
ReG(xP) = (-1)™*  (mod q).

Proof. DenoteG(xg) = 2m=1(b+ c,/=0q) with hy as in (17). IfD = ¢! then we get as
in (12)
t

204 (4 (e =g)%) =G(xB)F = § x5 (x)e(cfx)

xelF*

P4

Z e(x)=-1 (modq).
xel*
Sinceqt b, gcd2'™1b,q) = 1 and the claim in this case follows from Fermat's little
theorem.
ForD = p°q! with s, t > 1 we similarly obtain

22 (e 4 (c/=g)%) =G(xB)¥ = T xF (We(dx) =G(X*) (moda)

xel™

sincee(q'x) = e(x) asq' is odd. Here orgi(gS = p®and -1 is a power of 2 modul@?,
so by a result of Stickelberger and by Davenport-Hasse theorem (see e.g. (10, Il Lemma

1),
mo(N)

GXP) = ()™ LyF = (—)™ 12"

Again, by Fermat's little theorem/21b = (—1)”’*12%“” =(-1)™! (modq) and

the claim follows. O

The congruence in Theorem 6 is satisfied byGRxe%) whose absolute value is
known from (18). Both choices of the sign can not satisfy the congruence since then
we could substract the congruences and wouldyg&™b for a solution(b, c) of (18)
leading to a contradiction. Hence exactly onet@'*|b| satisfies Theorem 6 and we
get Rds(xg) completely.

For someD andmwe could also generalize the method from (15) in the following
way: for D = ¢ and arbitrarym, let x’ be a multiplicative character &, of order
ordy’ = ordxb = ¢, wherel = (q— 1)at~1/2 = @(q')/2. Thisx' exists sinceq |

18



(2 —1)asordi 2= @(q)/2=1. If G(x) = 2"~}(b/ +¢',/—0) then the absolute values
of b/ andc’ are determined by the equatib® + qc2 = 2~2"+2 where

h = min{Sz(%’#), | —Sz(%rl)}-

The degreéd’ of the extensiorfF; /F, is |’ = m(p— 1)p'~1g"t, so by the Davenport-
Hasse identity (see e.g. (7, Theorem 5.14)) we ha@e%) = —(=G(x")". For any
complex number and an even integde > O the real part ofX is given by ReX =
¥ even(¥) (Re2)* (ilm2)', so sgnReX is the same regardless of sgriRélere

-1 ifx<O,
SgNX=40 if x=0,
1 if x>0,

denotes the signum function. Since the exporieig even, we find sgn I@(X%).
Whenm is even we can use similarly the intermediate filg with | = @(p°q')/2
since nowl’ = mp*—Sg't is even regardless .

Knowing only the real part is enough to comp®®,D) andS(D/p,D) for every
D|N. ForS(eD/q,D) andS(eD/pg, D) we get two choices for each te@(xl'%)c(s) or
G(X%)c(s(g)) appearing in the equation (16). By Corollary 5, equation (16) and The-
orem 4 we need, fa8(eD/q,D) andS(eD/ pq,D), the imaginary parts Ir@(xgpi) =
ImG(xP" """ fori =0,..., s. Since, ford = +1,

Re(G(x5)(1+8y/~0)) =ReG(x5") — 5,/GImG(x5P)

we see that if the signs of bothand ImG(X%pi) are changed then this term remains
the same.

Suppose that, for fixe® anda € {eD/q,eD/pq}, we have compute8(a, D) for
every possible combination of sgn@ﬁx%pi), i =0,..., s (we do not know which
combination is the correct one). Th8(—a,D) is obtained for a given sequence of the
signs by changing every sign and comput{g, D) using these altered signs. Hence,
if we are able to limit the possible combinations down to two we know that one gives
S(a, D) and the othe§(—a, D) and we get the value distribution. In other words, we can
computeS(a, D) andS(—a, D) with a fixed combination and the distribution is the same
with the other combination, too. We will illustrate these concepts in the next section.

Before that, let us show how the imaginary parts are related to each other npodulo
Note that, for eacl$(a, D), in the needed Ir@(x%pi) the power ofg is fixed and only
the power ofp varies.

19



Theorem 7. For afixedt, let QX%) G(xP" " t) bs+csy/—0. Then, fol0 < s<u,
cs=(£)(co—ct 1) (modp) (19)
where g =0and for0 <s<u
1, s
Cs= B((%)CS* (Co—C5q)) € 2. (20)

Proof. First we note that (19) is equivalent to findinge Z satisfying (20). The real
parts forS(¢2.D) in Corollary 5 are

U—S-+iqv—t
pSrF

) (14£(8)vTa) = bs i — £a(B)co (21)

for0<i <s. Fors=1 we have by (21) and Corollary 5

Re(G(x

S(epd . pdf) = q (fp( p) (b1 — eqea) + (bo — £a(§) co) ) +S(0, %)-

SinceD | S(a,D),
0=S(pd*,pd) — S(—pd~*, pd) = 2 ((p— L)er+ (B)co)  (mod pef)

and we hav&cl+( BYco =0 (mod p). Thus the claim holds wits= 1, andcy =

Assume now that; = (H)( —¢_4) (mod p) with (% )c. =¢Co—¢]_,+ pc| for all
1<i< s By (21) and Corollary 5 we get again

0= S(psq“, p°q’) — S(fpsq“l, p°q)

1 q20<p p*) - a(@)es Zqufp

Thus o1
p°)cs = _Zofp(p‘)(

Here —@(p%) = p>* (mod p®) and (
assumption

c. (mod p°q').

pzfi)ci (mod p®).

pz—i) _ (pT&H) Then we have by the inductive

P> 00+ Zcp )(co—¢{_1+pci)

(>< 03 0(F)~ 3 000"+ 5 o(8 9
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= (§) (P teo+ @(p H)pck 1) = () (P "eo— ¥ 'L 4)  (mod p°).
q q
The claim now follows by cancellingS?L. O

Remark8. From Theorem 7 it clearly follows that | cg if, and only if, p | c;. Other
similar equivalences or implications do not seem obvious siicepends also on the
quotient, not only on the remainder modyloFor instanceg, = cg—¢; (mod p) with

PYe, o
c) = (q)pl . In order to tell howc, andcy are related modul@ we should know

something about; modulo p and hence abouty andc; modulo p?. However, our
computations indicate that eithpt cs for every 0< s< uor ptcsfor every 0<s<u,
see sections 5 and 6.

Remark9. Assume thatp { cs for everys > 0. Thency determines, by Theorem 7,
recursively the othets and we have only two possibilities for the signs. Hence by the
discussion before Theorem 7 we can fix sge.g. to-+1, compute sgos, s> 1, with
that and then compute the value distribution using these signs.

A Gauss sun@ is said to bepureif G" € R for somen € Z . Evans (1) gives some
sufficient conditions for Gauss sums to be pure. Setiggy!, t > 1 in his Theorem 2,
we see thaG(Xpuqvft) can not be pure, especially this Gauss sum is not rea 00
in our Theorem 7. By (10, Il Lemma 1@()(%) =(-1)™L/reR. Forst>1,we
are able to prove, using the results of (1, 9), BgtP" @) € R if, and only f, B =1
The if part of the claim is also proved in (9, Theorem 3.5) with slightly different method.
For completeness, we give a proof for that, too, but use a method based on (1). First, let
us give one lemma.

Lemma 10. Leta ¢ R be an element of a quadratic number fi€ld\/—d), where

deZy, d¢ {1,3}, is square-free. Assume thBea # 0. Then, for every £ Z,
[

a' ¢R.

Proof. Assume the claim does not hold andllet Z.. be the smallest exponent such
thata' € R. Obviously,a' € Q andl > 2 sincea € Q(v/—d) and Rea # 0. We let
a' = ac Q and we will prove thax' —ais irreducible inQ[x]. First, 41, for otherwise
a'/?2 € R or Rea'/? = 0. The first contradicts the minimality dfand the latter would
imply Re(b+ ¢cv/—d)? = 0, whereb+ cv/—d = a'/4. Thenb? —dc? = 0 givingd = 1.
Since 41, (6, Theorem 16) tells thad — a is irreducible inQ[x] if, and only if, a
is not aAth power inQ for any primeA dividingl. Supposea is aAth power inQ for
some prime\ | 1. If A =2 thena!/? € Q, a contradiction. I\ is odd thera!/* = ¢ {/a
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where/ac Qand ¢ R is a (primitive)A th root of unity. Ther? anda'/? determine
the same number field. Since the degree8@f) andQ(a'/*) = Q(v/—d) overQ are
A —1 and 2, this contradicts ¢ {1, 3}.

Thusx — ais irreducible and)(a) has degreé over Q. But this is not possible

sinceQ(a) = Q(v/—d) andl > 3. O

Clearly the restrictiond ¢ {1,3}, Rea # 0, in the above lemma are necessary, as
(1+i)*=—4,(-1++/—3)% =8, and(v/—d)? = —d. Lemma 10 could also be proved
using (13, Theorem 3.11), which gives the degree o(f-?éhover@. The connectionto
the tangent function follows from the fact thatif+ c\/—d)' € R then taqul—") = @
for somek € Z.

U—sS~v—t

Theorem 11. Lets, t> 1. Then GxP 4 ") € Rif, and only if, (§) = 1. Moreover, if

(g) = —1, then these Gauss sums can not be pure.

Proof. Let first (g) = 1. This part of the claim is also proven in (9, Theorem 3.5) but
we use here a method based on (1). Takep®q' in the equation (22) of Theorem 3 in
(1), which then says that € (2) C Zq implies thatG(X%) is pure.

As argued in the proof of Lemma 3, 2 is the square of a primitive root mogiulo
hence(2) is the subgroup of squaresiiy andp € (2) is equivalent tg being a square
modulog!. This holds if, and only ifp is a square modulq, which is seen as follows.

Letm> 1, and letp = a®> (mod g™) for somea. Thena? = kq"+p, k€ Z. As
gcd2a,q) =1, we findl € Z such that a2l = —k in Zq. Then

(a+1g™2 =a’+2alq"+12*"=a?—kg"=p (modg™?),

hencep is a square modulg™?!. By inductionp is a square modulo every. The
converse is clear.

By the above, ifpis a square modulq, i.e. if (g) = 1, thenG(x D) is pure forD =
pSgt. As the characteristic is 2 the pureness and (1, Lemma 6) i@(@ty%)z =r>0,
soG(xD) € R. Hence we have the claim fcﬁﬁ) =1

If (g) = —1then (9, Theorem 3.5 and Proposition 3.4) give

whereh is the class number @(,/—0), w = (—1++/—0)/2 and the integerb andc
satisfy 2fc,c > 0,

q+l,

bszc+Tc =2" and = 2%+% (modq).
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Hereb+cw = %*C + 54/=0. Usingc > 0 and the congruence fbrandc we see that

the real and imaginary parts bf+ cw are both non-zero. Lemma 10 af—”«@ — %N ez

now imply that neithelG(x%) nor any of its powers can be real. This completes the

proof. O
Viewing Theorem 11 in light of (17) and (18) (recall that 0 in (18) if, and only

if, hm = mp(N)/4) we see that ifF) = 1 thenSZ(Zm‘p('B/zfl) — ™M) for everym> 1

and 1< s< u, which is a nice arithmetic result.
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5 Examples

In this section we give numerical examples illustrating the use of (16) and Theorems 4
and 7. Determining sgn I@(X%) for the needed Gauss sums will be crucial in our task
to compute the value distribution &a,D). Fortunately, Theorem 7 gives us enough
information for mosi.

In the index 2 cases | and Il the only instances for which we need an imaginary
part are, by (7)S(eq1,¢') in case | and, by (8)S(eD/pg,D) in case Il. The other
S(a,D’) needed to compute theS§éa, D) do not fall into the same category, so only
one imaginary part is needed. Hence we have only two possibilities for each particular
valueS(a, D) of which one equal§(a,D) and the othe§(—a,D).

The case Il is different since now we need severaGifg!) for S(D/q,D) and
S(eD/pqg,D). In accordance with the discussion preceding Theorem 7 the crucial step
is to limit the possible combinations of sgnm(nxgpi), i=0,...,s totwo. We have
found three different ways these Gauss sums can turn out:

— cs=0forall1<s<uin Theorem 7, call thishe real casgfor N andt);

— ptcsforall0 < s<uin Theorem 7, call thishe irreducible casé¢for N andt);

— cs#0andp] cs, for all 0 < s< uin Theorem 7, call thishe reducible caséor N
andt).

Except for some reducible cases, we are able to determine the value distribution
completely. Let us start with the real case, which holds, by Theorem 11, if, and only if,
(g) = 1. Then the Gauss sums are real $0r 1, they are known exactly and the only
ambiguity is about sgn Ir@(xp”qvft). Thus we have only two possibilities for the signs
and the value distribution d&(a, D) is known from the discussion preceding Theorem
7. This situation is illustrated in the following example.

Example12. LetN =11-7 andm= 1. Then we have index 2 case Ill with= 11 and
q=7, and(171) =1. Now @(N)/2=30,r = 230 = 1073741824, and = 13944699. As
noted at the beginning of section 4 we now need the Gauss@ﬂxrt’%) with D =7 and
D =N=77,i.e.G(x') andG(x). With D = 77 (for G(x)) the equation (17) yields
o(N)

hy = min{S;(277%),30 - S2(%772)} = min{S(n), 30— S,(n)} = 16= ==

giving G(x) = £21° ¢ R. The latter congruence of Theorem 6 now giGfy ) = 21°.
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With D = 7 (for G(x*1)) we similarly get

hy = min{S (222 )30 Sﬂ&)}
:mln{Sz( )30 SZ(

)} =10

and the equation (18) becomb$+ 7¢? = 230-210+2 — 212 yijelding b = +57 and
c=+11. The former congruence in Theorem 6 now tells that—57 and Remark 9
that we may assume= 11. HenceG(x!) = 2°(-57+ 11y/=7).

Using the above results equation (15) gives

S(0,7) = 6ReG(x') —1=-171.210—1,
S(e,7) = —Re(G(x*)(1+&vV~7)) —1= -2%(-57-77¢) -1
€ {67,—10}- 219~

where the value fog = 1 is presented first. We will use the same order in the following
too. AsG(x) = 21° € R, Re(G(x)c(£¢€)) = 21° and the only ambiguity i15(¢11,77)
andS(g, 77) comes fromS(+1,7). Equations (16) and (14), Theorem 4 and the above
formulae forS(a, 7) now give

S(0,77) = @(77)ReG(x) + S(0,7) + S(0,11) — S0,1)
=60-215-171-21°4-10- 25— 1= 2069201,
S(e,77) =Re(G(x)(1+&eV~T)) + S(&,7) + 5(1,11) — §(0,1) = S(&,7),
S(€11,77) = —~10REG(X) (1 + eV —7)) + S(¢,7) + S(0,11) — (0,1) = S(¢, 7),
S(7,77) = —6ReG(X) +5(0,7) + S(1,11) — S(0,1)
—6.215-171.210_215_ 71— _395.210_1

Each valueS(a,N) appears—|CY| = n[C}| times and Lemma 2 givel€]’| =
@(77)/2=30,|Cl{}| = ¢(7)/2 = 3 and|C!’| = ¢(11) = 10. The weights ifC77(n)*
are then obtained from (2) and ea8ta,N) corresponds ttker¥| = 1 codeword with
W as in (3). The results are summarized in Table 1, where “F” denotes the frequency
of the given value 08(a, D) and the given weight. The surB6a, D) correspond to the
non-zero words, so only they are listeioqorresponds t§ - €(0- X°)).
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Table 1. The value distribution of S(a, 77) and the weight distribution of Cz7(n)* for
N=11.-7and m=1

S(a,77) Cra(n)* F/n
—-395.2101 ». 20439 10
—10.-210_1 21@@ 04333
67:2-1 2. £ 30+3=33
20692101 29 20_2069 )

In this example we saw th&e, 77) = S(€11,77) = S(g, 7). This is no coincidence,
forif N= pgandG(x) € R then

(—1)™ 1 =ReG(x) = |G(x)|sgnG(x) = 27N/ *sgnG(x) = sgnG(x) (modq)

by Theorem 6 and sinc&g—l | @. HenceG(x) = (-1)™1/r. By (14), S(0,p) =
(p—1)G(x) —1andS(1, p) = —G(x) — 1. Substituting these into (16) and Theorem 4
and remembering th&0,1) = —1 we see that fron%(¢, pg), resp.S(ep, pa), cancels
out everything bus(e, q), resp S(e (£),q). Especially, if(§) = 1 then by the above and
Theorem L1S(¢, po) = S(p, pa) = S(e, ).

Let us next consider the irreducible case. Now the congruences of Theorem 7,
together with sgn In®(x P4 "), determine recursively sgni8(xP' 4" ) for1<i <s,
as noted in Remark 9. Thus there are only two possible sequences of the signs and again
the value distribution can be computednif= 1 gives the irreducible case fbrandt
then the Davenport-Hasse identity can be used to compute the Gauss sums for, other
too. Denoteym = X andGm(Xn'}‘/D) = G(x"/P) and letxm = x1 0 Norm andGl(x'l\'/D)
be the corresponding character and Gauss sumlygs,2, where Norm is the norm
fromF ontoF,yn)2. Then the Davenport-Hasse identity tells that

Gm(xm'®) = —(~G1(x1/%))" (22)

and we have the required Gauss sums @\uggn)2. The following example shows one
case whem = 1 gives an irreducible case and illustrates the above method to compute
the Gauss sums fon= 2.

Example 13. LetN =21=3-7 andm= 1, so that index 2 case Il holds with= 3
andg=7. Now@(N)/2=6,r = 25 = 64, andh = $3 = 3. Although the cod€y (n) =
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C1(3) that S(a,N) is now connected to is not interesting (as the length 3) these
parameters make a fine example of our techniques.

The computation proceeds as in the previous example. Now we need the Gauss
sumsG(x) andG(x3). ForG(x), by (17),

hy = min{$(3), 6 - %(3)} =

Equation (18) becomes nolf 4 7¢? = 26-22+2 — 24 and givesh = +3 andc = +1,
thusG(x) = 2(£3+ +/—7). Similarly, for D =7, hy = min{$(9),6 — $(9)} =2
yielding same equation as above. Ti&(x®) = 2(+34 v/—7).

Theorem 6 gives R8(x) = 2- (—3) = —6 (the second congruence with= 3-7)
and ReG(x3) = 6 (the first congruence witB = 7). Now the irreducible case holds
and we can use the congruences of Theorem 7. With those veg ge(l%)co (mod 3),
soc; = —Co. By Remark 9, we may assume sgr= +1 andG(x3) = 2(3++/—7) and
G(x)=2(-3—v-7).

From (15) we see that

S(0,7) = 6ReG(x%) +5(0,1) = 6-6— 1= 35,

S(e,7) = —Re(G(x®)(1+&v~7)) —1=-2(3-7¢) — 1€ {7,-21},
where the value fog = 1 is again mentioned first. Continuing as in the previous exam-
ple, and using equations (16) and (14), Theorem 4 an&hé&) above, we get

S(0,21) = ¢(21)ReG(x) + S(0,7) +5(0,3) — S(0, 1)
=12.(—6)+3542.2°—1+1=-21,

S(e,21) = Re(G(x)(1 —&V~7)) +S(¢,7) +5(1,3) - S(0,1)
€ {2(-3-7)+7,2(-3+7)—21} —2°={-21,-21},

S(€3,21) = —2Re(G(X)(1+&V-7)) + S(—¢,7) +50,3) — S(0,1)

e{-2-2(-3+7)—21, —2-2(-3-7)+7}+2-2°—1+1
= {—21,63},

S(7,21) = —6ReG(x) + S(0,7) + S(1,3) — 5(0,1)
= —6-(—6)+35-2°—1+1=63.

HereS(1,21) andS(—1,21) happen to have the same value but this is not true in gen-

eral. If we chose equal signs then we would h&(g 21) € {7,—49}, andS(€3,21) €
{35,7}, which are not divisible by 21 and thus not applicable, as stated by Theorem 7.
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EachS(a,D) appearsr%l|C§| times and by (4) and Lemma 2

7 21
Cli=#D -3 =22 _s

2
i
c=2D s (=g -2

(23)

ThusS(0,7) =35 appear@ = 9times andS(g,7) = 7 or —21 each 93 = 27 times.
Similarly for S(a,21), —21 appears 3(1+2-6+ 3) = 48 times and 63 appears 3+
2) =15 times.

Using the notation of (22) we know from above th@g(x3) = 2(3+ cov/—7) =
—G1(x1), wherecyg = +1 can be assumed for our purposes. By (22) then

Gm(Xm) = —(=G1(X1)™ = ~G1(x{)™ = (~1)"Gm(X3)-

Therefore INGm(Xm) and ImGm(x3) have the same signs iifi is even and opposite
signs ifmis odd. For instance, with= 2 we haveG,(x3) = 23(1+3cov/—7) = Ga(X2)
where agairco = +1 can be assumed. The value distributiorSg, D) can now be
computed as above. In Example 17 we will give details for this.

In the reducible case we have two or more unknown signs and Theorem 7 cannot
rule out any of the combinations. iifi= 1 leads to the irreducible case fdrandt then
we can use the Davenport-Hasse identity as discussed before Example 13. However,
there are some pairf9,q) such thatm= 1 leads to the reducible case. By the next
theorem then evemn leads to the reducible case.

Theorem 14. For given(N,t), let my = mp(N, t) be, if such exists, the smallest m such
that we have the reducible case for N and t when we woik jimr = 2™(N)/2. Then
every multiple of m gives the reducible case for N and t. Fopfim we have the
irreducible case.

Proof. Let Gm(xn'\i/D) and Gl(xi\‘/D) be as in (22). Further, for the rest of the proof

let x; = x1oNorm be the lifted character ®,;4n)/2, where Norm is the norm from

Fyjpm)/2 ONtOTF ypn) 2, and ltG; (XJN/D) be the corresponding Gauss sum avg)/2.

Let (N,t) be given. Ifmy | mandGm)(Xr'%D) = —b—c/—qwith p| candc # 0 then
m

by the Davenport-Hasse ident'ﬂ%(xm/D) =—(b+c¢,/—q)™ and

m/mg m/rrb

imG XN/D =— < .
m(Xm' ") _i; |

i odd

)b%i(c\/—_q)i.
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Hencep | ImGm(X N/D)/\/_ If Gm(Xm ) € Rthen (1, Lemma 6) yieId@nb(Xr'}{{D)
R contradictinge # 0. Thus ImGm(x, N/D) # 0, and we have another reducible case. If
mp 1 mthenm = mymg + mp with 1 < mp < my. By the above and the minimality afy

—(=G1(X2/P)™™ = Grom, (Xmum) = b1+ c1v/—q  and
(=G1(X)/°)™ = —Grm, (Xm.°) = b2+ C2/—G

for someb; andc; with p | ¢ andptc,. Herep cannot divide botlb; andc; (otherwise
p|2, see (18)). Now

Gm(xm'®) = —(=G1(x1®))™™ (~Gy(x1/°))™ = (by + €11/ (b2 + 2/~ )
=byby — gcicy + (b2 + bcr)v/—0q,

wherept (bicz + bycy), and the last claim follows. O

According to our computations (see section 6 for more d¢talof the 1240 pairs
with p, g < 2000 andp(pg)/2 < 60000 in case Il haveny = 1 in the previous theorem.
These pairs are

(5,q) with q € {103 487,503 607,823 967,1543 16071823},

(24)
(13,359), (29,1759 and (149 311).

In these cases the cod€g(n) may appear useful in determining the correct value
distribution ofS(a, D). All of the above pairs give very large numbers to handle, so we
will demonstrate the technique with= 21 andm = 2. At the end of Example 13 we
already computed the Gauss sums involve&(& D), but in Example 17 we use the
following method that avoids the Davenport-Hasse indentity. We begin by quoting a
result from (11) that connects the weight distributiorCaf(n) to the power moments

of Gaussian periods. Let
n7

sv(a) = Z) e(ay™)

denote the Gaussian periods and
M;(N) := EO(SN(V))j, >0, (25)

their power moments. Note that sing¥ is annth root of unity, Nsy(y?) = S(a,N).
Let also{p} = & 5°_o(—1)°~ (3 ®) j2 be the Stirling number of the second kind. It is
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well known, see e.g. (5, p. 66), th{a@} reveals the number of ways a setecélements
can be partitioned intb disjoint nonempty subsets. By (11, Theorem 3) we have the
following recursion.

Proposition 15. For h > 0 the number A of codewords of weight h in&n) can be
calculated by the recursiongA= 1, and

1 h - /h . h-1 ]
hiA, = = (1)h+1(_>nhj+lM_(N) h+JA ||{ }Zh |< >
,;J J . J;J z —i
Especially, the following corollary holds.

Corollary 16. Mg(N) =N, My(N) = —1, M(N) =r —n, and
As = o (Mg(N) + 1) (26)

Proof. Equation (26) is (11, Theorem 1). The formula Mg(N) is clear and
N—-1n-1

BEe e

If there were a codeword with weight 1 or 2@ (n) then by the definition o€y (n)
(see (1)) there would bei < j < nsuch that

yN=0 or yNyyN=0

Both contradict the fact that is a primitive element off. Hence substituting these
Mo(N), M1(N) andA; = A, = 0 into Proposition 15 gives with =2

0= F(WON - 207 (~1) + nMa(N)) — ({3} -2+ {3}-2: (") + 2 (B} ()

n n(n—1)
2

= F(n(r71)+2n+M2(N)) —-2n—2.

= ?(n(r +1)+My(N)) —n—n?,
Thus(n(r+ 1) + Mz(N)) = 1+ nyielding
Mz(N)=r4+rm—nr—n=r—n
as claimed. O
The following example illustrates the use of Corollary 16.
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Example 17. As in Example 13, leN = 21 = 3.7, takem = 2, and proceed without
the Davenport-Hasse identity. Nog(N)/2 = 6, r = 21?2 = 4096, anch = %51’5 = 195.
Following the lines of Examples 13 and 12 we start by compu@(yg) andG(x3). In
Example 13 we saw théy = 2 for D =21 andD = 7. Hence the Diophantine equation
in (18) become®? + 7¢2 = 22(6-22)+2 — 26 for hothD = 21 andD = 7. Nowm = 2
is even and the congruences in Theorem 6 are the same. KéggandG(x3) are
23(—143,/—7) but possibly with different signs of the imaginary parts.

Here 3| ImG(X3i) fori =0, 1, so we have the reducible case and Theorem 7 be-
comes trivial. To apply Corollary 16 for the co@g (n) = C1(195) we first compute
the two possible distributions. From (15) we get

S(0,7) = 6ReG(x3) — 1= —49,
11-24—1  ifsgnimG(x3) = ¢,

S(e,7) = —Re(G(x%)(1+evV—T7)) 1{ .
—10-24—1 ifsgnimG(x3) #&.

In the following the values 08(1,21), respectivelyS(3,21), are presented assuming
the signs(sgnImG(x),sgnImG(x2)) in the order(+,+), (+,-), (—,+), (—,—). By
equations (16) and (14), Theorem 4, &{0,1) = —1 we obtain

$(0,21) = p(21)ReG(x) + S(0,7) + S(0,3) — S(0,1)
=12(—2%) —49-2.25= 273,

S(1,21) = Re(G(x)(1— vV-7)) +S(1,7) + (1,3) — §0,1)

{23(—1+ 21) ifsgnimG(x) =1,

23(-1-21) ifsgnimG(x)=—1
11-24—1  ifsgnimG(x3) =1,
+{—1o-24—1 ifsanmGg?’;:—l +Z
€{21,0,0,—21} - 24 26— 1= {399,63,63 —273},
S(3,21) = —2Re(G(x)(1+v~7)) + S(-1,7) + S(0,3) — S(0,1)
2.{23(—1—21) if sgnImG(x) = 1,
23(-1421) ifsgnimG(x)=—1

—2.26

N —10-24—1 ifsgnimG(x3) =1,
11-24—1  ifsgnimG(x%) = -1
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€ {192,528 —480, —144} —2- 25— 1= {63,399, —609 —273},
S(7,21) = —6ReG(x) 4+ S(0,7) + S(1,3) — §(0,1) = —6(—23) — 49+ 2° = 63.

According to the discussion preceding Theorem 7 we olfs&inl, 21) with a given
combination(+,£) by changing both signs and computi§gl,21) with those signs.
Similarly, we getS(—3,21), hence

S(—1,21) € {—273,63,63,399},  S(—3,21) € {—273 —609,399,63},

assuming the same order as above for the pairs of signs.

Note that every possible value above for &g@,21) is divisible by 21, as they
should be, so this divisibility condition does not tell which sign combination is the
correct one. In this case, however, we can make the required distinction by using the
equation (26). For this we need the 3rd power moment of the Gaussian pefi@ls—=
#S(a,21). The frequencies of the values $fa, 21) are 't [CY| = n|CY| with |CY|
as in (23) sinceN is same as there. Table 2 shows the value distributio®@f21)
assuming the same and opposite signs fa&[x) and ImG(x3). As in Table 1 the “F”
denotes the frequency of the given valuestd, N).

Table 2. The possible value distributions of S(a,N) for N=3-7and m=2.

same signs opposite signs
S(a,N) F/n S(a,N) F/n
—273 1+6+3=10 —609 3
63 3+2=5 —273 1
399 6 63 2-6+2=14
399 3

AsNsy(¥?) = S(a,N) and for eveny =0,..., N—1 we findn elementsx such that

sn(a) =sn(Y) in (25), we have

1' 1 /S(@N)yi
M;(N) = = - . (27)
2,%)
Substituting the possible distributions f8a, N) from Table 2M3(N) becomes for the
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same signs

Ma(N) = M3(21) = 10- (=228)3 +-5. (£)3 1 6. (32)3
=-10-13*+5-3%+6-19°=19319

and for opposite signs

Ma(N) = 3- (2093 4 (=23)3 + 14. (§3)3 3. (3)3
=-3.29 1331 14.3%1+3.19° = —54400.

Equation (26) now gives the number of wordsdi(n) = Cy1(195) having weight 3:
195 195
6- 212( 6212l
for the same and opposite signs, respectively. Opposite signs give a negative number, so
we must have sgnl@(x) = sgnImG(x?3). Equation (2) can now be used to compute

the weight distribution o€,1(195)*. The non-zero weights are

As = 19319+ 19%°) =455, Ag= —54409+ 195) = —130

1(195+ 22 =104, 3(195- £)=96, 1(195-3P) =88

with respective frequencies of 405n and & (|kerW| = 1 for W in (3)). These results
are in accordance with the tables in (8).

We really need the codé&(n), or some method other than the Davenport-Hasse
identity, only for thoseN which havemy = 1 in Theorem 14. Unfortunately, among
these there are cases when the c@g@) does not help us. One such casiis 5-103,
which corresponds to the smallest pair in (24). Thes 1 leads to the reducible case,
r=2204~26-10°1andn~ 5.0-10°8. Now Corollary 16 gives positive integers fag,
whether the imaginary parts have the same or opposite signs. For both possijlities
8.1- 103 with the first 26 digits coinciding anbll; andM, agreeing with Corollary 16.

To conclude this section, let us illustrate our results wNeB not square-free. In
the next exampl@\ is of the formp?q and, in the one after thapc?.

Example18. LetN =52.7 = 175 andn= 1. Then case Il holds fa¥, @(N)/2 = 60,
r=2% andn= (250 -1)/175~ 6.6- 10*°>. To determine the value distribution of
S(a, D) we now needs(x ) for D = 7, 35 and 175, i.6G(x2%), G(x®) andG(x). For
G(x?),i.e.D =7, (17) gives

hy = mln{Sz(
:min{SQ(

). 60- sﬂ&)}
1) 60 5(12)

Py =20,
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then (18) and Theorem 6 yiehf 4 7¢? = 260-220+2 — 222 3ndG( x2°) = 219(— 1201+
627/—7). Similarly, for D = 35 we get

hy = min{S,(Z5s), 60— S(Zeet) } = 25,

b2+ 7¢2 = 260-225+2 — 212 andG(x°) = 224(57+ 11,/—7). The same way fob =
N =175 we have

hy = min{Sy(&7t), 60— Sp( 2t ) } = 29,

b2 + 7¢? = 260-229+2 — 24 ‘andG(x) = 228(—3+ /7).

Now the irreducible case holds, so we can use Theorem 7 to limit the combinations
for the signs of these imaginary parts to two. Using the notations of the theorem and
assuming again s@g = +1 we havecy = 21°- 627 fromG(x?%), c; = £2%4-11= +1
(mod 5) from G(x®), andc, = 226 = +1 (mod 5 from G(x). By Theorem 7

= (;)2196275 ~(3-2)=-1 (mod 5,

sosgre; = —1. Then

, 1

5
=z ( - (?) 224.11- 219 627) — 28835840=0 (mod 5

and Theorem 7 gives thap = (5—72) 219.627=1 (mod 5. Hence sgu, = sgnco = 1

and the sign$+, —,+) can be assumed. As in the previous examples we get from (15)
S(0,7) = 6ReG(x?%) — 1= —3603-220—1,
S(e,7) = —Re(G(x®)(1+&v~T7)) — 1€ {2795 -1594} - 2201,

where, as in Examples 13 and 12, the valuesfer 1 is written first. In the following
we will use the same order. From equations (16) and (14) and Theorem 4 we get

S(0,35) = ¢(35)ReG(x°) + S(0,7) + S(0,5) — S(0,1)
—24.2%.57-3603 2204+ 4.2%0_1=22381. 2201,
S(e,35) = Re(G(X°) (1~ ev/=7)) + S(&,7) +S(1,5) - S(0,1)
€ 22457 77,57+ 77} + {2795 —1594} - 220 1 — 230
— {1451 —474} .20 1,
S(5,35) = —4Re(G(x?)(1+&V~7)) + S(—¢,7) + 0,5) — (0,1)
€ —4.22M574 77,5777} +{ 15942795} . 2201 4.23°
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={-60748171} -22°—1,

S(7,35) = —6Re(G(x°)) + S(0,7) + (1,5) — S(0,1)
—6-2%4.57-3603.220-2%0_1=-10099 2201

Now we can proceed using again equations (16) and (14) and Theorem 4 to get
S(e,175) = S(¢,35), §(7,175) = §(7, 35),

S(0,175) = (175 ReG(x) + (0,35) + (0, 25) — S(0, 5)

—=120.228.(—3)422381:220424.2%0_4.230_3
= —49299 2%0_

S(€5,175) = 5Re(G(X) (1 — ev/—7)) + S(£5,35) + S(5,25) — S(0,5)
€5-2%8(-347,-3-7}+{-60748171 2201 2%0_4.2%
= {-6074 9749 . 2201,

S(£25,175) = —20Re(G(X) (1 +&v/~7)) + S(—€5,35) + S(0,25) — S(0,5)
€-20-28{-3-7,-3+7}
4 {8171, -6074} - 20— 1+ 24.2%0_4.2%

= {79851 6074 - 22— 1,

S(35,175) = —30ReG(x)) + S(0,35) + S(5,25) — S(0,5)
= —30.2%8.(-3) +22381. 220230 _4.2%0_1-40301.2°-1

Equation (4) and Lemma 2 tell now the size<3g, which are

chi= s o=y oy g

2 2 2 =
IC3°| = p(5) =4, |CI{= (275) =60, |C1D= %5) —12,
7
O = p(25) =20, [Clfg= 2T —3 (CIlf=p(s)= 4.

Combining these with the above valu&s, D), we get the value distribution presented
in Table 3, wherel = 5! forD = 7 and 35.
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Table 3. The value distributions of S(a,D) for N=5?-7and m= 1.

Ya,7) F/d S(a,35) F/d S@a,175 F/n
—3603.220 -1 1 —10099 220 -1 4 —492992%0 1 1
—1594.220 1 3 —6074220 1 3 —100992%0 1 20
2795.220 1 3 —474.220 1 12 —9749.220 1 12
1451.220 1 12 —6074-220-1 12+3=15
8171220 —1 3 —474.220 1 60
22381.220 1 1 1451220 1 60
4030120 -1 4
79851220 -1 3

Example19. LetN = 3-72 = 147 andn= 1, so that case Il holds fod and@(N)/2 =
42,1 = 2%2 andn = (2%2— 1)/147~ 3.0- 101%. We now need5(x b ) forD = 7, 21, 49

and 147, i.eG(x?Y), G(x7), G(x®) andG(x). ForG(x?Y), (17) gives

hlfmm{sz( ) 42— 82(242 1)}
—mln{Sz( )42 SQ( )}:14,

from whichG(x?1) = 213(87+£91y/~7) by b? 4 7¢? = 242-214+2 = 216 and Theorem
6. ForG(x’) we similarly get

hy = min {Sp(%57%), 42~ S

1)1 =14.

Therefore we have the same Diophantine equation as above but now Theorem 6 gives
G(x7) = 2¥3(—87+91\/—7). ForG(x3) andG(x) we have

1), 42— 5(&51) 1 =20

hy = mln{SQ(

and

hl*m'n{SZ( 147) 42— SZ( 147 )} 20,

respectively. Again, the Diophantine equations are the samie?andc? =
2* and Theorem 6 yiel®(x3) = 2193+ /=7) and G(x) = 2193+ v/—7).

242-2:20+2 _
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Again, the irreducible case holds fbrandt with botht = 1, 2, so Theorem 7 is
useful. The theorem connects now sgrB(ix??) to sgnImG(x’) and sgninG(x3) to
sgnImG(x). For the first pair|co| = |c1| = 21291 and Theorem 7 yields = (3)co =
—Cp (mod 3). Hence the signs differ and, as in the previous example, we may assume
by Remark 9 thaG(x?!) = 213(87+491/—7) and G(x’) = 213(—87—91y/—7). Simi-
larly, for G(x3) andG(x), |co| = |c1] = 2*°andcy = (3)co = —co (mod 3). Again, the
signs differ and we may assur@x3) = 2193+ /=7) and G(x) = 2'%(-3— /-7).

As before, (15) gives

S(0,7) = 6ReG(x?) — 1= 2612~
S(e,7) = —Re(G(x™)(1+eV=T7)) — 1€ {275 —362) 2141,
S(0,7%) = p(49)ReG(x3) + S(0,7) = 42.21°. 3+ 261. 214~ 1= 4293 2141,
S(e, 7%) = S(g,7),
S(e7,7%) = —7Re(G(x®)(1+&vV—7)) +5(0,7) € {1157 -1979} - 24— 1

with the values fore = 1 shown first. The same order holds in the following. Again,
equations (16) and (14) and Theorem 4 yield

S(0,21) = ¢(21)ReG(x ") + S(0,7) + S(0,3) — 0,1)
—12.213.(—87)+261.24+2.221 1= _5.214 1

S(e,21) = Re(G(x")(1— vV=7)) +S(&,7) + 5(1,3) — (0, 1)
€ 213(-87-91.7,-87+91.7} + {275 -362} 21— 221 1
={-215-215} .21,

S(€3,21) = —2Re(G(x")(1+&V~7)) + S(—¢,7) +5(0,3) — S(0,1)

€ —2.213(-87491.7,-87-91.7} + {362 275} - 2144 2. 221 _ 1
—{-656,1255} - 211,

S(7,21) = —6ReG(x 7)) + S(0,7) +S(1,3) — S(0,1)
= —6-213.(—87)+261-214 221 _1=394.21 1,

Similarly, we getS(g,147) = S(g,21), S(€3,147) = §(€3,21),

S(0,147) = ¢(147)ReG(x) + (0,49) + S(0,21) — 50,7)
—84.219.(—3)+4293 214_5.214_261.214 1
= —4037-24 -1,
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S(€7,147) = TRe(G(X)(1 — evV/—7)) + S(€7,49) + S(7,21) — S0,7)
€7.21%-3-7,-3+7}
+{1157-1979} - 2144 394. 21 - 261.214 1
= {-950,—-950} - 2141,
S(€21,147) = —14Re(G(X) (1 +&v/~7)) + S(—£€7,49) + S(0,21) — S(0,7)
€-14.29(-347,-3-7}
+{-19791157} - 214 5.2 _261.21 1
= {—4037,5371} - 2141,
S(49,147) = —42ReG(x)) + S(0,49) + S(7,21) — S(0,7)
= —42.219.(-3) + 42932141 394. 214 261. 21— 1
— 8458211,

By (4) and Lemma 2 we have the following sizes for the co§&ts

7 49 7
chi- B0 -5 - 22z, ety - A0 g,
21 7
A s L N < B C B
cif = (1247> —42, || = (49) —21, |CY¥|= ( Y_g
o7
ciy =20 s, \c437\ o3 -2

2

We are now able to compute the value distributionSgd, D) shown in Table 4.
Thered = 5! forD = 7, 49, 21.
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Table 4. The value distributions of S(a,D) for N=3.7% and m= 1.

S(a,7), S(a,49) F/d Sa,21) F/d Sa,147) F/n
—362.2 -1 3 —656-214 — 1 3 —4037.214 -1 4
261-214 -1 1 —215.214 1 12 —950.214 -1 2.6=12
275.214 1 3 —5.214_1 1 —656-214 -1 21
—1979-214 -1 3 394211 2 —215.2% -1 2-42=284
—362:214 -1 21 1255214 1 3 1255214 1 21
275.214 1 21 5371214 -1 3
1157.2% -1 3 8458 214 — 1 2
4293214 1 1
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6 Computer Runs

For the final part of this paper, let us present some results obtained from our computer
runs in the index 2 case Ill. We executed the computations with Maple 9, running on a
2.66 GHz PC with 512 MB of RAM.

We checked every prime less than 2000 and found 117 prigneih ord,2 =
@(p) = p—1 and 61 primesg with ord42 = ¢(q)/2 = (q—1)/2 andqg= 7 (mod 8.
Also, for thoseu andv that fit the ranges in our computations we havey02d=
o(p") and ordv2 = ¢(q”)/2 with the abovep andqg. Since gcdpY,q") = 1, we
have orgug 2 = Ilcm(ordpu 2,0rdyv 2). Hence,N = pq” is in case Ill if, and only if,
ged o(pY), 9(9¥)/2) = 1. Among the above mentioned primes there are 5340 pairs
such thatpq satisfies case Ill, which is 75 % of all the pairs. In total there are 303
primes less than 2000.

We searched ever in case Ill and everyn such thatm < 50 andmg@(N)/2 <
60000 with the prime factors & less than 2000. For every such p@in,N) we letD
run through the divisors dfl such thaig | D, and checked whether IG(X%) is zero
or not, or divisible byp. In other words, we checked whether the real or (ir)reducible
case holds foN andt (recall thatD = p%q!). We found that one of these cases does
hold for every(m,N). Also, the real case holds if, and only (fg) =1, as implied
by Theorem 11. There are a total of 1689 numbers the above range and 1241
different pairs(p,q) are present in the prime factors of thdéeThe computation time
was approximately 2 days«50 hours) in total.

For givenN andt, let my = mg(N,t) be O if the real case holds f&t andt and
otherwise, as in Theorem 14, the small@guch that we have the reducible caseMor
andt when we work inf,, r = 2™(N)/2, By Theorem 11y = 0 if, and only if, B =1
If mp > 0 then by Theorem 14 everg with mg | m, resp.mp 1 m, gives the reducible,
resp. the irreducible case. In addition, evBirgxceptN = 83- 72 in the checked range
m < 50,m@(N)/2 < 60000,p, g < 2000, agrees with the following:

— mg exists for evenyN and 1<t < u,
— my depends only op andq (not onu, v ort),

— if (§) = —1, thenmo | BXL (mo > 0 by Theorem 11).

TheN = 83- 72 (now (p+ 1)/2 = 42) agrees with all but the second property above.
For this particulaN we checkedn up tomg and found thatny = 6 for N andt = 1 (i.e.
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D =7o0r83-7)andmg =42 forN andt =2 =v (i.e.D = 72 or N).

Although they did not fit in our range, we checkidd= 83- 7% andN = 83- 74, We
found that, similarly for themmyy =42 forN andt = v (i.e.D =N orN/83), andmny =6
for N andt < v. Settingv > 4 yielded numbers and equations too big to compute. Also
N = 83.7 givesmp = 42 forN andt = 1 =v. As nowv = 1, there are no casés: v.

For the other 1240 paif$,q) giving index 2 case Ill in our range thma, distributes
as in Table 5. There “other” means<lm, < %1 and “n/a” that all the computeth
gave the irreducible case. In every such case our bounds &dN did not allowm
to be%l, so these still agree with the existancenaf and the observationy | %l.
Recall thatmy = 0 in the real case. Also, the percentages for the different values are

given.

Table 5. The distribution of my.

mo 0 1 Pg—l other n/a
# 604 12 102 34 488
% 487 1.0 8.2 2.7 39.3

We note that, even for moderate-size@nd g, the boundmg(N)/2 < 60000 re-
strictsm heavily. For example, witlp = 53, = 463, and withp ~ g =~ 160 the largest
min this range isn= 4. In our range there are 1216, resp. 1236, numNerscase Ill
that do not allonmto be 10, resp(p+ 1)/2. In total there are 1689 fitting our range.
Limiting ourselves to(g) = —1we have 599, resp. 627, subhof 823 possible.
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