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Abstract
Broadband single-carrier modulated signals experience severe multipath distortion when propagating
through the physical medium. Correcting the distortion with channel equalization is the foremost task
of the detector. Prior information about the transmitted signals in the form of channel decoder
feedback can significantly enhance equalization accuracy. An algorithm that iteratively performs
channel decoding and equalization with prior information is generally denoted a turbo equalizer. This
thesis focuses on turbo equalization with prior information using the principle of interference
cancellation followed by minimum mean squared error (MMSE) filtering. Receiver algorithms,
receiver convergence, and coding and modulation in the context of MMSE turbo equalization are
studied.

Computationally efficient versions of the receiver algorithm through approximate time-average
filtering, matched filtering, square-root time-variant filtering and frequency-domain filtering are
studied. The frequency-domain turbo equalizer (FDTE) is found to exhibit both superior convergence
and low computational complexity among the compared equalizer algorithms.

Multi-dimensional extrinsic information transfer (EXIT) charts are introduced for the purpose of
tracking the convergence of the turbo equalization of layered MIMO transmissions. Generic
properties of the equalizer EXIT functions defining the equalizer convergence are analyzed. The
principles for detector ordering, maximum sum-rate code design and maximum rate symmetric
design are derived from the properties of the multidimensional EXIT functions. 

Semi-analytical EXIT charts are developed for the convergence analysis of the FDTE. The effects
of channel parameters and the channel code are analyzed with semi-analytical methods. A new
approach for the design of irregular low-density parity-check (LDPC) codes using a convergence
outage principle is proposed. A performance gain is demonstrated in a single-input multiple output
(SIMO) channel over non-optimized regular LDPC codes and irregular LDPC codes optimized for
the AWGN channel. The outage convergence based design, which takes advantage of the semi-
analytical convergence analysis method, is also extended to layered MIMO transmissions.

Quadrature amplitude modulation using multilevel bit-interleaved coded modulation (MLBICM)
is studied as an alternative to regular bit-interleaved coded modulation (BICM) for highly bandwidth-
efficient transmission in MMSE turbo equalized systems. A linear bit-to-symbol mapping is
introduced that enables the use of a computationally efficient MMSE turbo equalizer at the receiver.
The proposed coded modulation is compared with BICM in channel measurement data based
simulations and found to exhibit superior robustness against changes in spatial channel parameters.
An automatic repeat request (ARQ) configuration using one ARQ controller for each equally
performing group of code levels is proposed. The configuration takes advantage of the unequal error
protection (UEP) property of the coded modulation. The semi-analytical convergence analysis is
extended to the multilevel modulated case and applied in a channel measurement based convergence
evaluation. The construction of the MLBICM is found to have an inherently better convergence
behavior than BICM. Finally, the outage convergence based channel code design is extended to the
layered MIMO multilevel signalling case.

Keywords: convergence analysis, equalization, fading channels, MIMO, multilevel coding
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Symbols and abbreviations

aV (i) ratio of variable nodes of degree dV (i)

bk,m(n) mth encoded bit of nth symbol on transmit antenna k

bk(n) vector of encoded bits within the nth symbol of transmit antenna k
(M × 1)

bk vector of encoded bits within transmitted frame of transmit antenna
k (MN × 1)

b vector of encoded bits within transmitted frame (KMN × 1)
b̄si

(m) mth bit of the bit vector mapped to symbol si

B symbol mapper
Bk diagonal matrix with |ŝk(n)|, n ∈ {1 . . .N} on the diagonal (N×N )
B−1 symbol de-mapping function
B symbol estimation function
ci check node decoder i

C set of complex numbers
CMAC multiple access capacity
CUI uniform input channel capacity
Ck convergence set of transmit antenna k

CB (µk,a, B) Constellation constrained capacity of constellation used by the map-
per B

CBj

k
(µk,a, B) Constellation constrained capacity of a sub-constellation of mapper

B when the jth bit takes on the value k ∈ {−1, 1}
C0 point of EXIT set corresponding to no prior information
C1 point of EXIT set corresponding to full prior information
C0

k subset of EXIT set corresponding to no prior information of trans-
mission k

C1
k subset of EXIT set corresponding to full prior information on trans-

mission k

dC check node degree



dV (i) variable node degree i

Dk diagonal matrix with αk(n), n ∈ {1 . . .N} on the diagonal (N ×N )
IE set of real numbers in range [0, 1]

Eb/N0 bit energy per noise power ratio
Eb/N

∗
0 estimated bit energy per noise power ratio threshold where the LDPC

code reaches design outage
f frequency index
fd EXIT function of decoder giving the mutual information of decoder

input that results in a given mutual information of decoder extrinsic
output

f q
d EXIT function of decoder for code level q giving the mutual infor-

mation of decoder input that results in a given mutual information of
decoder extrinsic output

fe EXIT function of equalizer giving the mutual information of equal-
izer extrinsic output given the corresponding mutual information of
equalizer prior information input

f q
e EXIT function of equalizer giving the mutual information of equal-

izer extrinsic output for code level q given the corresponding mutual
information of equalizer prior information input

fd vector EXIT function of decoder (K × 1)
fe vector EXIT function of equalizer (K × 1)
fd,opt EXIT function of an optimal code
fe,ok

(
0
1Id(Id,ok

)
)

order-projected EXIT function of antenna indicated by ordering index
ok given full knowledge of all preceding antennas in the ordering

fe,k(gp) EXIT function of antenna k along the path defined by the curve gp

fgp,k(Id,k) the function giving the value of fe,k along the path gp(t) as projected
to the dimension Id,k

fC EXIT function of LDPC check node decoders
fV EXIT function of LDPC variable node decoders
fV,e combined EXIT function of equalizer and LDPC variable node de-

coders
F DFT/FFT transform matrix (N × N )
FK block DFT/FFT matrix with K N ×N diagonal blocks (KN ×KN )
Fcdf (Id, I) cumulative distribution function of EXIT function values with prior

information Id

Fq
cdf (Id, I) cumulative distribution function of EXIT function values with prior

information Id for code level q

gd(t) a multidimensional “diagonal” spatial curve, whose points at each
point t are equally distant from all basis

gp(t) a multidimensional spatial curve denoting the curve of convergence
of an optimized system through the EXIT space IEK from C0 to C1

hk,j,l(n) channel response of lth multipath between transmit and receive an-



tennas k and j for the nth symbol
hk,j(n) multipath channel response vector between transmit and receive an-

tennas k and j for the nth symbol (L × 1)
h̄k,j(n) zero-padded multipath channel response vector between transmit and

receive antennas k and j for the nth symbol (N + L − 1 × 1)
Hk,j channel matrix between transmit antenna k and receive antenna j for

one frame (N + L − 1 × N )
Hk channel matrix between transmit antenna k and all receive antennas

for one frame (J(N + L − 1) × N )
H channel matrix (J(N + L − 1) × KN )
Hc,k block-circulant channel matrix between transmit antenna k and all

receive antennas for one frame (JN × N )
Hc block-circulant channel matrix (JN × KN )
h̃k,j(f) channel response at frequency f between transmit and receive anten-

nas k and j

hk(n) channel vector for symbol n (J(N + L − 1) × 1)
H

′ channel matrix with spatially uncorrelated entries (J(N + L − 1) ×
KN )

I
K identity matrix (K × K)

Id decoder extrinsic output mutual information vector (K × 1)
Id,q decoder extrinsic output mutual information vector for code level q

(K × 1)
Ie,q (I′d|HA) equalizer extrinsic output mutual information vector for code level q

given channel matrix HA (K × 1)
I(·; ·) mutual information between arguments
Id,k mutual information between decoder k extrinsic information output

and transmitted encoded bits of transmit antenna k

Ie,k mutual information between equalizer (de-mapper) output and trans-
mitted encoded bits of transmit antenna k

I ′e,k mutual information between equalizer (de-mapper) output and trans-
mitted encoded bits of transmit antenna k at fixed point of detector
iteration

I ′a,k mutual information between decoder a posteriori likelihoods on en-
coded bits and transmitted encoded bits of transmit antenna k at fixed
point of detector iteration

I ′a,k,GAD mutual information between decoder a posteriori likelihoods on en-
coded bits and transmitted encoded bits of transmit antenna k given
full prior information

Ith threshold mutual information to reach a desired performance
Īd vector of basis vectors in the EXIT-space IE (K × 1)
IV mutual information at the output of LDPC variable node decoders
IC mutual information at the output of LDPC check node decoders



0
1Id(Id,k) shorthand for Id = [1k−1, Id,k,0K−k] signifying full prior informa-

tion on preceding k − 1 transmissions, prior information Id,k for the
desired kth transmission, and no prior information on the last K − k
transmissions

0
1Id(Id,ok

) corresponding notation with absolute indexes replaced by the ordered
indexes

0
0Id(Id,k) corresponding notation with no prior information on other transmis-

sions
1
1Id(Id,k) corresponding notation with full prior information on other transmis-

sions
j receive antenna index
 imaginary unit
J number of receive antennas
J EXIT function Jacobian at some point in the EXIT set IE (K × K)
J function giving the mutual information between a binary random vari-

able and its likelihood at the output of an AWGN channel
k transmit antenna index
K number of transmit antennas
l channel multipath index
L number of channel multipaths between each pair of transmit and re-

ceive antennas
Le

k,si
(n) likelihood of symbol hypothesis si for symbol n of transmit antenna

k

Lk,q,a effective SNR of the frequency-domain MMSE turbo equalizer signal
estimate for multilevel coding level q of transmit antenna k

Lk,a effective SNR of equivalent Gaussian channel at the output of the
frequency-domain MMSE turbo equalizer

Lk effective SNR of the kth transmit antenna signal estimate
L[GAD]

k effective SNR of the kth transmit antenna signal estimate with perfect
prior information on all signals

m bit index within a symbol
M number of bits per symbol
n symbol index
N frame length in symbols
Nprefix cyclic prefix length in symbols
ō ordering vector containing a permutation of indexes 1 . . .K (K × 1)
ōk vector containing the first k indexes of the ordering vector ō (k × 1)
Pa a priori probability
P (ξd

k |b) conditional probability of decoder extrinsic output log-likelihood ra-
tios given transmitted encoded bit

Pout outage probability



Pk,k′ inner product matrix between signal eigenbases Φk and Φk′ (N×N )
P power allocation strategy
Q number of code levels in multilevel code
Q feasible set of power allocation strategies
r received signal vector (J(N + L − 1) × 1)
r̃ residual after interference cancellation (J(N + L − 1) × 1)
r̃ residual after interference cancellation for multilevel coded transmis-

sion (J(N + L − 1) × 1)
ř residual after cancellation and addition of stabilizing noise (J(N +

L − 1) × 1)
r̄(n) residual pre-filtered with previous step (n − 1) covariance inverse

estimate
R channel code rate
Rk channel code rate of transmission k

R channel code rate vector
IR set of real numbers
IR+ set of non-negative real numbers
S set of complex symbol points in the symbol mapping B

Sm
1 set of complex symbol points in S having the mth bit “1”

Sm
−1 set of complex symbol points in S having the mth bit “-1”

si ith element in the set S

sk(n) transmitted symbol n of transmit antenna k

sk vector of transmitted symbols within a frame for transmit antenna k
(N × 1)

s vector of transmitted symbols within a frame (KN × 1)
sk(n) MLBICM symbol of transmit antenna k for symbol interval n

sk MLBICM symbol vector for the frame of transmit antenna k (N × 1)
s MLBICM symbol vector for the frame (KN × 1)
S subset of transmitters
T symbol duration
uk(n) residual filter for transmit antenna k symbol n

u
[ MF]
k residual filter of matched filter approximation for transmit antenna k

symbol n

u
[ TA]
k residual filter of time average approximation for transmit antenna k

symbol n

uk(n) residual filter for transmit antenna k symbol n common to all levels
of multilevel coding

U(n) inverse of residual covariance matrix Σr̃(n)

Up matrix containing the rows and columns from the second to the last
in U(n)



up vector containing the elements from the second to the last in the first
column of U(n)

up the first element in U(n)

Un matrix containing the rows and columns from the first to the second
last in U(n + 1)

un vector containing the elements from the first to the second last in the
first column of U(n + 1)

un the last element in U(n + 1)

V matrix of eigenvectors (eigenbasis) of the frequency-domain covari-
ance matrix of the residual (JN × JN )

vi variable node decoder i

w vector of noise samples (JN × 1)
w̃ vector of uncorrelated Gaussian noise samples used for stabilization

of the iterative inverse
we noise process of an equivalent Gaussian channel
Wp Cholesky factorization of U(n)

Wf Cholesky factorization of U(n + 1)

xk(n) equalizer output for time instant n, transmit antenna k

xk,m(n) equalizer output for time instant n, transmit antenna k, level m of
multilevel coding

xk,a frequency-domain equalizer output vector for transmit antenna k

z linear symbol mapper for one symbol
zm linear symbol mapper weight for bit m

Z linear symbol mapper matrix for a frame
αk(n) intermediate computation result in the MMSE turbo algorithm

α
[ MF]
k intermediate computation result in the matched filter turbo algorithm

α
[ TA]
k intermediate computation result in the time average MMSE turbo al-

gorithm
αk(n) intermediate computation result in the MMSE turbo algorithm for

multilevel coded QAM
βk(n) intermediate computation result in the MMSE turbo algorithm

β
[ MF]
k intermediate computation result in the matched filter turbo algorithm

β
[ TA]
k intermediate computation result in the time average MMSE turbo al-

gorithm
β

k
(n) intermediate computation result in the MMSE turbo algorithm for

multilevel coded QAM
γ̄k average effective SNR of prior information relative to residual filter

output for the frequency-domain MMSE turbo equalizer

γ̄
[ MF]
k average effective SNR of prior information relative to residual filter

output for the frequency-domain matched filter approximation



γ̄k,ok

(
0
1Id(Id,ok

)
)

γ̄k with full prior information on previous k transmissions in the or-
dering ō

ϑ channel power delay profile in dB (L × 1)
δk variance of symbol estimates of kth transmit antenna
∆ frequency domain symbol residual covariance matrix (KN × KN )
∆k kth diagonal block of the symbol residual covariance matrix (N×N )
ηk(n) intermediate computation result vector in a square-root MMSE turbo

equalizer
Θ product matrix of unitary rotation matrices
Λ covariance matrix of symbol residual (KN × KN )
λ̄k,q average symbol residual variance for transmit antenna k, multilevel

coding level q

λ̄k average symbol residual variance for transmit antenna k

Λ covariance matrix of the symbol residual for multilevel modulation
(KN × KN )

λf forgetting factor
λf (n) time-varying forgetting factor for time-step n

µk(n) expected value of equalizer output conditioned on the symbol n of
transmit antenna k, or the amplitude of the equivalent Gaussian chan-
nel of transmit antenna k at the output of the MMSE turbo equalizer

µk,a amplitude of the equivalent Gaussian channel of transmit antenna k
at the output of the frequency-domain MMSE turbo equalizer

µk,q,a amplitude of the equivalent Gaussian channel of the code level q of
transmit antenna k at the output of the frequency-domain MMSE
turbo equalizer

µk,a

(
0
0Id(0)

)
amplitude of the equivalent Gaussian channel of transmit antenna k
at the output of the frequency-domain MMSE turbo equalizer with no
prior information

µk,a

(
1
1Id(1)

)
amplitude of the equivalent Gaussian channel of transmit antenna k
at the output of the frequency-domain MMSE turbo equalizer with
full prior information on all transmissions

µok,a

(
1
1Id(Id,ok

)
)

amplitude of the equivalent Gaussian channel of transmit antenna k
at the output of the frequency-domain MMSE turbo equalizer with
full prior information on the previous k transmissions in the ordering
ō

νk(n) variance of equalizer output for symbol n

ξe
k equalizer output (log-)likelihood information for antenna k

ξd
k decoder output (log-)likelihood information for antenna k

ξd

k,m
(n) decoder output (log-)likelihood information for multilevel coded bit

m of antenna k

Ξk(f) frequency-domain channel response matrix for frequency f between
transmit antenna k and all receive antennas (J × 1)



Ξ(f) frequency-domain channel response matrix for frequency f (J × K)
Ξ

′ frequency-domain channel response matrix with uncorrelated ran-
dom entries (JN × KN )

Π interleaving
Π−1 de-interleaving
ρi,j receive side spatial correlation between antennas i,j
ρ̃ receive side spatial correlation exponent basis
%i, j transmit side spatial correlation between antennas i,j
%̃ transmit side spatial correlation exponent basis
σ2

0 variance of noise
σ2

e,k variance of noise of the equivalent Gaussian channel of antenna k

Σp matrix containing the rows and columns from the second to the last
in the residual covariance matrix computed in the previous step

σp vector containing the elements from the second to the last in the first
row of the residual covariance matrix computed in the previous step

σp the first element in the residual covariance matrix computed in the
previous step

Σ̄ matrix containing the rows and columns from the first to the second
to last in the residual covariance matrix computed in the current step

σp vector containing the elements from the first to the second to last in
the last row of the residual covariance matrix computed in the current
step

σp the last element in the residual covariance matrix computed in the
current step

Σ
r

covariance matrix of received signal (J(N +L−1)×J(N +L−1))

Σ̂
[ TA]
r time-average estimated covariance matrix of received signal

Σr̃ covariance matrix of residual after cancellation (J(N + L − 1) ×
J(N + L − 1))

Σr̃ covariance matrix of residual with multilevel coded transmission (J(N+
L − 1) × J(N + L − 1))

Σ̂
[ TA]
r̃ time-average estimated covariance matrix of residual after cancella-

tion
Σ̂

[ MF]
r̃ diagonal approximated covariance matrix of residual after cancella-

tion (J(N + L − 1) × J(N + L − 1))
Σhk,j

covariance matrix of channel multipath response between one trans-
mit and one receive antenna (L× L)

Σvec(H) full channel covariance matrix (JK(N + L− 1)× JK(N + L− 1))
Σ̄R receive side spatial covariance matrix for one symbol (J × J)
ΣR receive side spatial covariance matrix for the frame (JN × JN )
ςf frequency-wise SINR of frequency-domain MMSE turbo equalizer

given prior information



ς̄f average frequency-wise SINR of frequency-domainMMSE turbo equal-
izer given prior information

Σ̄T transmit side spatial covariance matrix for one symbol (K × K)
ΣT transmit side spatial covariance matrix for the frame (KN × KN )
Σ

Hb̂
covariance matrix of estimated received signal (J(N+L−1)×J(N+
L − 1))

Υ diagonal matrix with eigenvalues of the received signal covariance
matrix Σr on the diagonal (JN × JN )

Υk diagonal matrix with eigenvalues of the channel matrix of transmit
antenna k on the diagonal (JN × JN )

υk,i ith eigenvalue of the channel matrix of transmit antenna k

Ῡ diagonal matrix with the eigenvalues of the residual covariance ma-
trix Σr̃ on the diagonal (JN × JN )

ῡi ith eigenvalue of the covariance matrix of the residual Σr̃

Φ matrix of eigenvectors (eigenbasis) of received signal frequency-domain
covariance matrix (JN × JN )

φ(i) ith eigenvector of received signal frequency-domain covariance ma-
trix (JN × 1)

Φk matrix of eigenvectors (eigenbasis) of kth antenna’s frequency-domain
channel covariance matrix (JN × JN )

φk(i) ith eigenvector of kth antenna’s frequency-domain channel covari-
ance matrix (JN × 1)

χ2
2k chi-squared random variable with 2k degrees of freedom

Ψk frequency-domain residual filter for transmit antenna k (N × JN )
Ωp matrix containing the rows and columns from the second to the last

in Wp

ωp vector containing the elements from the second to the last in the first
column of Wp

ωp the first element in Wp

Ωf matrix containing the rows and columns from the first to the second
to last in Wsmboxf

ωH
f vector containing the elements from the first to the second to last in

the last row of Wf

ω∗
f the last element in Wf

Ω̄ Cholesky factorization of Σ̄
−1

3GPP Third Generation Partnership Project
AMC adaptive coding and modulation
ARQ automatic repeat request
BCJR Bahl-Cocke-Jelinek-Raviv algorithm
BEC binary erasure channel
BICM bit interleaved coded modulation



BP block partitioning
BPSK binary phase shift keying modulation
bps bits per second
CCC constellation constrained capacity
CDMA code division multiple access
CDD cyclic delay diversity
CIR channel impulse response
CND check node decoders
DFT discrete Fourier transform
EXIT extrinsic information transfer
FDE frequency-domain equalizer
FDTE frequency-domain (minimum mean squared error) turbo equalizer
FEC forward error correction
FER frame error rate
FFT fast Fourier transform
GAD genie aided detection with perfect prior information
GSM global system for mobile communications (originally Groupe Spécial

Mobile)
IDFT inverse discrete Fourier transform
IFFT inverse fast Fourier transform
ISI inter-symbol interference
ISM industrial-scientific-medical band
LMMSE linear minimum mean squared error
L-ARQ layered multi-controller automatic repeat request scheme
LDPC low-density parity check
LOS line of sight
M-PSK M-level phase-shift keying
MAP maximum a posteriori

MF matched filter
MFB matched filter bound
MIMO multiple input – multiple output
MLBICM multilevel BICM
MMSE minimum mean squared error
MMSE-DFE minimum mean squared error decision feedback equalizer
MRC maximum ratio combining
NLOS non line of sight
OFDM orthogonal frequency-division multiplexing
PAPR peak-to-average power ratio
PDP time-domain channel power delay profile
P/S parallel to serial conversion



PSK phase shift keying modulation
QAM quadrature amplitude modulation
QPSK quadrature phase shift keying modulation
RA repeat accumulate (code)
RLS recursive least squares
S-ARQ single controller automatic repeat request scheme
S/P serial to parallel conversion
SC/MMSE soft canceling MMSE equalizer
SfISfO soft input – soft output
SISO single input – single output
SIMO single input – multiple output
SNR signal to noise ratio
SOVA soft output Viterbi algorithm
TPeff throughput efficiency
UMTS universal mobile telephone system
UCA uniform circular array
UEP unequal error protection
ULA uniform linear array
VND variable node decoders
1

N a vector of ones (N × 1)
0

N a vector of zeros (N × 1)
⊗ Kronecker product
(·)T transpose of the argument
(·)∗ conjugate of the argument (element-wise for vectors and matrices)
(·)H Hermitean (conjugate transpose) of the argument
(·)−1 inverse of the argument
(·) • (·) (vector) dot product of the arguments
∇× (·) curl of the argument vector field
|·| absolute value
‖ · ‖2 Euclidean vector norm
det (·) determinant of the argument
ζ(·) eigenvalues of the argument matrix
ζi(·) ith eigenvalue of the argument matrix
(̂·) estimate of the argument
circ (·) circulant operation, where circularly shifted copies the argument vec-

tor are placed on the consecutive columns of the result matrix
diag (·) (vector argument) diagonal matrix with the argument vector at the

main diagonal
diag (·) (matrix argument) the main diagonal of the argument as a vector
tr {·} trace of the argument matrix



vec (·) a vector with the columns of the argument matrix stacked (from left
to right)

A[i,j] the ith element on the jth column of matrix A

(·)8 octal number
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1 Introduction

In the last two decades the wireless communications sector in academia and industry has
gone through major changes. The myriad of new results in the areas of channel coding,
multiuser detection, multi-antenna communications and network information theory have
brought the possibilities promised by communication systems to a new level. Together
with this increasing understanding of the fundamental characteristics of systems, a con-
tinuous array of advances in implementation techniques has made it conceivable, that a
major portion of the advances promised by theory could be realizable in implementations.
For the theoretician, implementation complexity seems no longer to be a reason to avoid
topics.

Another change in the sector has been the steady rise of commercial systems and prod-
ucts to the side of their military counterparts, with a corresponding surge in research tar-
geting the area. It is significant, that research effort is spent on increasing the quality of
life of the common man outside of societal crisis, even though the preparation for and pre-
vention of crisis is necessary. A practical outcome of the rise of commercial systems is the
increased average price-awareness of systems suppliers, system operators, and of course
the final recipient of the total bill, the customer. Many persons would be more than happy
to have almost any country’s military budget to spend on their telecommunication costs,
but that is usually not the case. Thus, the commercial necessity of low costs and the theo-
retical results promising more with an increasing complexity and price must be carefully
balanced in order to bring the theoretical promises into the hands of the customer, thereby
filling its ultimate practical purpose.

New systems require new spectrum to operate in, and available spectrum has proved
in the past to be a scarce resource. The situation is emphasized with the fact, that new
systems are envisioned to operate with as high as 100MHz of bandwidth. Such frequency
allocations seem to currently be available only by considering frequencies well beyond the
current UMTS bands around 2GHz. A system’s centre frequency has a major influence on
the propagation loss experienced by the system, thereby influencing the maximum distance
reachable by any single link. Cellular systems having a higher centre frequency are forced
to employ a higher density of access points to reach the same coverage than a comparable
system with a lower centre frequency. This effect is already visible between the GSM,
GSM1800 and UMTS systems where the minimum practical cell size decreases from the
first to the last. The higher density of access points requires a higher initial investment
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to build the system. The system bandwidth is another factor limiting system coverage:
in order to guarantee reliable transmission, a required received energy per information bit
must be achieved. However, the maximum transmission power of the system is limited
by the regulation concerning radio emissions. Thereby the maximum throughput of the
system is dictated by the channel propagation loss, which is effectively dependent on the
transmission distance. If the system is to provide high data rate services, it can either
do that in limited areas around access points or increase the access point density. Some
systems operating on the industrial-scientific-medical (ISM) frequency bands provide the
possibility for micro-operators to provide services to customers, often as an additional
service to existing customers of a seemingly unrelated business. Cost-effectiveness is a
necessity for the equipment of such systems, as the operator often does not obtain any
direct additional revenue from the operation of the system. It is conceivable that such
systems proliferate in the future due to the distributed nature of investment required to
build up the system and will at minimum provide competition to traditional operators, if
not directly supersede traditional cellular systems.

A logical conclusion of the above is that it is increasingly difficult, but extremely nec-
essary for commercial success, to find low-complexity solutions to the implementation of
new systems. From the point of view of the customer, terminal price is one of the important
cost factors in using the system. Even if the operator provides the terminal, in practice the
cost will be forwarded to the customer as higher access fees. A significant portion of the
cost of the terminal is due to the transmitter power amplifier, a fact which is further empha-
sized by the introduction of multiple transmit antennas requiring dedicated amplifiers in all
but the simplest transmitter configurations. Power amplifier cost is highly dependent on its
peak power requirement, giving a clear cost advantage to systems employing modulations
with a low peak-to-average power ratio (PAPR). This fact encourages the use of single-
carrier over multi-carrier modulation, which exhibits very high PAPR and dictates the use
of a combination of highly linear power amplifiers, pre-distortion, clipping compensation
and amplifier backoff to mitigate the problem. While a terminal transmitting single-carrier
modulation can operate its power amplifier with high efficiency in saturation, usually the
linear amplifiers used with multi-carrier modulation exhibit lower efficiency and, thus,
generate more heat and draw more power from the supply in comparison. The last two
issues are especially important in portable, battery operated devices. The modulator in
a single-carrier transmitter is in many cases simpler than in its multi-carrier counterparts
due to the absence of frequency-domain processing [1, 2].

The complexity and cost advantage of the single-carrier transmitter is partly compen-
sated for by the requirement of equalization at the receiver. Simple serial transmission
over a channel with delay spread introduces intersymbol interference (ISI), which must be
corrected at the receiver. This thesis deals with the efficient equalization of single-carrier
signals by using turbo methods, the analysis of such equalizers, and the evaluation and
design of channel coding for such systems.



2 Preliminaries

2.1 Review of earlier and parallel work

In this section the existing literature relevant to the topic is reviewed. The section begins
with an overview of the development of channel equalization methods until the develop-
ment of turbo methods. These are examined with an emphasis on turbo equalization, but
also key contributions made on the topics of turbo channel decoding and turbo multiuser
detection are considered. Many problems, research methods and solutions in the latter
areas are applicable, and have been applied, in turbo equalization. Especially the topics of
turbo multiuser detection and turbo MIMO detection are closely related.

The attention is then turned to turbo equalization, especially in the context of multiple
input multiple output (MIMO) scenarios. A more detailed literature review is made on
equalizer algorithms, their application with multilevel modulation, and channel coding for
turbo equalization. Then, a review of the current knowledge on the performance limits of
turbo equalization and convergence of turbo equalizers is made.

2.1.1 Channel equalization

Maximum likelihood (ML) equalization was first presented in a formal manner in [3]. The
equalizer consists of a noise whitening matched filter followed by a Viterbi algorithm.
The complexity of the algorithm is exponential in the channel memory length. In the case
of coded systems, the computational complexity becomes exponential in the product of
channel and encoder memory lengths. As a result, the ML equalizer becomes prohibitively
complex for practical systems. The most noteworthy of suboptimal equalizers are the lin-
ear minimum mean squared error (LMMSE) equalizer and the nonlinear minimum mean
squared error decision feedback equalizer (MMSE-DFE) algorithms. Both can be consid-
ered standard textbook material, and the estimation-theoretic background, the algorithm
descriptions and references to original work can be found in e.g. [4, 5]. The MMSE-DFE
equalizer is more closely related to iterative equalizers based on turbo methods than the
linear equalizers above. An overview of earlier results and a study of achievable rate with
MMSE-DFE can be found in [6, 7]. In [8] it is argued that the MMSE-DFE of [6, 7] can-
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not reach capacity due to the mismatch between the assumed equalizer output distribution
based on perfect post-cursor removal and the actual equalizer output where residual inter-
ference is present. The authors of [9] show that if optimal prediction is used for feedback
estimation and the residual interference covariance is correctly taken into account in the
feedback filter, channel capacity can be reached.

2.1.2 Turbo methods

The method of iteratively decoding a concatenated channel code exchanging soft infor-
mation using the principle currently referred to as turbo, was first presented in [10] (later
published as [11]). Although the contributions of [11] included a new principle for the de-
sign of error control codes, a more interesting contribution from the point of view of this
work was the decoding principle. The decoder avoided the prohibitive complexity of the
optimal decoder by iteratively decoding the component codes of the concatenated code. In
each iteration prior information in the form of likelihood values was used from the other
component decoder by the symbol-by-symbol optimal Bahl-Cocke-Jelinek-Raviv (BCJR)
[12] decoders. Each component decoder provided the prior information to the other com-
ponent decoder. The optimality of the approach was later proved by the authors of [13]
under the assumption of independent encoded bits, that results in the bit-wise probability
computed with the BCJR algorithm also providing the correct codeword level probability.
In practice, (large) interleavers can be used to provide independence between coded bits.

The decoding approach made possible the efficient decoding of many types of codes
and gave rise to a new class of high performance channel codes. For the topic of this
thesis, most relevant are the results on serially concatenated channel codes, which consist
of an outer and an inner code separated by an interleaver. The frequency selective channel
can be seen as such a system, where the propagation channel acts as the inner code. Serial
concatenated codes are thoroughly presented in [14]. The serial concatenated approach is
exploited in [15] to analyze iterative demodulation and decoding.

At the time when the turbo principle was found, much work was devoted to studying
multiuser detection [16, 17, 18], especially for CDMA systems. The turbo principle can
directly be applied to multiuser detection by considering the multi-access channel as the
inner code to be decoded. Turbo multiuser detection is considered in [19, 20, 21] for
narrowband (non-spread) systems. CDMA systems are considered in [22, 23, 24, 25, 26],
whereas systems with arbitrary waveforms (with CDMA as a special case) are considered
in [27]. There is a considerable amount of results on the iterative detection in uncoded
CDMA [28, 29, 30] and MIMO systems [31], but such systems are not the focus of this
thesis. For this thesis, the most relevant contribution can be found in [32, 33], where a sub-
optimal algorithm combining an interference canceller with an minimum mean squared
error (MMSE) filter was proposed for turbo multiuser detection.
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2.1.3 Turbo equalization

The idea of applying the turbo principle to channel equalization was first presented in
[34]. The authors used a soft-output Viterbi algorithm (SOVA) for soft-in-soft-out chan-
nel equalization and decoding. Soft information in the form of likelihood ratios was ex-
changed between the equalizer and the decoder. In [35] turbo equalization with a maxi-
mum a posteriori (MAP) equalizer was considered with turbo codes, and the equivalent
Gaussian channel model for the equalizer outputs was introduced.

The soft canceling MMSE (SC/MMSE) algorithm originally introduced in [32][33] for
the turbo detection of CDMA was applied to turbo equalization in [36], where M-PSK
modulations were considered. In parallel, the authors of [37] found the same algorithm.
An extension of the algorithm for arbitrary modulations was given in [38] and [39, 40].
In the latter, the authors showed the significance of symbol mapping to the convergence
properties and asymptotic performance of the equalizer. An extension of the MMSE turbo
algorithm to multiple-input-multiple-output (MIMO) setups was presented in [41, 42].

The MMSE turbo equalizer algorithm [37] employs an MMSE filter, whose taps are
computed using an optimality criterion defined on a per-symbol basis. Various techniques
to reduce the complexity required to compute the optimal filter taps for each symbol have
been proposed. The authors of [36] propose a recursive matrix inverse updating proce-
dure to compute the filter coefficients for consecutive symbols, or alternatively utilize an
MMSE filter computed using a time-averaged interference covariance matrix. A modified
recursion is proposed for time-varying channels in [43]. The authors of [44] propose a
square-root extending window algorithm to compute the equalizer outputs. A matched fil-
ter approximation, which makes a Gaussian approximation of the remaining interference
and replaces the interference covariance matrix with an approximate diagonal matrix is
proposed in [45]. Frequency-domain approaches for MMSE turbo equalization are pro-
posed in [38] and [46] for single-input-single-output (SISO) and MIMO systems, respec-
tively.

In MIMO systems, the MMSE turbo detector can be configured in multiple ways. The
simplest configuration consists of an antenna-wise MMSE filter producing a symbol es-
timate, followed by a decoder for the used coded modulation [39]. If joint-antenna or
space-time channel coding is used, the equalizer can provide an estimate of the signal sum
of the transmit antennas, followed by ML decoding of the space-time code [47]. In princi-
ple, any components of the received signal can be chosen so that the MMSE provides an
estimate of their sum, and a suitable joint estimator provides further processing for their
separation [47, 48]. Such approaches are reported in [49] for joint multipath detection and
[50] for joint detection of space-time BICM transmissions.

In reality a wireless receiver consists of a multitude of signal processing functions op-
erating in unison. From the viewpoint of the equalizer, the most significant of these is the
channel estimator. All coherent receivers in general, and equalizers in particular, rely
on accurate channel state information in their processing. A number of contributions
[51, 52, 53, 54] deal with the topic of using turbo iterations to improve the channel es-
timation accuracy.

In some multiple access systems, for example cellular systems, receivers may have to
tolerate interference from signals that are not meant to be detected by the receiver in ques-
tion. In such cases the receiver must have means to suppress such interference effectively.
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For the MMSE turbo equalizer, such methods are presented in [55, 47, 56].

2.1.4 Channel coding and modulation

Forward error correction (FEC) coding, usually referred to as channel coding, is crucial
in turbo equalization, as the technique requires the co-operation of an equalizer algorithm
and the channel decoder. Different channel codes and interleaving schemes have been
studied in the context of turbo equalization [57, 58, 59, 60, 61] with the main emphasis
on link performance simulations. Unfortunately without further analysis such results are
mainly indicative and provide little information on how to predict link behavior in different
channel scenarios and with different channel codes. A more analytical approach is taken
in [60, 61, 62], where it is found that the asymptotic performance of the equalizer, with
perfect prior information, depends entirely on the utilized coding and modulation scheme.
The mapping used with bit-interleaved coded modulation (BICM) [63] is optimized for
iterative de-mapping and turbo equalization in [64]. The difference between average bit-
wise mutual information provided by the de-mapper [65] in the cases of no and full prior
information is used as a mapping selection tool.

Asymptotic behavior is only useful if the equalizer converges to, or close to the limit of
perfect prior information. Without a method to analyze the turbo equalizer behavior during
convergence, any approach to transmission optimization is essentially somewhat ad-hoc.
A useful tool for the convergence analysis of iterative detection algorithms is extrinsic
information transfer (EXIT) charts [66] that track the evolution of mutual information
in the algorithm. It simplifies density evolution [67] by assuming a known distribution
(usually Gaussian) of the exchanged soft values. The EXIT functions describing how
each soft-input-soft-output (SfISfO) block transforms input metrics into output metrics
were initially obtained through numerical simulations [66]. In general, mutual information
of the soft information is considered to be the most robust metric to analyze algorithm
convergence [68]. Numerically obtained EXIT functions for the MMSE turbo equalizer
have been used in e.g. [39, 69, 70] for convergence analysis in selected fixed channels.
The main result is that the convergence characteristic defined by the EXIT function of the
equalizer is dependent on the channel. Rate arguments related to EXIT functions in e.g.
[71, 72, 73] demonstrate that to maximize the transmission rate, one should match the
code to the channel. An optimal outer code would match the EXIT function exactly. This
requires, however, that the code structure exhibits enough degrees of freedom to shape the
code EXIT function to realize this matching.

Low-density parity check (LDPC) codes are one family of such codes. Outer LDPC
coding in combination with turbo equalization has been considered in [74] for magnetic
recording channels and in [75] for wireless channels. The necessity of optimizing the
LDPC code to match the channel and the equalizer was first demonstrated in [76, 77, 78].
Related work on CDMA systems in [79, 80, 81] show corresponding results.

Due to the dependence of the equalizer EXIT function and the channel, wireless chan-
nels have essentially random EXIT functions. In such cases the code optimization for
static channels in [78] is no longer very useful. Furthermore, the method for obtaining the
equalizer EXIT function through simulations is too computationally intensive for practical
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applications. A more analytical approach for the computation of the equalizer EXIT func-
tion is required as a basis of the code design. Recently, such approaches for evaluating
MMSE turbo equalizers and iterative detectors have been proposed in e.g. [82, 83, 84].
Such methods can not only aid in the transmission design, but also in the performance
evaluation given a particular design.

2.2 Aims and outline of the thesis

Turbo equalizers are promising significant performance gains for single-carrier broadband
systems operating over frequency-selective MIMO channels. Many potential algorithms
for turbo equalization have been proposed, with the MMSE turbo equalizer (sometimes
denoted as SC/MMSE) being the main topic of this thesis.

The aims of the thesis are threefold. Firstly, new approaches in the equalizer signal pro-
cessing reducing the complexity of the MMSE turbo equalizer are studied. These include
new approximate and recursive methods for equalizer algorithm execution, presented in
Chapter 3. Secondly, the convergence properties of the equalizer are studied analytically to
enable the evaluation of the equalizer convergence in fading channels and optimization of
the channel code in Chapters 4 and 5. Thirdly, multilevel modulation is studied in Chapter
6 for robust and efficient high bandwidth-efficiency transmission over frequency-selective
MIMO channels with MMSE turbo equalization receivers. The results of the previous
chapters are applied in the analysis and design of the multilevel coded system.

2.3 The author’s contribution to the publications

This thesis is written as a monograph, but its content is based on eight original publica-
tions. The author was the main contributor to [85, 86, 87] and [88, 89, 90], and developed
the main ideas in them. The other authors provided ideas, comments, help, and in the case
of [87], also simulation results. In [91], the author provided the equalizer convergence
analysis and developed the convergence outage approach in co-operation with the other
authors. In [92], the author provided the results concerning the performance of frequency-
domain turbo equalization with punctured convolutional codes.

All simulation software for the numerical results was produced by the author, with
the following exceptions. All results with turbo codes, including the simulation of EXIT
charts for turbo codes, have used turbo encoding and decoding software by Mikko Vehka-
perä. All simulated channels with a nontrivial correlation structure were produced with the
channel simulator by Esa Kunnari. All the results in [87] have been produced by Christian
Schneider with software not produced by the author. The used channel measurement data
was provided by the Ilmenau University of Technology, Germany. Also, in [91], the soft-
ware used to produce the numerical examples was co-authored by the author and Rainer
Wohlgenannt, whose LDPC encoding and decoding software was used in the simulations
and who also performed the EXIT function fitting based code optimization for the turbo
equalizer.
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Fig. 1. BICM encoder and modulator.

2.4 System model

In this section the mathematical model suitable for the presentation of a single-carrier
system, with either multiple users each with a single transmit antenna, or one user with
multiple transmit antennas in a layered configuration, is presented. The complex baseband
expressions for the transmitted signal, the propagation channel and the received signal
model are given.

The system employs K transmit and J receive antennas. The transmission is BICM
with M bits per symbol, and each transmit antenna sends an independently encoded and
modulated symbol stream. The information bits, taking the values {−1, 1} with equal
probability, are encoded by a binary channel code, interleaved with a transmit antenna
specific random interleaver Πk and segmented into groups of M bits each and the segments
used for constructing each of the N transmitted symbols in a frame. The segmented bits
for each frame can be expressed in vector form as

b =
[
b

T
1 , . . . ,b

T
k, . . . ,bT

K

]T ∈ {−1, 1}KMN
, (1)

where the bits transmitted through the kth transmit antenna are given by

bk =
[
b

T
k(1), . . . ,bT

k(n), . . . ,bT
k(N)

]T ∈ {−1, 1}NM (2)

with each segment bk(n) of M bits for antenna k given by

bk(n) = [bk,1(n), . . . , bk,m(n), . . . , bk,M (n)]
T ∈ {−1, 1}M

. (3)

Each group is mapped into a complex symbol sk(n) with time duration T using a
symbol mapper B : bk(n) → sk(n) consisting of a set of 2M complex points labeled
with the binary input vector bk(n). The transmitted symbols can be arranged into a vector

s =
[
s
T
1 , . . . , sT

k , . . . , sT
K

]T ∈ SKN , (4)

with

sk = [sk(1), . . . , sk(n), . . . , sk(N)]
T ∈ SN . (5)
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In this thesis the constellation is normalized so that E
{
|sk(n)|2

}
= 1.

The space-time multipath channel matrix H with L separable paths between each pair
of transmit and receive antennas, K transmitter and J receiver antennas is given as

H = [H1, . . . ,Hk, . . . ,HK ] ∈ CJ(N+L−1)×KN (6)

Hk =
[
H

T
k,1, . . . ,H

T
k,j , . . . ,H

T
k,J

]T ∈CJ(N+L−1)×N (7)
Hk,j =

[
h̄k,j(1), . . . , h̄k,j(n), . . . , h̄k,j(N)

]
∈ C(N+L−1)×N , (8)

where h̄k,j(n) =
[
0

(n−1)T,hT
k,j(n),0(N−n+1)T

]T
incorporates the multipath channel

response between transmit and receive antennas k and j at time n, given by

hk,j(n) = [hk,j,1(n), . . . , hk,j,l(n), . . . , hk,j,L(n)]
T ∈CL, (9)

with the vector 0
q denoting an all-zeros vector of length q. For notational convenience

when dealing with symbol estimators, the space-time channel for each transmitted symbol
is defined as

hk(n) =
[
h̄

T
k,1(n), . . . , h̄T

k,j(n), . . . , h̄T
k,J (n)

]T ∈CJ(N+L−1) (10)

The channel multipath coefficients between each pair of transmit and receive antennas
are assumed independent complex Gaussian and, thus, distributed according to hk,j,l ∼
N
(
0,Σhk,j

)
, with the covariance matrix given by

Σhk,j
= E

{
hk,j(n)hH

k,j(n)
}

(11)

= diag
{
10−ϑ/10

}
∈ IRL×L

+ , (12)

where ϑ denotes the power-delay-profile vector of the channel given in decibels. The full
covariance matrix of the channel is assumed to adhere to the Kronecker model [93, 94] so
that

Σvec(H) = E
{

vec (H) vec
(
H

H)} (13)
= ΣR ⊗ΣT ∈ CJK(N+L−1)×JK(N+L−1), (14)

where vec (·) denotes the operator for stacking the matrix column into a vector, and ΣR

and ΣT are the receive and transmit side spatial correlation matrices, respectively. By
assuming the spatial correlation is equal between all multipath components, the detailed
structure of the receive side correlation matrix can be expressed as

ΣR = Σ̄R ⊗ I
N+L−1 ∈ CJ(N+L−1)×J(N+L−1), (15)

where the correlation for one symbol is given by

Σ̄R =




1 · · · ρ∗1,j · · · ρ∗1,J
...

. . .
...

...
ρj,1 · · · 1 · · · ρ∗k,J

...
...

. . .
...

ρJ,1 · · · ρJ,j · · · 1




∈ CJ×J . (16)
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Correspondingly, the transmit side spatial correlation matrix can be expressed as

ΣT = Σ̄T ⊗ I
N+L−1 ∈CK(N+L−1)×K(N+L−1), (17)

where the correlation for one symbol is given by

Σ̄T =




1 · · · %∗1,k · · · %∗1,K
...

. . .
...

...
%k,1 · · · 1 · · · %∗k,K

...
...

. . .
...

%K,1 · · · %K,k · · · 1




∈ CK×K . (18)

In (16) and (18), ρi,j and %i,j denote the cross-correlation between the ith and jth receive
and transmit antennas, respectively. Even though this model has some shortcomings in
terms of modeling accuracy [95, 96], it provides the means to demonstrate the effects
of transmit and receive side spatial correlation with a relatively simple model. With the
model, the channel matrix (6) can be expressed as the product

H = Σ
1/2
R H

′
Σ

H/2
T , (19)

where H
′ is a channel matrix with spatially uncorrelated entries, and ΣR = Σ

1/2
R Σ

H/2
R

and ΣT = Σ
1/2
T Σ

H/2
T are the Cholesky decompositions of the receive and transmit side

spatial correlation matrices, respectively.
In some cases a cyclic transmission is used to enable low-complexity frequency-domain

processing at the receiver, and a cyclic prefix is prepended to the encoded symbol stream
so that the total transmitted symbol block length becomes N + Nprefix and

[sk(1), . . . , sk(Nprefix)] = [sk(N + 1), . . . , sk(N + Nprefix)] . (20)

If the channel remains static over the frame and Nprefix > L−1, the channel matrix, after
the removal of the prefix, has a block-circulant structure with the last J(L−1) rows added
to the first J(L− 1) rows, and a DFT/FFT operation can be utilized at the receiver to con-
vert the channel matrix into a block matrix with J×K blocks, so that each block is a N×N
diagonal matrix. In the sequel, the matrix structure will be denoted as “diagonal-block”.
An N × N DFT matrix operator F with [F]i,j = N− 1

2 e− 2π
N

(i−1)(j−1),  =
√
−1, i, j =

1 . . .N is defined for the Fourier transformation. If the block-circulant channel matrix is
denoted by

Hc =
[
H

T
c,1, . . . ,H

T
c,k, . . . ,HT

c,K

]T
, (21)

where each of the Hc,k is a block-circulant matrix constructed from Hk, the block-
circulant channel matrix can be expressed as the product

Hc = F
H
JΞFK ∈CJN×KN , (22)

where the block-Fourier matrices

FK = IK ⊗ F ∈ CKN×KN (23)
FJ = IJ ⊗ F ∈ CJN×JN (24)
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are utilized. The diagonal-block frequency-domain channel matrix is then given by

Ξ = [Ξ1, . . . ,Ξk, . . . ,ΞK ] ∈ CJN×KN , (25)

where

Ξk = [Ξk,1, . . . ,Ξk,j , . . . ,Ξk,J ]
T ∈ CJN×N , (26)

with

Ξk,j = diag
{

h̃k,j(1), . . . , h̃k,j(f), . . . , h̃k,j(N)
}
∈ CN×N , (27)

where f = 1 . . .N enumerates the frequency bins and h̃k,j(f) is the channel response at
frequency f between transmit and receive antennas k and j. For convenience, the spatial
response matrix between the transmit and receive antennas at frequency f is defined as

Ξ(f) = [Ξ1(f), . . . ,Ξk(f), . . . ,ΞK(f)] ∈CJ×K , (28)

where
Ξk(f) =

[
h̃k,1(f), . . . , h̃k,j(f), . . . , h̃k,J (f)

]T
∈ CJ . (29)

Since the receive and transmit side correlation matrix Cholesky decompositions are lower
triangular block matrices with diagonal blocks, where each block is a product of the iden-
tity matrix and a complex scalar, it can be easily shown that1

FJΣ
1/2
R F

H
J = Σ

1/2
R and

FKΣ
1/2
T F

H
K = Σ

1/2
T . The channel matrix can then be expressed by

Hc = F
H
JΣ

1/2
R Ξ

′
Σ

H/2
T FK ∈CJN×KN , (30)

where Ξ
′ denotes a frequency-domain channel matrix of a spatially uncorrelated channel,

and the dimensions of Σ
1/2
R and Σ

1/2
T have been matched to the circulant channel di-

mension. Constant spatial correlation over multipaths is transformed into constant spatial
correlation over the frequency bins.

When the symbols given by (4) pass through the channel, the received signal vector r,
embedded in circularly symmetric complex Gaussian noise, is given by

r = Hb + w ∈ CJ(N+L−1), (31)

where the noise covariance is given by E
{
ww

H} = Iσ2
0 = IN0MJR/K with N0 denot-

ing the power spectral density of receiver. The signal-to-noise ratio (SNR) and the energy
per bit ratio Eb/N0 are related as

SNR[dB] = Eb/N0[dB] + 10 log10 (R log2 M) . (32)

1This can be demonstrated for the 2 × 2 case by
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0 FH
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FaFH 0

FbF
H

FcF
H

!

=

 

aI 0
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2.5 Fundamental limits

Throughout the thesis, it is assumed that the transmitter has no channel state knowledge
and the receiver has full channel state knowledge. The channel is also assumed to be
fully correlated (in time) within a transmitted block and independent between blocks, i.e.
non-ergodic. In such a case, the channel capacity is a random variable conditioned on the
channel realization and the traditional Shannon capacity is zero [97]. However, mutual in-
formation between the channel inputs and outputs, conditioned on the channel realization,
is given by

I (b; r|H) = log2 det

[
I +

1

Kσ2
0

HH
H
]

bps/Hz. (33)

Since the channel state is not known by the transmitter, the antennas are assumed to trans-
mit uncorrelated signals that have an even power allocation over the spectrum. In channels
with spatial correlation, this results in a loss, and (33) represents a capacity lower bound.
A typical metric derived from the random mutual information of a non-ergodic channel is
the outage capacity giving the maximum rate supportable with some desired probability
so that it does not exceed the capacity conditioned on the channel state

P (I (b; r|H) ≤ R) = Pout. (34)

If the channel is frequency-selective, it is more intuitive to express the mutual information
using the frequency-domain channel matrix as

I (b; r|Ξ) = log2 det

[
I +

1

Kσ2
0

ΞΞ
H
]

(35)

=
N∑

f=1

log2 det

[
I +

1

Kσ2
0

Ξ(f)ΞH(f)

]
bps/Hz (36)

which is equal to (33) since the DFT preserves channel eigenvalues and the overhead due
to the prefix disappears at the limit of an infinite block length. The equality of between (36)
and (36) is due to the structure of Ξ which makes it possible to express the determinant as
a product of frequency-wise determinants.

Since the considered system employs dedicated signalling for each transmit antenna,
it can also be viewed as a multi-user system. For a multi-user system, where each user
employs a single transmit antenna, the channel mutual information region is given by the
set of rate vectors [98]

CMAC =
⋃

P∈Q





R : R (S) ≤
1/2T∫

1/−2T

log2


1 +

∑
k∈S

Pk(f)tr
{
Ξk(f)ΞH

k (f)
}

Kσ2
0


 df

∀S ⊂ {1, . . . , K}} , (37)

where R = [R1, . . . , Rk, . . . , RK ] and the power allocation policy Pk of each user k
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belongs to a feasible set Q defined by

Q =




P :

1/2T∫

1/−2T

Pk(f)df ≤ 1∀k





. (38)

The region of the set Q is a convex set, whose boundary points can be achieved by using
joint water filling in the frequency-domain and successive decoding [99, 98]. However, if
water filling is not performed, the rate region is a K-dimensional polyhedron [100]. In the
special case of two transmit antennas, the rate region is a pentagon.

The above capacity expressions assume Gaussian signaling. A frequency-selective
channel fed with symbols drawn (with uniform probability) from a discrete constellation
is referred to as a finite state ISI channel with 2ML states. A closed-form expression for
the capacity CUI of such channels is not available, but numerical methods to compute the
capacity are given in [101, 102] and [103] for SISO and MIMO channels, respectively.

One practical and widely used performance metric is the matched filter bound, where
all interference has been removed by a genie. The corresponding SNR is defined as

L[GAD]
k = σ−2

0 ‖Ξk‖2
2 , (39)

which also corresponds to the capacity upper bound given in [104]. The expression in (39)
assumes knowledge of all interfering signals including the current desired symbol. The
matched filter bound is usually computed as the performance of a given channel code at
the SNR given by (39).

Capacity and asymptotic figures like the matched filter bound are useful in demonstrat-
ing the limits of any design one may construct. They rarely, however, by themselves,
provide much information on how to approach the limits. In the case of turbo methods,
such information is available in the form of EXIT chart analysis and the related area prop-
erties of the EXIT function [71, 105, 72] of the equalizer and the decoder. In [105] it is
observed, that if prior information is modeled as if being the output of a Gaussian channel
and the employed equalizer is the optimal symbol-wise MAP equalizer, then

CUI ≈
1∫

0

Ie (Id) dId, (40)

where CUI denotes the channel capacity assuming inputs drawn from a discrete alphabet
with uniform probability, and

Id = lim
N→∞

1

N
I
(
b; ξd

)
∈ [0, 1] (41)

Ie = lim
N→∞

1

N
I (b; ξe) ∈ [0, 1] (42)

are the mutual information between the transmitted data and the decoder and equalizer
outputs, ξd and ξe, respectively. Another result in [71] for the outer code gives that

R = 1 −
1∫

0

Id (Ie) dIe, (43)
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when the prior information is generated by a binary erasure channel (BEC), but holds also
approximately for Gaussian channel generated prior information, as well. These results
show that to approach the uniform input capacity CUI of the ISI channel, a good strategy
is to match the outer code EXIT function to the equalizer EXIT function.

The result in (40) assumes optimal decoding (i.e. symbol-by-symbol MAP with inter-
leaving and infinite block size), and does not directly apply to suboptimal decoding such as
MMSE turbo equalization. Due to the sub-optimality of MMSE turbo equalization, it can
be deduced that the MMSE turbo equalizer exhibits a loss with respect to channel capac-
ity. This can also be empirically supported by considering comparisons between MMSE
turbo and optimal MAP equalization e.g. in [69], where the MAP equalizer EXIT function
always lies above the MMSE turbo equalizer’s corresponding function.



3 Receiver algorithms

The minimum mean squared error turbo equalizer is one of the most promising sub-
optimal algorithms for iterative channel equalization and signal detection. The primary
objective of the study in this chapter is to search for approaches to decrease the computa-
tional complexity for realistic implementations. A secondary objective is to gain familiar-
ity with the algorithm and its behavior in general to enable further studies in the following
chapters.

The MMSE turbo equalizer algorithm for BICM-coded MIMO systems is presented,
and a square-root recursion utilizing the Cholesky decomposition for computing the equal-
izer coefficients is developed. A version of the equalizer algorithm employing an approx-
imate time-average MMSE filter is developed and combined through switching with a
channel matched filter algorithm. A frequency-domain turbo equalizer (FDTE) is derived,
compared with the previous algorithms, and evaluated with a range of coding and modu-
lation configurations. Finally, algorithm complexities are evaluated.

3.1 MMSE MIMO turbo equalizer

The equalizer structure consists of an SfISfO equalizer block and an SfISfO channel de-
coder block for each transmit antenna separated by interleaving and de-interleaving, as
depicted in Fig. 2. The equalizer block performs soft interference cancellation using the
channel decoder feedback. An MMSE filter is then defined for the filtering of the residual
and for the computation of the extrinsic symbol likelihoods at the output of the equalizer
block. The bit likelihoods are computed with a soft de-mapper that treats the equalizer
output as the output of an equivalent Gaussian channel [32, 35]. The computations pro-
ceed as follows. The first two moments of the soft symbol estimates are obtained using
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B−1

B

Π−1
1

Π1

SC/
MMSE

SfISfO
x1 ξe

1

ξd
1ŝ1,Λ

Fig. 2. Turbo equalizer, demodulator and decoder for BICM.

channel decoder feedback ξd
k,m for each k,m and n as

ŝk(n) = E {sk(n)}
=

∑

si∈S

siPa (sk(n) = si) (44)

E
{
|ŝk(n)|2

}
=

∑

si∈S

|si|2 Pa (sk(n) = si) , (45)

where Pa is the symbol a priori probability. Assuming the feedback consists of indepen-
dent bit likelihoods, Pa can be computed as [32]

Pa (sk(n) = si) = 2−M
M∏

m=1

[
1 − 2b̄si

(m) tanh

(
ξd
k,m(n)

2

)]
, (46)

where ξd
k,m(n) is the extrinsic log-likelihood ratio of bit bk,m(n) provided by the decoder

and b̄si
(m) is the mth bit in the symbol hypothesis si. The log-likelihood ratio of bit n of

transmit antenna k is defined by

ξd
k,m(n) = ln

(
P (bk,m(n) = −1)

P (bk,m(n) = 1)

)
. (47)

This estimation of the symbol mean and variance is denoted in Fig. 2 by B. The a priori
symbol mean given by (44) is then used to cancel signal components estimated with a
priori information from the received signal to provide a residual as

r̃ = r −Hŝ, (48)

where the desired signal component has also been canceled to be able to utilize the residual
for all k. The MMSE minimization problem

arg min
uk(n)

∣∣sk(n) − uk(n)H (r̃(n) + hk(n)ŝk(n))
∣∣2 , (49)
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is then solved for each n and k to compute the filter taps uk(n). In (49), r̃(n) consists of
J ranges of samples of r̃, indexed as nj . . . nj + L − 1, where j ∈ {1 . . . J}. The filter
input in (49) consists of the desired signal component added to the windowed residual
(48). If the feedback ŝ is adequately randomized by interleaving, it can be assumed to be
uncorrelated, in which case the symbol residual covariance matrix reduces to a diagonal
matrix given by

Λ = diag
{

E
{
|s(n)|2

}
− |̂s(n)|2

}
, (50)

with which the covariance matrix of the residual (48) is given by

Σr̃ = HΛH
H + σ2

0I. (51)

With (51), the filter coefficients for estimating symbol n can be formulated as

uk(n)H = h
H
k (n)Σ−1

r̃
(n), (52)

where Σr̃(n) contains the rows and columns of Σr̃ indexed in a manner identical to the
samples in (49). After decomposing the filter output to the desired component and the
residual, and invoking the matrix inversion lemma, two intermediate variables are com-
puted as

αk(n) = uk(n)H
hk(n) (53)

βk(n) =
(
1 + αk(n) |ŝk(n)|2

)−1

, (54)

to be utilized in the computation of the filter output as

xk(n) = βk(n)
(
αk(n)ŝk(n) + uk(n)H

r̃(n)
)
. (55)

A block diagram illustrating the algorithm is given in Fig. 3. Notice that in (52) the
covariance matrix inverse is common to all k, and can be re-used for all k, and that the
difference between filters of transmit antennas is due to the transmit antenna-wise channel
responses. If the equalizer output (55) is seen as the output of an equivalent AWGN
channel having sk(n) as input, the equivalent channel variance can be computed as

νk(n) = µk(n) (1 − µk(n)) , (56)

where
µk(n) = αk(n)βk(n). (57)

Since the elements of the diagonal matrix Λ(n) are not constant the MMSE solution is
time-variant and Eqs. (52) – (56) have to be computed for each n. The time-variance
is due to the filter being conditioned on each desired symbol estimate. Due to this, the
algorithm is often referred to as the conditioned MMSE filter [26]. Algorithms that remove
the conditioning are presented in Sections 3.3 – 3.5. The extrinsic bit log-likelihood can
be computed by using a priori information as [65]

ξe
k,m(n) = ln

∑
si∈Sm

−1

P (sk(n) = si)e
Le

k,si
(n)

∑
si∈Sm

1

P (sm = si)e
Le

k,si
(n)

, (58)



40

H

xk(n)

sk(n)

αk(n)Hŝ βk(n)

u
H
k (n)

H

Σr̂
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s

H

σ2
0

r̂r

Fig. 3. A block diagram of the conditioned MMSE turbo equalizer for transmit antenna k.

where Sm
1 and Sm

−1 define the subsets of S where the bit bm takes the values 1 and −1,
correspondingly, and Le

k,si
(n) is the a priori likelihood of symbol point si based on infor-

mation of all data bits within the segment other than m, given by

Le
k,si

(n) = log
M∑

m′=1
m′ 6=m

eξd
k,m(n). (59)

The de-mapping is denoted in Fig. 2 as B−1. The benefit of using a priori information
in de-mapping depends heavily in the mapping function used [64], and is very small for
Gray mappings. For this reason, prior information is not used for de-mapping in the work
presented in this thesis. The probability of each mapping point si in (58) is computed with
the equalizer output as

P (sk(n) = si) =
1

νk(n)π
e
−

|xk(n)−αk(n)βk(n)si|
2

νk(n) , (60)

which approximates the equalizer output as Gaussian distributed with mean µk(n) and
variance νk(n). After the equalization of each frame, de-interleaving, and SfISfO chan-
nel decoding are performed, and the extrinsic log-likelihood information of both encoded
transmitted bits and information bits is computed. The former is then re-interleaved, fed
back to the equalizer and utilized in another equalization iteration in the computation of
(44)–(45) and (58). During the first iteration, when no a priori information of the transmit-
ted bits is available, the symbol residual covariance matrix reduces to an identity matrix,
and the equalizer reduces to a linear MMSE equalizer.
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3.2 Recursive square-root filtering

An equalizer operating with a sliding window can utilize the memory within the window
to reduce computational complexity. A recursive covariance matrix inverse update algo-
rithm to compute the time variant coefficients was introduced in [36] and modified for
time-variant channels in [43]. The recursion avoids the repeated inversion of the symbol-
wise interference covariance matrix and reduces the dominating complexity order of the
algorithm from O(J3L3) to O(J2L2), i.e., from cubic to square order complexity.

In general, square root algorithms, where the signal covariance matrix is replaced by its
square-root, are desirable due to their numerical properties regarding stability and roundoff
error [106, 107, 108, 109]. In this section a square-root form of the recursion given in
[36] utilizing the Cholesky factorization is developed to enable the further development
of computationally efficient implementations of the receiver. A similar approach for an
extending window algorithm is presented in [44]. Given accurate channel estimates, the
equalizer can be applied in time-variant channels as well as static channels.

A matrix partitioning approach for recursive updating of Σ
−1
r̃

(n) was proposed in [36].
The approach utilizes the fact that Σr̃(n) is a shifted version of Σr̃(n− 1) with new com-
ponents only in the last row and column. In cases where the received signal is oversampled
in space or time, the covariance matrix has a block structure, and the recursion must be
executed multiple times per output symbol to match the oversampling ratio.

The interference covariance matrix for the previous time step n is partitioned as [36]

Σr̃(n) =

(
σp σH

p
σp Σp

)
(61)

and for the subsequent time step n + 1 as

Σr̃(n + 1) =

(
Σ̄ σf

σH
f σf

)
. (62)

These are the two consecutive sub-matrices of the global covariance matrix when the
equalizer sliding window is moved forward. The sliding window principle is illustrated in
Fig. 4.

Also the inverses of Σr̃(n) and Σr̃(n + 1) are partitioned as

U(n) =

(
up u

H
p

up Up

)
(63)

U(n + 1) =

(
Uf uf

u
H
f uf

)
. (64)

Notice that on the right hand side of the definitions (61) – (64) the time step index n has
been omitted for clarity. The recursion will be derived for a single step update and is
directly applicable for any step n. In cases with multiple receiver samples per symbol, the
computation of new covariance components must be modified accordingly, but the update
is otherwise identical.
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p

σp

σp

Σp = Σ̄

σH
f

σf

σf

Σr̃(n + 1)

Fig. 4. Covariance matrix partitioning for consecutive symbols.

The objective is to compute U(n + 1) from U(n) by using the common components
Σ̄ = Σp of the consecutive covariance matrices Σr̃(n) and Σr̃(n + 1). In [36], this is
shown to be achieved by the following equations

Σ̄
−1

= Up −
upu

H
p

up
(65)

uf =
(
σf − σH

f Σ̄
−1

σf

)−1

(66)

uf = −ufΣ̄
−1

σf (67)
Uf = Σ̄

−1
+ u∗

f Σ̄
−1

σfσ
H
f Σ̄

−H
, (68)

where the new covariance components are given by
(

σf

σf

)
= Σr̃(n + 1)




0

1

0
J−j


 , (69)

which is easily computed using (51). Spatial oversampling is taken into account in (69)
in the last J − j zeros of the rightmost vector, effectively choosing each of the last J
rows of the covariance matrix as j is incremented over the updates from 1 to J . The first
all-zeros vector in the same term is assumed to “stretch” accordingly to keep the notation
convenient. In the following, a recursive update for the interference covariance matrix
inverse will be defined utilizing the Cholesky factorization.

The Cholesky factorizations of U(n) and U(n + 1) are defined as the lower-triangular
matrices

W p =

(
ωp 0

H

ωp Ωp

)
(70)

W f =

(
Ωf 0

ωH
f ω∗

f

)
, (71)
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respectively. The task is to derive equations that compute W f recursively from W p and
then utilize it to compute the equalizer outputs (55)–(56).

The Cholesky factorization for the inverse of the common section of the two consecu-
tive covariance matrices is defined as

Σ̄
−1

= Ω̄Ω̄
H
. (72)

In Appendix 1 it is shown that this factorization can be found simply by choosing the
correct sub-matrix from W p and that

Ω̄ = Ωp. (73)

As detailed in Appendix 1, when (72) is applied into (66)–(68), a new set of equations
given in terms of the factorization are obtained, which can be put into the form of pre- and
post-arrays [110]. With these arrays W f can be computed as

W f =

(
Ω̄ −√

ufΩ̄Ω̄
H
σf

0̄
H √

uf

)
Θ, (74)

where Θ is a matrix representing a series of unitary rotations that annihilate the last column
of the pre-array. A presentation on unitary rotations can be found e. g. in [110]. In case
the last diagonal element of the pre-array is non-real, the rotations Θ must apply phase
correction [110]. Notice the new covariance components must be pre-filtered with Ω̄Ω̄

H

to compute the pre-array.
Finally, Eqs. (53) and (55) can be computed as

αk(n) = ηH
k (n)ηk(n) (75)

xk(n) = βk(n)
(
αk(n)b̂k(n) + ηH

k (n)W H
f r̃(n)

)
, (76)

where ηk(n) = W H
f hk(n) and βk(n) as given in (54). With the aid of (56) the extrinsic

likelihood output of the equalizer can be computed.
The algorithm has been derived as a functional equivalent to the original algorithm in

[36]. Their performances with unlimited precision arithmetic are, thus, expected to be
the same, given identical filter dimensions. The benefits of the algorithm are related to
practical implementation. Unitary rotation based algorithms are known to be numerically
stable and robust to rounding error [111]. The proposed algorithm requires a pre-filtering
stage for the new covariance components and one sequence of unitary rotations to update
the Cholesky decomposition of the interference covariance matrix inverse. Fig. 5 outlines
the equalizer structure, which consists of a block computing channel estimates and new
covariance matrix components. Another block updates the square-root decomposition and
multiplies the residual r̃ and the channel vector with the new decomposition. The post-
processing for each k then obtains the metrics needed in the likelihood computation. For
a pipelined systolic array implementation, a detailed study of the causality constraints of
the algorithm should be performed, but is beyond the scope of this thesis. An efficient
pipelined implementation may be difficult to construct due to the time-variance of the
algorithm.
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Fig. 5. Square-root equalizer block diagram, where the dotted line encloses post-processing
for transmitter antenna k.

In many realistic cases the receiver cannot construct a complete or accurate system
model to accurately compute (69). If the system model is constructed by relying on chan-
nel estimation, the system model accuracy is limited by the accuracy of the estimation
algorithm. Additionally, channel estimation error reduces the accuracy of interference
cancellation resulting in higher residual interference than with precise channel estimates.
In multiuser and multi-cell scenarios the received signal may contain interference which
the receiver may be unable to estimate. In such cases the signal model in (69) is insuffi-
cient to compute the interference covariance matrix. As a means to partly overcome this
problem, another approach to compute the desired covariance matrix is to estimate the
received signal covariance and the estimated signal covariance as

Σ̂
[ TA]
r (n) ≈ 1

N

N∑

n=1

r(n)rH(n) (77)

Σ
Hb̂

= H (I −Λ)HH, (78)

and define the residual interference covariance as the difference given by

Σr̃(n) = Σ
[ TA]
r (n) −Σ

Hb̂
(n). (79)

The symbol indexing with n within (77) – (79) corresponds to the symbol indexing in (49).
All unknown components and receiver noise are included in R(n), as well as the resid-

ual interference due to inaccurate channel estimation. The accuracy of the estimator in Eq.
(77) is limited mainly by the coherence time of the received signal. In cases where chan-
nel coherence time is shorter than the received frame, windowed averaging or sequential
estimation with a forgetting factor can be applied.
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3.3 Time-average approximation

From the previous sections it becomes relatively clear that the time-variant filter compu-
tation imposes a significant computational complexity burden on the receiver. Calculating
the inverse of (61) dominates the complexity of the algorithm by exhibiting cubic complex-
ity with the number of filter coefficients, which grows quickly prohibitive as the number of
equalized channel taps or the number of receiver antennas increases. Further complexity
reduction by means of approximate filtering becomes, thus, a topic of some interest.

Originally, the approach utilising a covariance matrix time average has been proposed
for SISO channel equalization in [36], and applied in numerous studies. In the MMSE
turbo equalizer algorithm considered in this section the symbol-wise matrix inversion
computed for the MMSE equalizer is replaced by a frame-wise average. The resulting
algorithm is equivalent to the unconditional MMSE filter [26]. A simple method for com-
puting the inverse by using the matrix inversion lemma utilising the residual signal at the
output of the soft interference canceller is presented.

The time-averaged covariance matrix of the residual interference is given by

Σ̂
[ TA]
r̃

(n) =
1

N

N∑

n=1

r̃(n)r̃H(n). (80)

When the residual signal r̃ is used for the computation of the covariance matrix, the need
for estimating the receiver noise level is removed due to the noise being included in the
residual. The inverse of the sum of outer products in (80) can easily be computed utilising
the matrix inversion lemma in a similar fashion as the covariance inverse matrix is prop-
agated in the recursive least squares (RLS) algorithm. The iteration must be normalised
since inaccuracies in Σr̃(n) will introduce a bias to the likelihood computation in (59).
The covariance inverse is computed by iterating over n

ř(n) = r̃(n) + w̃ (81)
r̄(n) = Σ̂

−1
n−1ř(n) (82)

Σ̂
−1
n = λ−1

f Σ̂
−1
n−1 −
λ−2

f r̄(n)r̄H(n)

(1 − λf )−1 + λ−1
f řH(n)r̄(n)

(83)

n = 1 . . .N, (84)

with the initialisation Σ̂
−1
0 = ε−1

I, where ε is a small positive constant and λf is the for-
getting factor. Diagonal weighting to stabilise the iteration can be added with the Gaussian
noise vector w̃ to the residual. In some cases a fixed forgetting factor is not desirable, and
a time-varying factor can be applied so that for each input step n, the forgetting factor in
(81) – (83) is defined by

λf (n) =

{
1 n = 1
n−1

n n = 2 . . .N.
(85)

The approximation requires the coherence time of the channel to be large compared to
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Fig. 6. A block diagram of the unconditioned MMSE turbo equalizer for antenna k.

the symbol duration to be able to accurately compute the matrix inverse. For a wideband
system with a reasonable mobility this assumption can be considered to hold. The benefit
of the averaging is in performing one square order complexity matrix inversion lemma
iteration instead of one cubic order complexity matrix inverse per received symbol. Due
to the time-averaging, also Eqs. (52), (53) and (54) become unconditioned on the current
symbol and are given by

(
u
[ TA]
k

)H
= h

H
k (n)

(
Σ̂

[ TA]
r̃

(n)

)−1

(86)

α
[ TA]
k =

(
u
[ TA]
k

)H
hk(n) (87)

β
[ TA]
k =

(
1 + α

[ TA]
k

N∑

n=1

|ŝk(n)|2
)−1

. (88)

In the first equalization iteration when no prior information is available on the transmitted
symbols, the equalizer algorithm is a standard linear MMSE equalizer. Only by changing
the input signal from the receiver signal r to the interference residual r̃ the algorithm can
be applied to all cancellation iterations without further modifications. A block diagram of
the algorithm for one transmit antenna is depicted in Fig. 6, where it is emphasized, that
the filtering unit requires no other information than the residual and the desired channel
response.

The performance of the time-average filtering is tested through simulations in two
MIMO setups, a 2-by-2 case and a 4-by-4 case using BPSK modulation. The channel
is assumed to be known to the receiver, the information frame length is 300 bits, and the
code is a 1/2-rate convolutional code with a constraint length of 3 (i.e. N = 600) and
generator polynomials (5, 7)8. The channel has 10 Rayleigh fading taps with equal aver-
age power and the equalizer employs a filter of length JL. The equalizer performs four
iterations in the 2-by-2 case and five iterations in the 4-by-4 case. In the matrix inverse
iterations Gaussian noise at a level -3dB relative to the received signal power is added to
provide stabilising diagonal weighting. The suitable level to stabilise the algorithm was
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found empirically. The forgetting factor for the inverse iteration is set to 0.99.
In the remainder of the thesis the following simulation configurations are used, unless

otherwise stated. The bit interleaver is randomly generated for each transmitted frame.
The propagation channel state remains constant over each transmitted frame and is inde-
pendently generated for consecutive frames. The employed channel decoder utilizes the
bit-wise optimal MAP (or BCJR) algorithm [12].

The performance reference of the simulations is the matched filter bound of the channel
given the channel code, which is equivalent to the performance of JLth order diversity
reception without interference. Since the techniques to generate approximate performance
references in static channels are relatively complex [112], the MFB performance has been
simulated with a JLth order receive diversity system with a spatially uncorrelated flat
Rayleigh fading channel.

The simulation results given in Fig. 7 and 8 show that time-average filtering provides a
significant iteration gain up to the third iteration, i.e., the third receiver iteration is the last
one to provide significant gain from the previous stage. The performance of the 2-by-2
system is within 0.5-1dB from the MFB while the performance gap of the 4-by-4 system
to the optimal performance is somewhat larger. The 4-by-4 system’s loss from the MFB is
smaller at high SNRs, which implies convergence issues at small SNRs.

3.4 Matched filter approximation

A further simplification of the MMSE turbo equalization algorithm can be achieved through
the use of simple channel matched filtering in place of the MMSE filter. Such an approach
is proposed in [45], and combined with the time-average approximation through switching
in [69]. The time-average approximation evaluated in Section 3.3 does not provide much
iteration gain after three iterations and the third iteration gain is smaller than that of the
previous iterations. On the other hand, if the a priori information from the decoders is
good enough, even a simpler approximation will suffice to improve the detector perfor-
mance [38]. It is thus proposed, that a matched filter approximation is performed after the
first two iterations of time-average approximate filtering that provide the most gain.

The matched filter approximation provided below is an enhanced version of that pro-
posed in [45]. The original proposal of [45] utilized a pilot symbol based estimation of
receiver noise level as a basis for the computation of the symbol likelihood metrics. The
algorithm in [69] considered an MMSE filter with all interference removed, and a known
receiver noise level, which effectively results in a channel matched filter. The proposed
method computes the interference from (partially) canceled signals and Gaussian noise,
and approximates their sum as Gaussian. The combined noise and interference power is
estimated directly from the residual signal r̃ as

Σ̂
[ MF]
r̃

≈ 1

JN
tr
{
r̃r̃

H}
I (89)

=
1

JN
‖r̃‖2

2I. (90)

The approximated residual signal r̃ covariance matrix is diagonal, and the multiplication
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Fig. 7. 2-by-2 system BER with time-average approximation.
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Fig. 8. 4-by-4 system BER with time-average approximation.



49

H

xk(n)

sk(n)

Hŝ
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Fig. 9. A block diagram of the MMSE turbo equalizer matched filter approximation for an-
tenna k.

with the matrix inverse can be reduced to a scalar multiplication. The modified algorithm
with the MF approximation is identical to the algorithm in Section 3.1 except for Eqs.
(52), (53) and (54), which are replaced by

u
[ MF]
k (n) = JN‖r̃‖−2

2 hk(n) (91)

α
[ MF]
k (n) = JN‖r̃‖−2

2 ‖hk(n)‖2
2 (92)

β
[ TA]
k =

(
1 + α

[ MF]
k

N∑

n=1

|ŝk(n)|2
)−1

. (93)

Obviously, Eq. (91) constitutes a channel matched filter for the symbol of interest. A
block diagram of the algorithm is depicted in Fig. 9. The structure of the algorithm is very
similar to the time average algorithm, but the filter computation is much simpler than that
of the time average algorithm.

The combined algorithm executing two iterations of time-average approximate filtering
and subsequently switching into matched filtering is tested with 2-by-2 and 4-by-4 MIMO
configurations. The transmission and channel parameters are identical to those utilised
in Section 3.3. Both cases show the MF approximation can provide further gain when
the prior information is reliable. At high signal-to-noise ratios (≥4dB) the performance
after a total of five iterations is very close to the MFB. In practice, the fourth iteration
is the last one to provide any significant iteration gain. At low signal-to-noise ratios the
algorithm cannot converge to the MRC bound showing the combined algorithm has similar
convergence issues as the time-average approximation.

3.5 Frequency-domain filtering

The number of resolvable multipaths in the time domain, L, is approximately inversely
proportional to the transmission bandwidth, assuming the center frequency is kept fixed
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Fig. 10. 2-by-2 system BER with time-average and MF approximation.
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Fig. 11. 4-by-4 system BER with time-average and MF approximation.
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and the channel is rich in multipaths. For very wideband transmissions, the number of
multipaths can vary significantly depending on the channel delay spread, and can be very
large in extreme propagation conditions. In such cases it is beneficial to utilize a receiver
whose complexity is robust against delay spread variations. Channel shortening pre-filters
can be used to restrict the effective channel length [113, 114] so that the complexity re-
quired by either time-domain MMSE or MAP equalization reduces to some desired level.
Alternatively, low-complexity equalization can be implemented in the frequency-domain
[115, 116]. In this section, an algorithm for frequency-domain MMSE turbo equaliza-
tion is derived. Earlier work on such algorithms has been reported in [38, 117, 118] for
single-antenna systems, in [46] for spatially multiplexed MIMO systems and in [119] for
space-time coded systems.

The algorithm presented in Section 3.1 is converted into a block-wise frequency-domain
form. A block-cyclic transmission according to (20) is assumed. A similar approach in
the spirit of [69] is provided in [46]. The output of the time-domain equalizer for transmit
antenna k, given by (55), can be stacked into a vector giving the MMSE estimates of the
transmitted symbols within the frame as

xk = (I + DkBk)
−1 [

Dk ŝk + H
H
c Σ

−1
r̃

r̃
]
, (94)

where the diagonal matrices

Dk = diag
{
H

H
c,k

(
HcΛH

H
c + σ2

0I
)−1

Hc,k

}
(95)

Bk = diag
{
|̂sk|2

}
, (96)

have been defined. Eq. (95) effectively contains the values of βk(n) over n = 1 . . .N
on the main diagonal. The filter output consists of two components: a weighted prior
soft estimate and a correction term. The correction term can be computed for the frame
with a single filter per transmit antenna, a fact that will be exploited in the definition
of an approximate block-wise equalizer filter. By expressing the channel matrix by its
frequency-domain equivalent (22), the block-wise filter output (94) for transmit antenna k
can be expressed as

xk = (I + DkBk)
−1
[
Dk ŝk + F

H
Ξ

H
k

(
ΞFKΛF

H
KΞ

H + σ2
0I
)−1

FJ r̃

]
, (97)

where (95) now becomes

Dk = diag
{
F

H
Ξ

H
k

(
ΞFKΛF

H
KΞ

H + σ2
0I
)−1

ΞkF

}
. (98)

Eq. (97) gives the filtering equation in the frequency domain. The elements of the diag-
onal matrix Λ are i.i.d. and the frequency-domain covariance matrix of the feedback soft
estimates

∆ = FKΛF
H
K (99)

= diag{circ {Fλk}} (100)

is a KN × KN block-diagonal Hermitean matrix with N × N circulant blocks with the
columns of the kth block defined by the Fourier transformation of the kth transmit antenna
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symbol residual covariance matrix given by

∆k = F
(
E
{
sks

H
k

}
− ŝkŝ

H
k

)
F

H. (101)

The operator circ(·) denotes a circulant matrix with the argument vector on the first col-
umn. From (100) it can be noted that the time-variant time-domain MMSE filter translates
into a frequency-domain filter with cross-frequency interference terms. Naive use of (97)
requires the inversion of a NJ × NJ matrix, and even more optimized approaches utiliz-
ing the structure of the matrix require significant computational effort [120]. The diagonal
elements of each diagonal block in ∆k are defined by the constant

λ̄k =
1

N
tr∆k, (102)

expressing the average residual interference energy after cancellation. When the diagonal
elements are large compared to the off-diagonal elements, each diagonal block can be
approximated with a diagonal matrix, so that an approximate frequency-domain symbol
residual interference matrix can be expressed by

∆ ≈ diag
{
λ̄1I

N , . . . , λ̄kI
N , . . . , λ̄KI

N
}

= ∆a. (103)

By neglecting the inter-frequency interference with the above approach, the filtering de-
fined by (94) can be approximated by filtering whose output zk,a is given by

xk,a = (1 + γ̄kδk)−1 [γ̄k ŝk + F
H
ΨkFJ r̃

]
, (104)

where the following definitions have been used

γ̄k =
1

N
tr
{
Ξ

H
k

(
Ξ∆aΞ

H + σ2
0I
)−1

Ξk

}
(105)

δk =
1

N

N∑

n=1

|ŝk(n)|2 = 1 − λ̄k (106)

Ψ
H
k = Ξ

H
k

(
Ξ∆aΞ

H + σ2
0I
)−1

. (107)

Eq. (107) defines the frequency-domain filter, consisting of a single coefficient per fre-
quency bin, using the residual signal r̃ as input. Eq. (105) can be considered to represent
the average ratio of effective SNRs of the prior symbol estimate and the output of the filter
given by (107). Eq. (106) represents the average energy of the prior symbol estimates. A
block diagram of the algorithm is depicted in Fig. 12.

The above filter optimization is performed with the mean squared error of a single
symbol cost function. An identical result can be obtained by considering the sum of square
errors as the cost function [121]. The filter output distribution can be approximated by the
normal distribution N (µk,ask, µk,a(1 − µk,a)), where

µk,a = γ̄k (1 + γ̄kδk)
−1

. (108)

It is instructive to note that due to the averaging in (102), the resulting equalizer is effec-
tively the frequency-domain counterpart to the time-average approximation filter, with the
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Fig. 12. A block diagram of the frequency-domain MMSE turbo equalizer for antenna k.

main difference being the effective filter length. By extending the above derivation, it is
also straightforward to derive a frequency-domain version of the matched filter approx-
imation provided in Section 3.4. If the frequency-domain residual covariance matrix is
approximated by

Ξ∆aΞ
H + σ2

0I ≈ 1

JN
tr
{
Ξ∆aΞ

H + σ2
0I
}
I (109)

≈ 1

JN
tr
{
r̃r̃

H}
I (110)

=
1

JN
‖r̃‖2

2I. (111)

Now, the frequency-domain matched filter approximation is given by the modification of
(105) and (107) into

γ̄
[ MF]
k = J ‖Ξk‖ ‖r̃‖−2

2 (112)
(
Ψ

[ MF]
k

)H
= JN‖r̃‖−2

2 Ξ
H
k . (113)

Eq. (112) indicates the frequency-domain channel matched filter (113) computes the out-
put reliability using the ratio between the average squared channel response and the aver-
age squared interference whereas the MMSE filter utilizes the average of the frequency-
wise ratios.

The frequency-domain turbo equalizer (104) is evaluated with numerical simulations.
First, a comparison to the time-domain equalizer results in the previous sections is per-
formed. The two systems in a 10-path Rayleigh fading channel are simulated with the
results reported in Figs. 13 and 14. Also the frequency-domain algorithm can reach the
matched filter bound, but with less iterations than the time-domain algorithms. The sec-
ond iteration is already close to the bound and the third one is practically indistinguishable
from it.

A further evaluation is performed in a single-antenna scenario with a number of differ-
ent coding and modulation combinations to evaluate the behavior of the link with regard
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Fig. 13. 2-by-2 system BER with the frequency-domain algorithm.
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Table 1. Transmission parameters.

Parameter Value
Bandwidth 20MHz
Symbol rate 16.25Msps

Symbols per block 832
Prefix symbols 80
Pulse shaping Root-raised cosine

Roll-off 0.23
Pulse filter length 8 symbols
Receiver sampling 16.25Msps

to a potential combination with adaptive modulation and coding (AMC). Punctured con-
volutional codes are chosen as the channel code for their straightforward application to
such scenarios.

The coding and modulation combinations used are BPSK, QPSK and 16-QAM modu-
lation combined with the convolutional (133, 171)8 mother code punctured to rates 1/2,
2/3, 3/4 and 5/6 according to the puncturing patterns given in [122]. The parameters of
the transmission are listed in Table 1. The propagation channel for an urban macro envi-
ronment with a maximum propagation delay of 4.625µs is considered. The average power
delay profile of the channel is given in Table 2. For comparison, the performance of a
linear MMSE equalizer is evaluated. The linear equalizer algorithm is identical to the first
pass of the turbo equalizer with no prior information. The performance results of the linear
equalizer are listed in Fig. 15 until the FER of 10−2. Assuming that the link, if considered
as a part of a realistic wireless system, would utilize automatic repeat request techniques in
addition to the applied error correction coding, the evaluated range of operation in terms

Table 2. 5GHz urban macro channel power delay profile with 18 coefficients.

Coeffs. 1-6 Coeffs. 7-12 Coeffs. 13-18
Delay [µs] Power [dB] Delay [µs] Power [dB] Delay [µs] Power [dB]

0,000 -3,0000 0,360 -5,2204 2,730 -12,0516
0,010 -5,2200 0,370 -7,4404 2,740 -14,2716
0,030 -6,9800 0,385 -9,2004 2,760 -16,0316
0,250 -4,7184 1,040 -8,1896 4,600 -15,5013
0,260 -6,9384 1,045 -10,4096 4,610 -17,7213
0,280 -8,6984 1,065 -12,1696 4,625 -19,4813
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Fig. 15. Linear MMSE FDE FER with different coding and modulation combinations.
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Table 3. Mapping from complex to real operations.

Complex operation Real operations
Mul 4M + 2A

Add 2A

Div 6M + 3A + 2D

M: Multiplication, A: Addition, D: Division

of FER can be considered adequate. The linear FDE is seen to capture the channel di-
versity well and to operate consistently with different modes all the way up to 2/3-rate
16-QAM. The two highest modes experience a FER saturation limiting the usefulness of
these modes. The mode using BPSK and rate 5/6 coding also performs worse than QPSK
with rate 1/2, and is essentially useless for link adaptation. It must be noted, that it widely
linear processing [123, 124, 125] were to be applied for BPSK, the performance would be
improved.

When the results above are compared to the performance of the FDTE reported in Fig.
16, two essential results are imminent. Firstly, the turbo equalizer exhibits an overall
gain wrt. the linear equalizer. With the aid of modulation selection, the gain can be
exploited either as higher spectral efficiency, or as higher link reliability. Secondly, the
turbo equalizer also makes possible the use of the two highest modes, thereby enabling
higher maximum spectral efficiency.

3.6 Computational complexity comparison

The computational complexity of the algorithms is one of the first issues to be studied in
an implementation feasibility study. Increasing the complexity of an algorithm imposes
either an increased processing delay or the requirement for additional hardware for parallel
operation, if the latter is possible. In battery-operated devices additional complexity also
influences battery life through increased power required by the processing. Therefore, it is
worthwhile to assess the computational complexity of algorithms, even if the assessment
is approximate. In this section such an evaluation on the computational complexity of the
algorithms presented in this section is made based on the mathematical expressions given
in the previous sections. Complex operations are mapped into real operations using Table
3. If the algorithm contains a matrix inverse, it is always executed on a hermitian symmet-
ric matrix, which in the current context is also always positive definite and has a Cholesky
factorization. The matrix inverse is assumed to be computed through the inverse of the
Cholesky factorization of the argument matrix and to have the computational complexity
listed in Table 4. In some cases computational complexity and the memory requirements
of an algorithm can be exchanged, but the memory requirements of the algorithms are not
considered here.
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Table 4. Complexity of Cholesky factorization with matrix dimension JL.

Operation Complexity
Mul 2/3J3L3 + 5J2L2 + 1/3JL + 4

Add 1/2J3L3 + 3J2L2 + 2 1/2JL + 4

Div 1 1/2J2L2 − 1/2JL− 1

Sqrt JL

All algorithms exclude the operations computing the expected value and variance of the
soft estimates in (44) and (45), which are identical for all algorithms as well as the effect
of other receiver algorithms including channel estimation, which are an essential part of
the receiver but external to the equalizer. The channel estimates, however, are assumed
to be available in time-domain form and need to be converted to the frequency-domain.
The time-domain equalizers are assumed to have length JL, which is the minimum filter
length covering the receiver ISI window and consistent with the simulation configuration
used for the results reported in the previous sections.

An approximate operation count of the original recursive algorithm [36], the proposed
square root recursion, the time-average approximation, the frequency-domain equalizer,
and the frequency-domain matched filter approximation are tabulated in Table 5 for a
single equalization iteration. An approximate total flop count as a function of the num-
ber of separable channel multipaths for a 4 × 4 MIMO setup is also depicted in Fig.
17, where all operations have been assumed to require a single flop. This assumption
favours algorithms having square-roots and divisions, which in practice need more oper-
ations than multiplications and additions, but does not have an effect on the conclusions
in this case. The receiver is using an FFT size of 2048. All time domain algorithms have
essentially O(JK2L2) complexity, and the recursive algorithm of [36] has only double
the complexity of the time-average version. This is partly due to the fact that the time-
average algorithm is performing the covariance computation over the whole frame. The
square-root algorithm requires more operations than the original recursive version, most
notably divisions and square-roots, mainly due to the utilized Givens rotations. In gen-
eral, unitary rotation operations can be assumed to be implemented using the CORDIC
method, which may decrease the operation count of the square-root algorithm. By making
the quite realistic assumption that K log N ≥ J2, the frequency-domain equalizer has
O(JK log N), which is due to the conversion of the time-domain channel estimates for
each transmit-receive antenna pair. It is possible to optimize the operation since the input
to the FFT is heavily zero-padded, but it may be unrealistic to assume any receiver would
be built with special purpose hardware only for that one purpose. Comparing the time- and
frequency-domain algorithms, the latter exhibit a lower complexity in almost all channels.
The time-domain matched filter approximation has the lowest complexity, but can only be
used in MIMO configurations if the equalizer iterations are initiated with another algo-
rithm [45]. The low complexity of the time-domain MF approximation makes it possible
to be be implemented in a different technology than all the other equalizers. Among the
frequency-domain equalizers, the difference in computational complexity is surprisingly
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Table 5. Computational complexity per symbol, time-domain filter length L, frequency-
domain block length N .

Algorithm Mul Add
Recursive [36] (8K + 12)J2L2 (8K − 4) J2L2 + 2KJL

+6KJL + 2K + 2 −2J2L − 2JL + J − K − 1

Sqrt recursive (6K + 22)J2L2 + 6KJL (6K + 17)J2L2 − 2J2L

−32JL + 6K + 10 − (K + 26) JL − 13K + J + 7

Time-average (4K + 12 1/2)J2L2 (4K + 9) J2L2

+ (6K + 2 1/2)JL + 4K + (4K + 1) JL − K − 1

MF approx. 5KJL + 5K + 4 (2K + 6) JL + K − 6

Freq 4 (JK + K + J) log N 4 (JK + K + J) log N

+2/3J3 + 5J2 + 4K + 5 +1/2J3 + 3J2 + 2K + 4

+ (12K + 4 1/3)J + (9K + 5 1/2)J

Freq MF 4 (JK + K + J) log N 4 (JK + K + J) log N

+8KJ + 4K + 3 +7KJ + K

Div Sqrt
Recursive [36] K + 2 2

Sqrt recursive 2JL + K − 1 JL

Time-average K + 1 −
MF approx. 2K −

Freq 3/2J2 − 1/2J − 1 J

Freq MF − −

small given the heavy use of matrix inverses in the FDE, and is due to the dominating
complexity of the FFT operations. If the FFT is implemented in special purpose hardware,
the remaining complexity drops well below one thousand flops per symbol, which is also
below the complexity of the time-domain matched filter approximation.

3.7 Summary and discussion

Algorithms for the MMSE turbo equalization of a single-carrier layered MIMO system
were presented, with the original MMSE turbo equalization algorithm given as a start-
ing point. A new algorithm based on a square-root recursion and a new computation
technique for approximate filtering through time-average interference computation were
provided. A new efficient matched filter approximation was proposed to be combined
with the time-average filtering through algorithm switching. A frequency-domain MMSE
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Fig. 17. Algorithm complexity per symbol in kflops for a 4x4 MIMO case.

turbo equalizer was derived and found to be dual to the time-domain time-average filter.
A frequency-domain interpretation for the matched filter approximation was also derived.
Complexity-wise, the frequency-domain turbo equalizer was found to be superior to the
time-domain counterparts. Excluding FFT operations, it has a complexity comparable to
the time-domain matched filter approximation, which cannot be utilized alone in MIMO
scenarios, however.

The performance of the time-domain approximate time-average equalizer, alone and
combined in a switching arrangement with the matched filter approximation, and the
FDTE performance were compared. Both the switching configuration and the FDTE
reach the matched filter bound of the code, with the FDTE requiring less iterations. The
frequency-domain equalizer was found to efficiently utilize multipath diversity and to
have robust performance with several punctured rates of the applied convolutional mother
code. Even though the simulations of different algorithms are not directly comparable
due to the sub-optimal time-domain equalizer filter length, it is straightforward to choose
the frequency-domain turbo equalizer as the most promising algorithm for further stud-
ies based on the combination of performance and computational complexity. The time-
domain time-average filter may have comparable performance when configured with a
longer filter, but with radically increased complexity. Also, the original algorithm imple-
mented with the matrix inversion recursion should have comparable or better performance
when configured with a longer filter, but again with an even higher complexity than that
reported in Table 5.

The fact that all algorithms reach the matched filter bound of the code indicates the
system is not well optimized. Intuitively, more significant differences should be visible
between the algorithms if the system operated close to the performance limits.



4 Convergence analysis

Turbo equalization, as well as any algorithm using the turbo principle, relies on the infor-
mation exchange between the equalizer and the decoder. In the case of successful conver-
gence, the information becomes more reliable as the iterations proceed, but such a generic
statement of the iterative process provides little information on the requirements of suc-
cessful convergence and the more detailed characteristics of the iterative process. A more
rigorous approach should then be applied to the convergence analysis of the turbo equal-
izer. Such a framework is provided by extrinsic information transfer (EXIT) charts. This
chapter begins with an overview of the properties of EXIT charts in the SISO case, and an
extension to the analysis of the detection of multiple transmitters with multi-dimensional
charts is made. The properties of multi-dimensional charts and their relation to system per-
formance limits are presented. A semi-analytical method for computing the MMSE turbo
equalizer EXIT chart is developed, and its accuracy verified. Analytical evaluations on
the dependency of the EXIT chart and propagation channel parameters are made through
further analysis of the method.

4.1 Mutual information and EXIT charts

The convergence of iterative algorithms can be tracked by measuring the evolution of the
probability density function of the exchanged information [67]. In cases where the in-
formation consists of multiple parallel exchanges, or where some part of the system has
random properties, the complexity of the tracking becomes quite severe and the visualiza-
tion and interpretation of the results becomes problematic. The distribution of the outputs
of a Gaussian channel fulfills a particular symmetry property [67] that make it possible
to parametrize the distribution using a single variable, simplifying the task of tracking the
density evolution considerably. The remaining question relates to the choice of the pa-
rameter to track. If the requirement is to be able to express the information with a single
parameter and when the information exchange is tracked empirically by measuring the dis-
tribution of the exchanged likelihoods, the most reliable measure for the information flow
between the equalizer and the decoder has been found to be mutual information between
the exchanged values and the transmitted data [68].
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EXIT charts have been successfully applied in the convergence analysis of turbo de-
coding of codes with parallel [67, 66] and serial concatenation [105]. Further applications
have been found in the performance evaluation of turbo detection of MIMO systems [84]
and turbo equalization of frequency-selective channels [126]. By customizing the behav-
ior of one or more of the components of the concatenated system, the simplicity of the
analysis lies in the modeling of the properties of each functional component of the itera-
tion as a mutual information input-output transfer function. This has proven to be a rather
accurate analysis method regardless of the nature of the overall system. Capacity ap-
proaching codes have been designed by the modification of system components (based on
their EXIT charts) in [127, 128]. High accuracy has been achieved even for the prediction
of the BER of turbo equalization schemes combined with a relatively weak convolutional
code in [126, 83, 81]. In cases where a simplifying assumption of the distribution of mu-
tual information is made, the accuracy of the EXIT analysis relies on the accuracy of the
assumption. However, even in cases where no explicit assumption on the distribution of
mutual information can be made, EXIT analysis has proven to provide reliable results.
While in many cases the central limit theorem makes distribution modeling easier, the
strength of EXIT analysis also appears to be related to the fact that mutual information is a
measure of the distribution of soft information rather than a mere parameter of an assumed
distribution.

For the turbo equalizer, the information exchange between the equalizer and the de-
coder, consisting of the log-likelihoods for encoded binary bits, must be tracked. In the
SISO case, the mutual information between the likelihood ξd provided by the decoder and
the transmitted data b is denoted as [129] (duplicated from Section 2.5 for clarity)

Id = lim
N→∞

1

N
I
(
b; ξd

)
∈ IE, (114)

and the mutual information between the equalizer output likelihoods ξe
k and the transmit-

ted data as
Ie = lim

N→∞

1

N
I (b; ξe) ∈ IE, (115)

where the range of mutual information is defined by the set

IE = {Id, Ie : 0 ≤ Id ≤ 1, 0 ≤ Ie ≤ 1} . (116)

The limitation to the range [0, 1] is due to the binary channel codes assumed. In the
case of higher-order modulation (than binary), the mutual information is measured at the
demodulator (de-mapper) output.

In order to be able to analyze the convergence of the turbo iterations, the properties
of the equalizer and the decoder concerning the transformation of the mutual information
of the input information to mutual information of the extrinsic output must be evaluated.
These properties are encapsulated in the two EXIT functions

fd : Id → fd (Id) ∈ IE (117)
fe : Id → fe (Id) ∈ IE, (118)

for the decoder and the equalizer, respectively. The functions are valid definitions of the
input-output characteristics given infinite block length, whereas in the case of finite block
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length, the input-output characteristic acquires a random variation around the asymptotic
[130]. The equalizer EXIT function corresponds to the equalizer input- (extrinsic) output
mutual information transfer characteristic. For convenience, the decoder EXIT function
(117) is defined as the inverse of the decoder input-output mutual information transfer
function so that both EXIT functions can have compatible definitions. The tracking of
the turbo equalizer convergence is then possible by concatenating the input-output mutual
information transfer functions. At iteration i the equalizer output mutual information can
be given by the recursion

Ie(i) = fe

(
f−1

d (Ie (i − 1))
)
, (119)

where Ie(i − 1) is the equalizer output mutual information at the previous iteration.
Since the equalizer provides an extrinsic information value at its output, information

of all bits except those corresponding to the output is utilized as prior information in
computing the output bit. In a turbo equalizer that provides a symbol estimate at its output,
the prior information used for the computation of one output consists then of symbol
level soft information of all but the desired symbol. The logical conclusion of this is
that equalizers for symbol-orthogonal channels (e.g. a flat fading channel) have an EXIT
function given by a constant. The prior information of the bits other than the desired bit
within one modulated symbol can be used as prior information at the symbol de-mapper.
However, with Gray-mapped BPSK, QPSK and 16-QAM no dependency is introduced
between modulated bits and prior information does not provide any gain. The gain is very
small for Gray-mapped 8-PSK [131]. If no prior information is used in the de-mapping,
the EXIT function of a flat fading SISO channel with multilevel modulation is constant.

Assuming the studied algorithm behaves well, i.e., increasing prior information im-
proves performance, and the channel is always frequency-selective, all EXIT functions
are monotonically increasing. The case of a flat EXIT function indicates independence
between the prior information and the value being estimated. In addition, all decoder
EXIT functions have the two extreme values

fd(0) = 0 (120)
fd(1) = 1. (121)

For practical computations, the task to evaluate the EXIT function of the decoder is
relatively straightforward, as it is fixed. In some cases [71] it is possible to compute the
EXIT function analytically, but such a method is currently known neither for the decoding
of channel codes over Gaussian channels nor for the equalization of Gaussian frequency-
selective channels. Thus, in this thesis, EXIT charts of channel decoders are generated
through simulations.

The decoder EXIT function is specific to the decoding algorithm. For example, log-
MAP and max-log-MAP decoders have different functions, whereas MAP and log-MAP
algorithms have the same function due to their functional equivalence. In this thesis the
log-MAP decoder is used for all simulations and the generation of decoder EXIT charts.
If the decoder inputs are the output likelihoods of a binary input channel with additive
Gaussian noise, the likelihoods can be modeled as

ξe
k(n) =

σ2
e

2
bk(n) + we, (122)
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where we ∼ N
(
0, σ2

e

)
, and whose mutual information with the bits can be computed with

(the J-function in [66])

J (σe) = 1 −
∞∫

−∞

e−(φ−σ2
e/2)2/2σ2

e

√
2πσe

log2

(
1 + e−φ

)
dφ. (123)

With (122), the EXIT function of the decoder can be empirically estimated by feeding
the decoder random inputs according to Eq. (122) and measuring the mutual information
between the transmitted data and the likelihoods of the encoded data provided by the de-
coder. As an example, the EXIT functions of convolutional codes with different constraint
lengths are provided in Fig. 18. The error performance of the code is related to how it
behaves when the input mutual information approaches one, since the decoder output (de-
coded bits) mutual information is related to the extrinsic information. Fig.18 also shows
how increasing the code memory allows the code to reach a higher output mutual infor-
mation at a lower input mutual information.

The EXIT function of the equalizer provides the mapping from input to output mutual
information for the equalizer. It is clear that since all characteristics of the channel depend
on the channel state, also the convergence characteristic of the channel equalizer does
so. For instance, in the case of a MAP equalizer, the channel state determines the trellis
structure the equalizer operates with. As in the case of channel decoding, also the equalizer
EXIT chart depends on the equalization algorithm used. Examples of EXIT functions of
different turbo equalization algorithms can be found in e.g. [69].

Given a channel realization, the receiver noise variance and the equalizer algorithm, the
EXIT function of the channel can be computed empirically. An example of channel EXIT
functions for different received SNRs is depicted in Fig. 20. By combining an equalizer
function and a decoder function into one EXIT chart, the convergence of the algorithm can
be tracked by invoking the iteration (119). The process begins with no prior information
at (Ie = 0, Id = 0), followed by alternating activations of the equalizer and decoder
executing the convergence steps until the point where the exit functions of the equalizer
and decoder cross, or the point of error-free decoding (Ie = 1, Id = 1) is reached. A
vertical line represents an equalizer activation, and a horizontal line represents a decoder
activation. The process is illustrated with a hypothetical equalizer EXIT function in Fig.
21. To reach error-free decoding, there must be an opening in the EXIT chart between the
equalizer function and the decoder function for the iterations to pass through. Formally,
the constraint

fe(Id) − fd(Id) > 0, ∀ Ie ∈ IE (124)
must be fulfilled. As seen in Fig. 20, none of the equalizer EXIT functions reaches the
point {1, 1}, which would be required for error-free decoding according to (124). In real-
ity, all decoder EXIT functions cross the equalizer EXIT function at a fixed point, which
then defines the error probability of the decoded data.

EXIT functions have an area property, which relates the area under the curve to the
transmission rate. For an optimally decoded channel code, whose a priori inputs are gen-
erated by a binary erasure channel (BEC), the area under the EXIT function is equivalent
to the code rate, as provided in Eq. 43. The property has been empirically observed to
approximately hold also for a priori information from Gaussian channels [105]. Its effects
can be observed from Figs. 18 and 19, where the EXIT functions of higher rate codes are
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Fig. 18. EXIT charts of convolutional codes with different memory order.
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locate higher in the chart of Fig. 19 but the change of encoder memory in Fig. 18 results in
approximately symmetrical changes around the diagonal leaving the area approximately
unaltered. The area property of the channel relates the EXIT function of an optimally
equalized channel, with a priori inputs generated by a BEC, to the uniform input capacity
of the channel [71], and for higher order modulations to the capacity divided by the mod-
ulation cardinality [105]. Even though the area property has not been rigorously proved
to strictly hold in the case of turbo equalization using feedback generated by a Gaussian
channel, the current knowledge justifies its usage as an approximated analysis and design
tool.

The area property provides the framework for understanding the limits of system opti-
mization through EXIT function matching. With optimal algorithms as components, suit-
ably optimized systems can approach channel capacity. In turbo equalization context this
means the channel code must be capacity achieving, and must enable a design matched
to the channel so that fd = fe. Since the equalizer EXIT function is conditioned on
the channel state, this matching effectively requires channel knowledge at the transmitter.
The area property also implicitly proves that any suboptimal algorithms used for equaliza-
tion (which have their EXIT function below that of the optimal algorithm) have a lower
achievable rate than the optimal, i.e. they cannot reach channel capacity.

4.2 Multi-dimensional EXIT charts

In cases where there are multiple separately encoded and transmitted parallel data sources
to be detected, multiple parameters must be tracked. Such cases include multi-user trans-
missions, MIMO transmissions with layered schemes and multilevel coded transmissions,
where the first two cases are equivalent in terms of analysis and the last is a special case
of the former having fully correlated propagation channels between transmissions. For
multiple separate transmissions, the prior information is defined by the vector

Id = [Id,1, . . . , Id,k, . . . , Id,K ]
T ∈ IEK , (125)

and the equalizer EXIT function is defined by

fe : Id → fe (Id) ∈ IEK . (126)

The joint decoder EXIT function is defined for notational convenience as the vector

fd : Id → fd (Id) , (127)

where

fd = [fd,1(Id,1), . . . , fd,k(Id,k), . . . , fd,K(Id,K)] , (128)

with each fd,k defined by (117). If the transmissions are assumed spatially non-orthogonal,
and the channel experienced by each transmission is frequency-selective, the equalizer
vector EXIT function (126) has non-zero partial differentials. In the general case, when
the actual mechanism generating the EXIT function is not necessarily perfectly known
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or understood, it is impossible to state whether the equalizer EXIT function is bijective
or not. For the equalizer EXIT function to be bijective, among other requirements, the
determinant of the EXIT function Jacobian should always be non-zero, i.e.,

∣∣∣∣
∂fe

∂Id

∣∣∣∣ 6= 0 ∀ Id ∈ IEK . (129)

On the other hand, the decoder EXIT functions (117) are monotonous (and bijective) sep-
arately and, thus, also the vector mapping of Eq. (127) is bijective. This is due to (127)
being a diagonal matrix of monotonous scalar functions, and the determinant of such a
vector function is always positive.

An example for two parallel transmissions illustrates the multidimensional convergence
analysis. In this example the analysis is applied to tracking the convergence of the equal-
izer combined with a convolutional code. For the case of two transmissions, the EXIT
chart is visualized in three dimensions and the vector EXIT function fe is given by two
surfaces, one for each equalizer output. The equalizer convergence characteristic is fully
defined by these two surfaces and two decoder surfaces. In the case where identical chan-
nel codes and decoding is used for both antennas, the decoder surfaces are a mirror image
of each other across the vertical plane defined by the curve on the Id,1, Id,2 plane defined
by the parametric representation

gd(t) = Īdt, (130)
where t is the representation parameter and Īd denotes the K-dimensional vector base for
the equalizer EXIT function

Īd =

K∑

k=1

Īd,k. (131)

It is useful to consider the example presented in Fig. 22, where an example of Ie,1 is
presented with the EXIT function of the 1/2-rate convolutional code (561, 753). The
iterations of this equalization loop begin at the point Id = {0, 0} and the iteration may
assume any values for the tuple Id in the sets defined by the constraints

C̃1 :
{
Id ∈ IE2, fe,1(Id) > fd,1(Id)

}
(132)

C̃2 :
{
Id ∈ IE2, fe,2(Id) > fd,2(Id)

}
(133)

for decoders 1 and 2, respectively. In Appendix 2 it is shown, that for successful conver-
gence, the system convergence set must then be a connected set given by the union of the
two antenna-wise convergence sets including the starting and ending points

C0 =
{
Id = 0

K
}

(134)
C1 =

{
Id = 1

K
}

. (135)

Visually this means the points where each of the equalizer EXIT surfaces is above the
corresponding decoder EXIT surface define two regions which must connect with each
other and their union must connect with the convergence starting and ending points. In the
general case of K transmit antennas, the convergence requirement can be used with the
generic inequality expression

C̃k =
{
Id ∈ IE2, fe,k(Id) > fd,k(Id,k)

}
⊂ IEK , (136)
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Fig. 22. Equalizer EXIT function fe,1 example in three dimensions for a two-transmission
case.
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where the inequality is taken component-wise. The generic K-dimensional convergence
requirement now becomes

C0 ∪ C1
K⋃

k=1

C̃k. (137)

Note, that applying the analysis with different codes results in different convergence con-
straints.

4.2.1 Approximate rate interpretations from EXIT functions

Apart from applications to convergence tracking, EXIT functions can provide indications
of system performance without explicit consideration to the applied channel codes. The
approximate area property of channel codes and its application to the case of multidimen-
sional EXIT functions can provide a valuable technique to understanding the limits of the
considered system. The two transmission case can be analysed for further insights by as-
suming channel knowledge at the transmitter side. The channel state knowledge is used
for the sole purpose of matching the channel code to the equalizer EXIT function. It is
assumed, that by using the channel state knowledge, the equalizer EXIT function can be
acquired, and the two channel code EXIT functions can be jointly matched arbitrarily
closely to the equalizer EXIT function for the channel realization, given a usable design
target and method. The actual choice of the code family is not considered or assumed ex-
plicitly, other than the family must have the degree of freedom in their design to allow the
required EXIT function shaping, excluding for instance simple convolutional and turbo
codes. In practice, code families having the required degree of freedom include at least
irregular LDPC [80] and irregular repeat accumulate (RA) codes [132] and turbo codes
with multiple parallel concatenated component codes [131]. Since these are all iteratively
decoded codes, the effects of detector scheduling due to loops in the joint detector graph
[25] must be considered in the case of finite block lengths. However, the EXIT analysis
assumes infinite block length, and in such a case for many multiuser systems [25, 80, 133]
finite loops can be proven to disappear from the system graph while a message-passing
algorithm converges within finite iterations.

The EXIT function describes the convergence property of a single channel realization,
with some arbitrary but fixed transmitted power, modulation method and iterative detector.
As stated in Section 2.5, the capacity region of such a fixed two-transmission case is given
by a pentagon. The rate interpretations made using the EXIT function will be interesting
especially when compared to the shape of the capacity region, but it will not be possible
to claim any absolute rates, let alone capacity-achievability of the system, without further
knowledge on an actual equalizer EXIT function and the values it takes. It should be
further noted, that in most cases the EXIT function is an approximation and cannot provide
exact results.

In the generic case the approach should be extendable to the case of transmitter side
processing using the channel knowledge, e.g. spectrum shaping or Tomlinson-Harashima
pre-coding, but such extensions are beyond the scope of this thesis. Such methods would
also effectively change the equivalent channel experienced by the transmitted data, and
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would require a new EXIT function to be computed by taking their use into consideration.
Considering the two equalizer EXIT surfaces in the three-dimensional chart, the code

design becomes a question of choosing the path

gp(t) = gp,1(t)Īd,1 + gp,2(t)Īd,2 (138)

through the Id-plane. To minimize rate loss due to the gap between the code and equal-
izer EXIT functions any design should be optimized to have the convergence set of the
system reduced to a curve. Such a convergence set implies infinite complexity due to the
increasing number of equalizer iterations as the convergence set becomes narrower. The
area property of the channel code to be designed extends to the two transmission case so
that

R1 <

1∫

0

fgp,1 (Id,1) dId,1 (139)

R2 <

1∫

0

fgp,2 (Id,2) dId,2, (140)

where fgp,k(Id,k) denotes the projection of the equalizer EXIT function fe,k values on the
path gp onto the dimension of Id,k as depicted in Fig. 24 and formally expressed using the
vector inner product (dot product) as

fgp,k(Id,k) = fe,k (gp) • Īd,k. (141)

The rate inequality (140) extends to the K-dimensional case so that the curve gK

through the K-dimensional space defines the rates of each transmission k as

Rk <

1∫

0

fgp,k (Id,k) dId,k. (142)

The application of the area property in the two transmission case is illustrated in Fig. 24,
where the decoding path due to code design is shown with the two corresponding space
curves at the intersection of the equalizer EXIT functions and the vertical plane defined by
gp. The areas defining the achievable rates R1 and R2 are shown as the space curves are
projected to the corresponding sides of the cube-shaped EXIT chart.

Fig. 25 presents the two opposite extremes of the design: allocating maximum rate to
one transmission and minimum rate to the other, i.e., either (Rmin

1 ,Rmax
2 ) or (Rmin

2 ,Rmax
1 ).

The smaller allocation is referred to as the minimum, even though it is actually the maxi-
mum rate given the other rate allocation. With suitable code design the rate allocation can
be made to favor either transmission, within the constraints of the equalizer EXIT func-
tion. It is notable, that if an extreme rate allocation is made, it also corresponds to strict
detection ordering, where one transmission is detected first through turbo equalization it-
erations, followed by the turbo detection of the other transmission, since the decoding path
follows the sides of the EXIT chart.

Having an understanding of the maximum and minimum individual rates supportable
by the system given a particular realization of EXIT functions, an important remaining
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question concerns the interpretation of the maximum sum rate and how the corresponding
design is found on the EXIT chart. In Appendix 4 it is shown, that the sum rate design
follows the eigenvector corresponding to the maximum Jacobian eigenvalue at each point
of the curve starting from C0 and ending at C1. The sum rate maximization also indicates
that unless transmissions are orthogonal, i.e., ∂fe,k/∂Id,k′ , k 6= k′ = 0, or one of the
transmissions has been totally removed, the optimal path is never parallel to any of the
chart sides. Thus, strict serial detection ordering is sub-optimal in the sum rate sense. It
is interesting to compare the three previous designs with the achievable rate region of a
multiple access channel with two transmitters. The capacity region of a two transmission
system is defined by the rate inequalities describing the mutual information between the
received signal r and the transmitted bits

R1 < I (b1; r|b2) (143)
R2 < I (b2; r|b1) (144)

R1 + R2 < I (b1, b2; r) , (145)

which can be visualized as a pentagon as shown in Fig. 26. The rate region of the turbo
equalizer system lies somewhere within the capacity region. Examining Fig. 25 it can
be seen that the design with

(
Rmin

1 , Rmax
2

)
corresponds to point A and the design with(

Rmax
1 , Rmin

2

)
to point B, which reside somewhere inside the capacity region. These

extreme code rates also correspond to the case of decoding with perfect knowledge of the
other transmission.

Beyond establishing the connection between the points A and B and the EXIT chart
sides, it is interesting to examine what the EXIT function predicts of the rate region be-
tween them. Without explicit consideration of the EXIT function shape it is impossible
to prove the shape of the predicted achievable rate region beyond the following. If the
predicted achievable rate region between the points A and B were illustrated by a line
segment, either one or both of the points A and B would be optimal in the sum rate sense.
However, earlier it was indicated that such a rate combination corresponds to the code
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design where the decoding path proceeds along the sides of the EXIT chart. But such
decoding is only sum rate optimal if the Jacobian (A4.269) is diagonal, which can hap-
pen only if the transmissions do not interfere (i.e. they are orthogonal). Thus, unless the
transmissions are orthogonal, there must be a sum rate exceeding that described by a line
segment between the points A and B. This rate region is illustrated with the arc drawn
between the points A and B in Fig. 26.

Another result concerning the rate region between points A and B can be produced
using the methods of differential geometry. The area integrals Rk for each k can be com-
bined to express the sum rate as [134]

K∑

k=1

Rk <

1∫

0

K∑

k=1

fgp,k (Id,k) dId,k (146)

=

1∫

0

K∑

k=1

fe,k (gp(t))
dId,k

dt
dt (147)

=

∫

gp

fe

(
Īd

)
• dĪd, (148)

where Īd denotes the K-dimensional vector base for the equalizer EXIT function. Now,
in the special case that the sum rate is constant and, thus, independent of the design, the
region between the points A and B is given by a straight line with a decay of −1. In such
a case the integral (148) is independent of the integration path gp. This indicates that the
curl of the vector EXIT function (vector field) is zero, i.e.,

∇× fe = 0. (149)

This would then in the two transmission case require, that

∂fe,1

∂Id,2
=

∂fe,2

∂Id,1
∀ Id ∈ IE2, (150)

so that the EXIT function Jacobian is symmetric throughout the function domain. This
would require, however, that increasing prior information would have a symmetric effect
between any two transmissions. A simple counter-example is the case of discrete modu-
lation, for instance, where the slope of equalizer output extrinsic information depends on
the absolute extrinsic information value. Thus, any point where the absolute extrinsic mu-
tual information of the two outputs differ significantly will have a non-symmetric EXIT
function Jacobian.

4.2.2 Symmetric design

The generic design in Section 4.2.1 assumes that the transmissions, or channel codes of
each transmission, can be jointly optimized and results in transmission-specific channel
codes. In cases where only channel statistics are known rather than the instantaneous
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state is known, this is not desirable and a symmetric design resulting in the same channel
code for all the transmissions is a reasonable approach. When the principle of designing a
symmetric code for one channel realization, represented by its EXIT function, is known,
such a design principle can be used as the starting point for developing codes for arbitrary
channel statistics. Since the same code is used for all transmissions, the code will not be
optimal in the maximum rate sense as given in Section 4.2.1. This rate loss will be visible
in the more rapid convergence of the detector, however, due to the wider opening between
the equalizer and decoder functions. Note that if further system optimization is desired,
the design can be combined with either power or rate control [26, 132]. Both of these
techniques, however, require some amount of channel knowledge at the transmitter when
the system is operating.

The symmetry constraint provides a convenient starting point for the design. Since all
transmissions use the same channel code, to maximise the total transmission rate, the area
below the EXIT function fe,opt of that code should be maximized. Furthermore, since all
transmissions should successfully converge, the code EXIT function should be below the
equalizer EXIT function of all transmissions when taking the decoding path of the design.
More formally, the definition of the convergence set (A2.257), as given in Appendix 2,
should be fulfilled. It is the simplest approach for the code optimization by considering
the upper limits of the projected functions for each k and how they relate to the optimum
code.

The two transmission case depicted in Fig. 25 serves as a good illustration. The max-
imum rate of each transmission is limited by the EXIT function value given full prior
knowledge of the other transmission. For example, for transmission 2, this function then
reduces into the maximum projected function fe,2 (Id,2, Id,1 = 1), and the convergence
constraint set C2 is now by the top-right edge of the EXIT chart marked by Rmax

2 . Since
the convergence set must be connected, C1 must have an intersection with C2, while hav-
ing a tunnel open for convergence. The constraint for the code of transmission 2 is then
given by the projected function fe,1 (Id,1, Id,2 = 0). Since the optimal code design should
have its EXIT function below the projected EXIT functions of both transmissions, the
optimal code EXIT function is bounded above by the point-wise minimum of these two
equalizer EXIT functions. To be precise, the design converges successfully if the code
EXIT function fulfills

fd,opt(Id) < min {fe,1(Id,1|Id,2 = 0), fe,2(Id,2|Id,1 = 1} , (151)

which guarantees that both parallel iterations converge successfully. The point-wise min-
imum is necessary since the projected EXIT functions can cross. In this example it is
relatively easy to see how to find the optimal design. In the more generic it may be not
as obvious which extreme projected functions to choose. Even in this example, there is
another potential pair of extreme functions, at the chart sides denoted by Rmin

2 and Rmax
1 ,

but this design is an inferior choice due to the visible limiting effect of the projected func-
tion fe,2 (Id,2, Id,1 = 0). However, the choice of extreme functions can be considered a
form of ordering that is performed to minimize the limitation to maximum rate due to the
projected EXIT functions.

From the above, the principles to perform the code optimization with the EXIT func-
tion can be drawn. Firstly, to reach maximum rate, consider projected EXIT functions.
Secondly, detection must be implicitly ordered to fulfill the connected union requirement
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of Eq. (A2.260) of the convergence set. In the K-dimensional case, there are K! possible
orderings and K projected EXIT functions for each ordering. Find the ordering that limits
the maximum rate the least. Thirdly, find the optimum design function for the code by
considering the point-wise minimum of the projected EXIT functions within the ordering
to guarantee convergence in all dimensions.

Formalizing the above in the case of K parallel transmissions, an ordering vector for
the transmissions ō = [o1, . . . , ok, . . . , oK ] can be defined so that ōk = [o1, . . . , ok] holds
the first k indexes of the ordering. The following shorthand is introduced for any variables
computed with prior information. For transmission k, a variable b

aCk(Id) denotes the value
of variable Ck computed with prior information a ∈ {0, 1} on transmissions 1 . . . k−1 and
with prior information b ∈ {0, 1} on transmissions k + 1 . . .K. If ordering is applied, the
absolute indexes can be replaced by relative indexes given by the ordering so that k → ok.
Now, the optimal code EXIT function is given by the constraint

fd,opt(Id) < arg max
ō

1∫

0

min
{

0
1fe,k (Id)

}
dId, (152)

which finds the ordering that maximizes the area below the point-wise minimum of all
maximal projected EXIT functions within the ordering so that each maximal projected
EXIT function assumes full prior information of transmissions preceding it in the ordering.
Since the maximal projected EXIT function corresponds to the ordering principle, it is
denoted as “order-projected” in the remainder of the thesis.

In practice, any channel code whose EXIT function fulfills

fd < fd,opt∀ Id (153)

can be successfully detected and the opening between the code and equalizer EXIT func-
tions is largest at the chart sides. Actually, since convergence is guaranteed by the mini-
mum order-projected EXIT function, some order-projected functions within the ordering
may be well below the equalizer EXIT function. In such a case using strict ordering at
the detector will result in slower convergence than simultaneously detecting all transmis-
sion and letting the detector take whatever path it may within the convergence set. A gap
between the order-projected EXIT function and the optimal code EXIT function indicates
the convergence set extends to the area next to the chart side.

The optimal ordering finds the largest point-wise minimum over all order-projected
EXIT functions on the chart edges. A related sub-optimal ordering finds the largest min-
imum starting point, fgp,k(0), of the order-projected EXIT functions within the ordering.
Then, given the ordering, the point-wise minimum of the order-projected EXIT functions
is found to guarantee convergence of all transmissions. If the channel is flat, the order-
projected EXIT functions along each chart side are constant, and the transmission to be
decoded can be optimally chosen based on the EXIT function value at each chart cor-
ner. Conceptually, the ordering at the detector chooses the optimal convergence path and
provides receiver diversity through equalizer convergence.

Finally, the number of possible orderings and the number of order-projected EXIT
functions in each ordering, whose point-wise minimum function must be found in order to
identify the optimal ordering, makes it obvious that further knowledge of the behavior of
the equalizer EXIT functions in question would simplify the optimization considerably.
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4.3 Semianalytical EXIT charts

Based on the previous section, it is obvious the knowledge of the equalizer EXIT function
can provide much information on the behavior and the achievable limits of the system
even without knowledge of the utilized channel codes. On the other hand, such knowl-
edge, if available, can be used to evaluate the convergence behavior of real systems. In
multi-dimensional cases, however, acquiring knowledge of system behavior by resorting
to simulation based EXIT analysis quickly becomes prohibitively complex. Furthermore,
the dependence of the equalizer EXIT function on the channel state makes any simulation
based approach inadequate.

In this section, a method to compute an approximate EXIT function of a frequency-
domain MMSE turbo equalizer will be derived assuming Gray-mapped BICM modulation.
Frequency-domain equalization is considered due to its superiority in performance and
complexity over other methods considered in Chapter 3. The choice of coded modulation
is a pragmatic one: BICM has a simple design that makes the use of adaptive modulation
and coding straightforward. However, a price is paid by using a single channel code only
in that the coded modulation cannot reach the modulation capacity [135].

A Gaussian approximation is made for both the equalizer output likelihoods and the
decoder feedback likelihoods so that for a transmitted encoded bit bk,

ξe
k ∼ N

(
σ2

e,k/2, σ2
e,k

)
(154)

ξd
k ∼ N

(
σ2

d,k/2, σ2
d,k

)
, (155)

where the subscript m has been dropped since the same distribution applies to all bits
within a symbol. The former distribution is supported by the central limit theorem and the
fact that the output is generated by a linear filter. The latter has been widely applied in the
analysis of turbo algorithms [41, 69], though in some cases more accurate results may be
achievable through more detailed distribution modeling [78].

The method to compute the equalizer EXIT function can be roughly divided into three
phases. The first one describes how a priori knowledge is used in the equalizer for in-
terference cancelling and, thus, how the equalizer behaves with different levels of mutual
information of a priori information. The second phase describes how the extrinsic fil-
ter output equivalent channel SNR is computed using the a priori mutual information.
Last, the filter output SNR is converted into average mutual information at the symbol
de-mapper output.

In the first phase, decoder feedback likelihood is transformed into soft symbol estimates
for interference cancellation, and the feedback mutual information is embodied in the
variance of the residual symbol interference given by (102). As the EXIT function is
defined for infinite block length assuming i.i.d. likelihoods, (102) can be replaced by its
expectation given by the M -fold integral

E
{
λ̄k

}
= 1 − M−1

M∑

m=1

∑

si∈S

|si|2·

∫ ∞

−∞

M∏

m=1

Pa(sk = si)

M∏

m=1

P (ξd
k |bk)

∏
dξd

k , (156)
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where P (ξd
k |b) is the conditional distribution of the likelihood ξd

k given the transmitted
encoded data bit defined in (155). In a corresponding manner, the ensemble variance of
the soft symbol estimates (106) can be replaced by the respective expected value. The
distribution of the likelihood is defined by the feedback mutual information using (123) so
that

σd,k = J−1 (Ie,k) . (157)

In practice the value of (156) can be computed by Monte-Carlo integration and since the
dependence of λ̄k and δk on the prior information is modulation-specific, the computation
needs to be performed once for each studied modulation. A look-up table or a suitable
functional approximation can be used in the numerical convergence analysis studies.

The expected values of the symbol residual interference E
{
λ̄
}

and the soft symbol es-
timate variance can now be used in the computation of the SNR of the equivalent Gaussian
channel at the output of the equalizer. Using (108), the instantaneous SNR of the equalizer
output conditioned on the channel state and the receiver noise variance can be expressed
as

Lk,a =
µk,a

1 − µk,a
, (158)

The mutual information between transmitted bits and the de-mapper output is then
computed as the average bitwise mutual information of the equivalent Gaussian channel
output as [136]

Ie,k = CB (µk,a, B) − 1

2M

M∑

j=1

1∑

k=0

CBj

k
(µk,a, B) , (159)

where CBj

k

is the constellation constrained capacity (CCC) of the jth sub-constellation
consisting of the points where the bit j takes the value k. The CCC of a constellation in
an AWGN channel with variance µk,a (1 − µk,a) /2 per dimension is defined as

CB (µk,a, B) =

M − 2−M
M∑

i=1

E



log2

M∑

j=1

exp

(
−|µk,a (bi − bj) + v|2 − |v|2

µk,a (1 − µk,a) /p

)
 , (160)

where p = 1 for complex and p = 2 for real modulations. The sub-constellations are
defined by the mapping rule assumed and the value of CBj

k
can be computed with (160)

by setting M → M−1 and defining bi and bj for the sub-constellation. The expectation in
(160) is taken over the two-dimensional Gaussian distribution of the zero-mean complex
noise variable v. In the case of real valued binary signaling (160) specializes into (123).

For practical numerical computations, the functions (159) for the desired mapping can
be precomputed, and approximated by (c.f. [131])

Ie,k(σe,k) ≈
(
1 − 2−H1σ

2H2
e,k

)H3

, (161)

where the parameter σe,k is defined as

σe,k =

{
2
√

2Lk,a real modulation (162)
2
√
Lk,a complex modulation, (163)
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Table 6. Approximation parameters for Eqs. (161), Gray mapping.

Modulation H1 H2 H3

BPSK [131] 0.3073 0.8935 1.1064
QPSK 0.3073 0.8935 1.1064
8PSK 0.2516 0.7274 1.2392

16QAM 0.2224 0.6783 1.3617

and the mapping-specific parameters H1, H2 and H3 can be obtained by least-squared
curve fitting. The parameter values for BPSK and Gray-mapped QPSK, 8PSK and 16QAM
are listed in Table 6.

In summary, the average mutual information at the equalizer (de-mapper) output for
a given mutual information of the channel decoder feedback extrinsic information Id,k,
conditioned on the channel state and receiver noise variance can be evaluated by:

A: computing E
{
λ̄k

}
and E {δk} using Id,k for all k,

B: computing E {γ̄k} and E {µk,a} for all k,
C: evaluating the average mutual information using (161).
D: Look-up the decoder output extrinsic information corresponding to the input infor-

mation.

If the method is to be used for tracking the equalizer convergence through the turbo iter-
ations, the initial condition of Id,k = 0 is applied for all k, and the iterations are tracked
through repeating steps A-D above until a fixed point is reached. A fixed point can be
detected with a suitable stopping condition, e.g. that the change of Ia,k between two con-
secutive iterations is below a suitable threshold, here chosen to be 10−6. In the numerical
evaluations, based on the fact that in simulations with fading channels most gain of turbo
equalizers is experienced within 3-4 iterations, the maximum allowed number of itera-
tions was limited to 30. The channel decoder a posteriori information corresponding to
the fixed point is then obtained from a simulated lookup table. It must be noted, that
the combination of a maximum number of iterations and the used stopping condition can
provide pessimistic results, if the convergence tunnel is very small and the code and the
equalizer are well matched.

4.3.1 Accuracy verification

The accuracy of the proposed method for computing the approximate EXIT function for
the frequency-domain equalizer is tested by comparing the analytical results with EXIT
functions obtained empirically through numerical simulations using histograms [66]. Two
scenarios were considered, the first of which is a single-input-single-output case using
BPSK modulation, with the absolute value of the channel coefficients given by h =
1

T
2 ⊗ [1.1, 2.26, 3.47, 2.33, 1.1], where 1n ∈ 1n×1 is an all-ones vector. The absolute
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value of each coefficient is rotated with a randomly generated phase drawn from a uniform
distribution over [0, 2π]. The equalizer is simulated with a block length of 16384 coded
symbols over 10 blocks per each EXIT function point. The measured mutual information
at the equalizer output is compared to the value computed using the J-function approxi-
mation (161). The analytical EXIT function is computed with an FFT length of 256. The
result indicates that in an SISO case the analysis is very accurate when Id,k → 1, regard-
less of the SNR. The analysis is less accurate when prior information is low. A closer
examination of the test simulation results reported in Fig. 27 confirm the relative error of
the analysis compared to the simulation is less than 2.5% in the tested case. The second
verification case is a two-by-two spatially uncorrelated MIMO scenario, and the utilized
channel is randomly generated assuming 20 channel coefficients with equal average en-
ergy. In Fig. 28, the EXIT function surface is shown for both the simulated system and
an analytically computed equivalent at -3dB SNR. In this case, the relative error can be as
high as 11% at low SNR, but reduces quickly at higher SNRs. In general, the accuracy
of the method can be considered sufficient for generic evaluations of convergence and the
behavior of the equalizer. If accurate absolute performance evaluations are required, the
accuracy should be further evaluated.
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4.4 EXIT function characteristics

It is worthwhile considering the characteristics of equalizer EXIT functions. The expres-
sion (159) due to the discrete constellation makes direct evaluations of mutual information
difficult. However, the mutual information is monotonic in Lk,a, which in turn is mono-
tonic in µk,a. Therefore, the behavior of µk,a in extremes of the EXIT function can be
analyzed to gain a level of understanding of EXIT function behavior.

The eigenvalue decompositions of the matrices ΞkΞ
H
k and ΞΞ

H are given by
ΞkΞ

H
k = ΦkΥkΦ

H
k (164)

ΞΞ
H = ΦΥΦ

H, (165)
where Φk and Φ represent the left eigenvectors of the desired and the total received com-
posite signal, respectively. The (J(f−1)+j)th column of Φk, denoted as φk(J(f−1)+j)
(Φ and φ(J(f − 1) + j) have a corresponding relation), expresses the jth left spatial
eigenvector of the desired signal’s channel at frequency bin f , and has J non-zero ele-
ments (f, f + J, f + 2J, . . .), with the corresponding diagonal entry of Υk , denoted as
sk(f + j), being the jth spatial eigenvalue at frequency bin f . The covariance matrix of
the interference-canceled signal can be expressed by the sum

Ξ∆aΞ
H + σ2

0I =

K∑

k=1

λ̄kΦkΥkΦ
H
k (166)

= VῩV
H
. (167)

Now (105) can be expressed by

γ̄k = N−1tr





Υ
H/2
k


λ̄kΥk +

∑

k′=1
k′ 6=k

λ̄k′Pkk′Υk′P
H
kk′ + σ2

0I




−1

Υ
1/2
k





(168)

= N−1tr
{
Υ

H/2
k Φ

H
kV

(
Ῡ + σ2

0I
)−1

V
H
ΦkΥ

1/2
k

}
, (169)

where Pkk′ = Φ
H
kΦk′ expresses the overlap between the eigenbases of the signals of

different transmit antennas.

4.4.1 Single transmit and single receive antenna

Using (105)–(106) and (168), the minimum and maximum values of (108) that define the
corresponding extreme values of the equalizer EXIT function can be obtained. The differ-
ence between these values represents the generic orientation of the function. In practical
terms, the difference demonstrates the usefulness of prior information in equalization, i.e.
, “turbo gain”. In a system with one transmit and one receive antenna, Eq. (168) can be
computed with Ξk = Ξ, υf = h(f), and µk,a is given by

µa(Id = 0) = N−1
N∑

f=1

|h(f)|2

|h(f)|2 + σ2
0

, (170)
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and

µa(Id = 1) =

N−1
N∑

f=1

|h(f)|2

N−1
N∑

f=1

|h(f)|2 + σ2
0

, (171)

for the cases of no and full prior information, respectively. The mean squared channel re-
sponse and the receiver noise level σ2

0 in (171) fully determine the instantaneous equalizer
output SNR with perfect prior information. Also, it can be noted, that µa(Id = 1) → 1 as
σ2

0 → 0 if the channel response is non-zero.
By simple arithmetic the difference of (170) and (171) can be expressed by

µa(Id = 1) − µa(Id = 0) = N−1


1 +

σ2
0

N−1
N∑

f=1

|h(f)|2




−1

×

N∑

f=1

(
1 +

|h(f)|2
σ2

0

)−1


1 − |h(f)|2

N−1
N∑

f=1

|h(f)|2


 . (172)

In (172), the first term inside the summation is a factor inversely proportional to the in-
stantaneous frequency-wise SNR taking values in the range of (0, 1). The second term is
the difference of the squared channel frequency response within each frequency bin to the
mean squared response. The product of the two terms has an effect of emphasizing deep
spectral nulls. If the squared channel frequency response is expressed by the sum of its
mean and a zero-mean random component as

|h(f)|2 = |h|2 +
˜|h(f)|2, (173)

Eq. (172) can be expressed as

µa(Id = 1) − µa(Id = 0) =

−N−1
(
|h|2 + σ2

0

)−1 N∑

f=1


1 +

|h|2
σ2

0

+
˜|h(f)|2
σ2

0




−1

˜|h(f)|2. (174)

By noting that the frequency-varying squared component ˜|h(f)|2 corresponds to the en-
ergy of the separable multipath components with a non-zero relative delay to the first
received path, (174) represents a measure of channel delay dispersion. The result is intu-
itively satisfying and consistent with earlier results in [82] linking the frequency-selectivity
of the channel to turbo equalizer convergence.
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4.4.2 EXIT function slope with single transmit and single receive
antenna

The EXIT function shape can be studied in more detail by considering the 1st derivative
(slope) of the function. Only the case of BPSK modulation is considered explicitly, but
the analysis is applicable and easily extendable to higher order modulations.

The 1st derivative of Ie can be expressed as

dIe

dId
=

dIe

dσe

dσe

dδ

dδ

dId
, (175)

where the first term is simply the 1st derivative of the CCC-function at the given point σe,
the second term expresses the change of σe with the prior information embodied in δ, and
the last term expresses the dependence of δ on the prior information. These represent the
characteristics of the de-mapper, the equalizer, and the soft symbol estimator, respectively.
An example of the contribution of these three components is depicted in Fig. 30 together
with the error between the computed and the 1st derivative of the EXIT function computed
with the method in Section 4.3.

When Id → 1 the 1st derivative approaches zero indicating a flattening of the EXIT
function close to the point of perfect prior information. This implies the equalizer operates
very close to the GAD bound even if the feedback is not perfect and is the result of the
third term of (175) approaching zero when Id → 1. The behavior is related to the soft
symbol estimator and is, thus, modulation dependent. Incidentally, a similar discovery of
the EXIT function shape was made in [73] for the MAP equalizer.

The 1st derivative component due to the de-mapper is almost constant, which results
from the relatively small output range of the EXIT functions, as demonstrated by Fig. 27.
This indicates the function values are the result of a relatively small range of inputs (for
each function) to the de-mapper function (159), which is locally well-approximated as
linear.

Fig. 31 shows a plot of the 1st and 2nd components of Equation (175) as functions
of prior information and instantaneous SNR (ranging from −10 to 10dB). The third term
is omitted since it depends only on prior information and the characteristic is shown in
Fig. 30. The plot is computed directly from the analytical EXIT charts for the channel
also used in Fig. 27. The 1st term decreases at high and low values of σe but remains
almost constant over the range of Id for a particular SNR. The 1st term compensates for
the large values of the 2nd term (filter term) at high SNR. The first and the third terms
in (175) are dependent on the utilized symbol mapping. In the following, an analytical
expression is developed for the second term, which depends on the channel realization,
and a look-up table aided interpolation. A functional approximation for the first and third
terms, respectively, are used to produce the numerical results.

With the definition of

ς (δ) =
|h(f)|2

(1 − δ) |h(f)|2 + σ2
0

, (176)

the second term due to the linear filter in (175) can be expressed, using (108), (158) and
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(163), by

∂σe

∂δ
=

√
2γ− 1

2 (1 + γ (δ − 1))−
3
2 N−1

N∑

f=1

(ς (δ) − ς (δ))2 , (177)

where

ς (δ) = N−1
N∑

f=1

ς (δ) . (178)

It can be noted from (177) and (178), that the EXIT function slope is dependent on the sec-
ond central moment of the per-frequency SINR. As in (174), this measure is proportional
to the channel frequency-selectivity.

4.4.3 Spatial separation of multiple antennas

Consider a MIMO case (J > 1, K > 1), where (168) for no prior information results in

0
0µk,a(0) = N−1tr
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0I +
K∑

k′=1
k′ 6=k

Pkk′Υk′P
H
kk′




−1

Υ
1/2
k





.(179)

Eq. (179) indicates the effect of spatial eigenvectors and gets its minimum and maximum
values

min
Pkk′∀ k′

{
0
0µk,a (0)

}
= N−1tr

{
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H/2
k

(
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0I
)−1

Υ
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}
(180)

max
Φk ,V

{
0
0µk,a(0)

}
= N−1tr

{
Υ

H/2
k

(
Υk + σ2

0I
)−1

Υ
1/2
k

}
, (181)

with Φ
H
kV = I in the case of fully correlated channels, and Pkk′ = 0∀ k, k′ in the case of

orthogonal channels. The overlap of the signal eigenbases then defines the effective SNR
with no prior information.

In the case of full prior information, the EXIT function value depends purely on the
eigenvalues of the channel matrix so that

Lk,a = N−1σ−2
0 tr {Υk} . (182)

Since no interference is present, spatial separation plays no role in (182), but the distribu-
tion of eigenvalues is influenced by spatial correlation. Increasing correlation reduces the
number of significant spatial eigenvalues [94] and reduces the values assumed by (182) on
average.
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4.4.4 EXIT function orientation

In Figures 22 and 23 it appears that the equalizer EXIT surface slope towards the co-
channel interference direction is larger. This would indicate co-channel interference can-
cellation brings more gain than self-interference cancellation. This effect can be analyzed
by considering an arbitrary point of a three-dimensional EXIT chart, for which γ̄k can be
expressed by

γ̄k = N−1tr
{
Υk

(
σ2

0I + (1 − δk)Υk + (1 − δk′ )Pkk′Υk′

)−1
}

, (183)

where {k, k′} = {1, 2} or {k, k′} = {2, 1} depending on which transmission is consid-
ered. Self-interference cancellation gain can be illustrated by the partial derivative of the
mean equalizer output

∂µk,a

∂δk
=

∂

∂δk

γ̄k

1 + δkγ̄k
(184)

=
∂γ̄k/∂δk − γ̄2

k

(1 + δkγ̄k)
2 , (185)

and the co-channel interference cancellation gain correspondingly by

∂µk,a

∂δk′

=
∂

∂δk′

γ̄k

1 + δkγ̄k
(186)

=
∂γ̄k/∂δk′

(1 + δkγ̄k)
2 (187)

=
∂µk,a

∂δk
+

γ̄2
k + ∂γ̄k/∂δk′ − ∂γ̄k/∂δk

(1 + δkγ̄k)2
. (188)

The above indicates that the EXIT function increase is always larger towards co-channel
interference suppression if

∂γ̄k/∂δk − ∂γ̄k/∂δk′ < γ̄2
k . (189)

The partial derivative of γ̄k with respect to δk′ can be expressed, after converting the
quadratic form (183) into a sum, by

∂γ̄k

∂δk′

= −N−1
N∑
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(υk,i)
2

N∑
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(190)

and bounded from below and above, as shown in Appendix 3, by

N−1
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2

N∑

j=1

∣∣Pkk′ ,[j,i]

∣∣2

ῡ2
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ῡ2
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max (υk′) , (191)
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where υk,i is the ith eigenvalue of Υk, ῡi is the ith eigenvalue of Ῡ and Pkk′ ,[i,j] denotes
the jth component on the ith row of Pkk′ . Unfortunately the bounds depend on the max-
imum and minimum eigenvalues of the channel matrix, and are quite loose. The slope
depends heavily on the overlap between the signal spaces of the transmissions given by
the matrix product Pk′ . For spatially orthogonal signals, Pkk′ = 0, and the slope towards
co-channel interference is zero. For fully correlated signals Pkk′ = I and the slope gets
its maximum value

∂γ̄k

∂δk′

= N−1
N∑

i=1

(υk,i)
2 υk′,i

ῡ2
i

, (192)

as given in Appendix 3. Since

∂γ̄k

∂δk
= N−1

N∑

i=1

(υk,i)
2 υk,i

ῡ2
i

, (193)

the constraint (189) can now be expressed as

N−1
N∑
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(
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ῡi

)2

(υk,i − υk′,i) <

(
N−1
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ῡj
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, (194)

which can be given in a more compact form as

N−1tr
{
Υ

2
kῩ

−2 (Υk −Υk′)
}
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(
N−1tr
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ΥkῩ
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. (195)

By taking the upper bound

N−1tr
{
Υ

2
kῩ

−2 (Υk −Υk′ )
}

< N−1tr
{
ΥkῩ

−1
}2

(tr {Υk} − tr {Υk′}) , (196)

the constraint becomes
tr {Υk} − tr {Υk′} < N−1. (197)

The above indicates, that unless the channel of the transmission k′ is weaker compared
to the desired transmission, suppressing co-channel interference is more beneficial than
self-interference suppression in the correlated case. In the partially correlated case, the
amount of spatial overlap of signal eigenbases determines the EXIT function 1st differen-
tial towards co-channel interference.

4.4.5 EXIT function slope with multiple transmit antennas

When multiple transmit antennas are used, the shape of the EXIT functions along the chart
sides, i.e., when a number of interfering antennas have been totally suppressed, becomes
relevant. It relates to the shapes of order-projected EXIT functions when different order-
ings are assumed. The expressions for the mean equalizer output at the endpoints of the
order-projected EXIT functions 0

1fe,ok
(Id,ok

) corresponding to an arbitrary ordering ō can
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be defined by
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The difference between (198) and (199) is smaller when the difference between 0
1γ̄ok

(0)
and 0

1γ̄ok
(1) is small, and they both have small values. It can be shown, that the eigenval-

ues of the covariance matrix for interference and noise for a given point in the ordering ō,
ordered on the diagonal of Υōk

in

K∑

k′=ok

Pokk′Υk′P
H
okk′ + σ2

0I = Vōk
Ῡōk

V
H
ōk

(201)

have the property that [137]

Υo1 ≥ Υo2 ≥ . . .ΥoK−1 ≥ ΥoK
, (202)

where the inequality denotes semidefinite ordering, but can be considered component-wise
due to the matrices being diagonal. The property is the result of each matrix being the sum
of the subsequent matrix and a positive definite matrix. This property has a decreasing
effect on the values of (198) and (199) with increasing order index. Thus, the slope of the
order-projected EXIT function of transmission k is smaller the earlier the transmission is
placed in the ordering. Also, the vertical placement of the order-projected EXIT function
on the chart is dependent on the ordering, highlighting the importance of optimal ordering
in the successful detection of transmissions with several antennas. A simple example of
this is the optimal ordering in the two-transmission case of Fig. 25 where the optimal
ordering selects the transmission with the larger EXIT function value at the initial point
Id = {0, 0}.

4.5 Summary and discussion

The tracking of extrinsic likelihood mutual information provides a suitable framework
for the convergence analysis of turbo equalizers. With a few simple assumptions of the
behavior of equalizer EXIT functions and utilizing the area property of channel codes,
the principles for analyzing achievable rates using the functions can be developed. Some
simple interpretations of the approximate shape of the rate region were shown, whereas a



90

more detailed analysis requires concrete knowledge of the EXIT functions. In the case of
symmetric code design for transmit antennas, the achievable rate was found to be bounded
by the point-wise minimum of the order-projected EXIT functions in an ordering giving
the maximum EXIT function area among all detector orderings. A simpler design principle
selects the ordering based on the largest minimum starting point of the order-projected
EXIT functions. The achievable rate is then bounded above by the point-wise minimum
of the order-projected EXIT functions within that ordering.

The properties of the frequency-domain MMSE turbo equalizer were analyzed by in-
troducing a semi-analytical method for computing the equalizer EXIT chart. The method
uses the expressions for the equalizer output SNR given the channel state, receiver noise
level and prior information accuracy, and computes the de-mapper output average mutual
information. The method was found to be accurate enough for analyzing equalizer behav-
ior. Increased frequency-selectivity was found to increase the slope of the EXIT function.
Spatial channel correlation properties influence the co-channel interference severity and,
thus, the EXIT function slope towards co-channel interference directions. Increased spa-
tial correlation increases the EXIT function slope and decreases the EXIT function value
with no prior information and with full prior information. In the case of multiple transmit
antennas, the order-projection of the EXIT function of a transmission was found the be
closer to horizontal the earlier in the ordering the transmission is placed.

It is well known that Gray mapping is the worst mapping choice in terms of itera-
tive de-mapping [138, 65]. However, if any other than Gray mapping was used, iterative
de-mapping should be modeled in the de-mapping, effectively making the de-mapper a
function of the equalizer output SNR and the prior information. Such two-dimensional
modeling of the de-mapping is possible [131], but makes the procedure obviously more
complex. On the other hand, if the modulation is considered as a form of inner coding,
a suitable choice or design of outer coding should enable any modulation choice to reach
achievable rate limits. In the case of multilevel modulation, this may mean the utilization
of multilevel codes as outer codes to correctly match modulation and coding.



5 Fading channels

The radio propagation in the channel largely defines the performance limits of wireless
transmission systems. The state of a multipath propagation channel is dependent on the
physical positions of the transmitter, the scattering objects, and the receiver. If either
changes, the channel state changes. If physically distant locations are considered, the sta-
tistical behavior of the channel can be very different. Locally, however, the statical channel
characteristics can be considered to be constant. From the wireless system’s point of view,
then, it becomes relevant how the statistical properties influence the system performance.

In the previous chapters, it has been shown how various instantaneous channel proper-
ties and the convergence of the MMSE turbo equalizer are coupled. In this chapter, the
channel is considered to be a random process, and its parameters influence the perfor-
mance statistics of the MMSE turbo equalizer. The convergence statistics of the equalizer
are evaluated with channel codes whose implementations are widely available, i.e., can be
considered off-the-shelf. Furthermore, a code design principle is developed for reaching a
convergence outage with the MMSE turbo equalizer in quasi-static fading channels. The
principle is applied to the case of an SIMO channel, and an extension to MIMO transmis-
sion is provided.

5.1 Convergence in fading channels

The method used in the sequel for interpreting the computed EXIT chart of the channel
decoder is demonstrated in Fig. 32, which illustrates the enlarged rightmost part of a reg-
ular two-dimensional EXIT chart. First, the fixed point of detector iterations is found
through the repetition of the convergence tracking iteration steps as listed in Section 4.3.
The extrinsic and a posteriori information at the decoder output corresponding to the fixed
point of detector iteration are given by I ′

e,k and I ′a,k, respectively. The latter is the point
in the a posteriori information function Ia,k corresponding to the fixed point as indicated
in Fig. 32. The mutual information reached by genie-aided detection is found by comput-
ing the equalizer output mutual information with perfect prior knowledge and finding the
corresponding value of Ia,k , shown in Fig. 32 as I ′a,k,GAD. The resulting GAD mutual
information then represents the attainable mutual information given the selected channel
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I ′a,k I ′a,k,GAD

Fig. 32. Measures recorded from the EXIT chart for each channel state.

code, and can be utilized as the reference to equalizer convergence.
Each random realization of the quasi-static fading channel, which remains constant

over the transmitted frame, but varies independently from frame to frame, is used to gen-
erate an EXIT function of the equalizer. The joint distribution of the channel results in an
empirical distribution of EXIT functions, which can be evaluated. The convergence track-
ing and mutual information analysis are performed for a sample set of channel realizations
and average SNR values. When combined with a channel code, the resulting cumula-
tive distribution functions (cdf) of a posteriori mutual information corresponding to the
reached fixed point and for the GAD bound are computed. An outage mutual information
Ith for which P

(
I ′a,k ≥ Ith

)
= Pout is fulfilled for the outage probability Pout is com-

puted. In the sequel, mutual information in the context of convergence implies extrinsic
information, and at the fixed point a posteriori information.

5.1.1 Considered channel codes

Two channel codes are considered in the evaluations: a rate-1/2 convolutional code (CC)
with polynomials (561, 753)8 and a rate-1/2 turbo code (TuC) which is obtained from the
rate-1/3 turbo code with polynomials (1, 13/15)8 by puncturing even bits from the first
and odd bits from the second constituent encoder. The simulated EXIT functions of these
codes are presented in Fig. 33. Both of the codes can be considered off-the-shelf, due to
their being included in the Third Generation Partnership Project (3GPP) standards [139].
The evaluations in this section will, thus, represent an example of what can be achieved
with codes used in current standards. For improving upon this, irregular LDPC codes are
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Fig. 33. 3GPP channel code EXIT and a posteriori functions.

considered in Section 5.2 for EXIT function based code design, but their characteristics
are not considered here any further. The EXIT functions of the considered convolutional
and turbo codes have two significant differences. Firstly, the turbo code function is larger
in the middle of the range, indicating a higher SNR threshold for convergence. Secondly,
the turbo code function is very flat in the high range of the input, indicating a good error
performance if that part of the chart is reached by the iterations. The convolutional code
has a rounder shape in the high range, indicating this range may limit the final error perfor-
mance in some cases. The EXIT functions of both codes were generated by simulating 10
blocks of length 30000 coded bits, and measuring the mutual information of the extrinsic
outputs with histograms. In the case of the turbo code, the decoder performs 6 iterations.
In [140], it is approximated that the probability of loops of length c ≥ 4 in the turbo code
graph is given by exp

(
−
(
2c−1 − 4

)
/RN

)
when N is large. This would mean there is a

probability of 0.19% for loops of length 6, and as a result, the information provided by the
turbo decoder can be considered independent.

5.1.2 Interleaving

Interleaving is an important randomization technique in almost all wireless communica-
tion systems. In the case of multi-access systems over frequency-selective channels, in-
terleaving has two tasks. Firstly, to randomize the correlated (due to channel memory)
equalizer outputs for the decoder so that the decoder input appears independent. This
randomization operates in a similar manner on the decoder feedback so that the equalizer
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can assume independent feedback. Secondly, to better separate multiple transmissions
by breaking channel memory due to multiple access by using different interleaving for
different transmissions as demonstrated e.g. in [19, 27].

More fundamentally, iterative detection can be seen as an instance of belief propagation
algorithms on the dependency graph of the system. Their convergence to the correct de-
cision is affected, among other things, by the presence of loops in the dependency graph.
The optimal belief-propagation algorithm converges to the correct solution only in tree-
like graphs. If the graph has a loop of length c, the iterative algorithm is denoted as locally
optimal and can perform a maximum of c iterations before the effect of the loop is expe-
rienced. After c iterations the algorithm begins to amplify its own results and optimality
is lost. Loops can be made longer by using interleavers, and the length of the interleaver
is related to the minimum loop length. When the interleaver length N is increased, the
probability of finite loops in the graph decreases linearly with N [25, 26]. The graphs of
multi-access systems have loops with small N , but at the limit of infinite block length their
graphs can become loop-free [80] if the used channel code is loop-free.

In systems with finite block lengths, the existence of loops in the system graph is in-
evitable and must be accounted for. In such cases the expected lengths of the loops must
be estimated, and the detection organized taking the estimate into account. If a part of the
system, e.g. the turbo code, contains loops, it limits the number how many times this part
can be activated during the operation of the detector without sacrificing optimality.

5.1.3 Channel delay spread

As indicated in Chapter 4, frequency-selectivity has a direct effect on the slope of the
EXIT function. Since also the instantaneous received SNR has an effect on the function
values, frequency selectivity should also make the distribution of EXIT functions more
concentrated due to the added diversity. This effect is visualized in Figs. 34 and 35, where
the point-wise cdf of function values of EXIT functions for randomly generated 4- and
32-path channels are presented. Each cdf is plotted for the range of a priori function input
parameter values. The average received SNR is 0dB and the channel coefficients have an
i.i.d. Rayleigh distributed envelope and random phase. To be precise, the point-wise cdf is
defined as

Fcdf (Id, I) = P (fe (Id) < I) . (203)

It must be noted that since the cdf is over the outputs of the random functions for a given
prior input mutual information, the properties of the individual functions are lost. The
shape of the cdf illustrates how the random ensemble behaves, however. An interesting
asymptotic result can be observed from Fig. 36, where the corresponding EXIT functions
are plotted for the hypothetical case of 16384 i.i.d. multipaths. All the EXIT functions
are effectively identical due to the very large diversity order. A similar result should then
asymptotically be the result in the case of a finite number of multipaths, if the number of
receive antennas is increased, or a diversity transmission method like cyclic delay diversity
[141, 142] (CDD), which can increase the number of independent multipaths, is used to
increase the diversity order.

To study the statistical convergence behavior of the equalizer in a channel with varying
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Fig. 34. Point-wise cdf of 500 randomly generated EXIT functions at SNR 0dB with a 4-path
i.i.d. Rayleigh fading channel.
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Fig. 35. Point-wise cdf of 500 randomly generated EXIT functions at SNR 0dB with a 32-path
i.i.d. Rayleigh fading channel.
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Fig. 36. 500 Randomly generated EXIT functions at SNR 0dB with a 16384-path i.i.d. Rayleigh
fading channel.

frequency-selectivity, a channel with a varying power delay profile is considered. The
exponential decay of the channel power delay profile is expressed as the average energy
difference between consecutive paths (in dB). The analysis is performed for a set of 2000
random channel realizations. Figs. 37 and 38 show the 1% outage mutual information
as a function of the average channel SNR for the 3GPP convolutional and turbo codes,
respectively. Successful convergence over the ensemble of fading channel realizations is
indicated by the small distance of the equalizer mutual information to that of the GAD,
meaning the equalizer and the channel code are well matched. Having the equalizer mutual
information cdf and the GAD cdf far separated indicates a poor match, which is manifested
as an increase in required SNR to reach a target mutual information.

Due to the behavior of the EXIT function of the CC in Fig. 33 at high mutual informa-
tion, the CC requires an increased SNR to reach good performance over what is needed for
equalizer convergence only. The outage behavior can be considered to be code-dominated.
Fig. 38 shows the behavior of the turbo code combined with the equalizer. The equalizer
shows low mutual information up to a certain SNR point, after which the mutual infor-
mation rises quickly close to the maximum. The difference to the CC is due to the shape
of the code’s EXIT function in the middle of the range of Id,k. While the TuC has good
properties over the range of high prior mutual information, the code properties limit the
convergence of the equalizer, and the outage behavior can be considered convergence-
dominated. A conclusion can be drawn that a good channel code for turbo equalization
should have both good final performance near the GAD bound and suitable convergence
properties so as not to limit the equalizer convergence. This indicates the channel code
should somehow be matched to the statistics of the equalizer EXIT functions.
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Fig. 37. Mutual information reached with 1% outage in an SISO channel with high delay
spread, convolutional code.
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Next, the average SNR required to reach a target mutual information (set to 0.999) with
outage 1% and 10% when the channel delay spread changes are evaluated. The exponen-
tial decay factor of the channel PDP is varied from 0dB to 4dB, so that the channel changes
from a highly frequency-selective channel at one end to a channel with relatively mild de-
lay spread at the other. From Fig. 39 it can be seen how the reduced frequency-selectivity
is translated into a higher required SNR to achieve the desired outage. For a lower outage
target the required SNR increase is more rapid with the increasing channel decay factor, a
normal effect when the diversity order is decreased. For the considered target link relia-
bility it can be seen that the turbo code performs better for low-order modulations, and the
convolutional code for high-order modulations.

5.1.4 Spatial correlation in MIMO channels

A spatially correlated 32-tap Rayleigh fading channel with two different exponential de-
cays (1 and 3dB) between consecutive paths is considered. These slightly arbitrary ex-
ponential decays are chosen to represent the cases of extreme and mild multipath and
multipath diversity, with the motivation of highlighting the differences due to different
multipath interference and diversity effects. The effect of spatial channel correlation and
channel frequency-selectivity to the achieved a posteriori mutual information is evaluated.
A real-valued transmit and receive-side path cross-correlation matrix with exponentially
decaying off-diagonals is assumed for the Kronecker spatial channel model, so that

ρi,j = ρ̃|i−j| (204)
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and
%i,j = %̃|i−j| (205)

define the cross-correlation matrices according to (16) on the receive and (18) on the trans-
mit side, respectively. The path cross-correlation is assumed to be the same for all channel
multipaths. In the considered cases, both ρ̃ and %̃ are varied between 0.1 and 0.9. Since the
cross-correlation matrix is the dual of the power-azimuth spectrum, a receive-side cross-
correlation matrix identical to all transmissions forces the same mean angle-of-arrival for
all transmissions and implements the worst-case scenario in terms of spatial separation of
transmissions.

In the case of correlation on either side of the link, the question of duality arises. It is
known that since the eigenvalues of the product of two matrices are the same irrespective
of the order of multiplication [137, p. 53], the mean of γ̄k over k remains the same irre-
spective of the side where the correlation between antennas is experienced. As a result,
an MMSE turbo equalizer utilizing a single channel code would obviously experience a
dual channel. However, for strict duality in the considered case of separate transmissions
the same is required for each γ̄k. This requirement is equivalent to the requirement that
Φ

H
kV in (169) remains invariant between the cases of transmit and receive side correla-

tion, the analysis of which becomes quite involved. Since the simple case suggests some
duality is present in the system, an evaluation can be performed by simulation to learn
about duality in the separate transmission case. Figures 40 and 41 report how increasing
channel correlation on the transmit and receive side results in higher required average SNR
to reach the mutual information target. The result suggests channel duality holds at least
approximately in the separate transmission case, but small differences exist.

Transmit side correlation seems not to influence CC transmission with BPSK and
QPSK at all, while a small influence is visible due to receive side correlation. Con-
volutional codes have a performance advantage at high correlation and with 8-PSK and
16-QAM modulations in both transmit and receive side correlation. The higher the modu-
lation order, the more influence spatial correlation has on the performance. Fig. 42 depicts
the same multipath case with spatial correlation on both sides of the link. Most notable is
the increased sensitivity to spatial correlation, but the performance characteristic is very
similar to the cases with correlation on either side of the link. Figures 43 and 44 depict
the evaluation for the channel with the power-delay profile decay set to 3dB and consid-
ering receive- and transmit- and receive-side correlation, respectively. The figures have
been obtained by simulation of 1000 channel realizations. The reduced multipath (fre-
quency) diversity is demonstrated by the higher overall required SNR compared to the
1dB decay channel. Also, the lower outage now requires relatively more received SNR.
However, the loss due to spatial correlation is very similar to the 1dB channel. For low
spatial correlation, the difference between CC and TuC is smaller than in the 1dB decay
channel.

5.2 Coding for fading channels

In Chapter 4 it was emphasized how the channel code and the equalizer EXIT functions
should be matched to enable maximum throughput or minimum required received SNR in
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a given channel. In Section 5.1 it was shown how the equalizer EXIT function behaves
in a quasi-static fading channel and how off-the shelf codes perform with the random
channel. Further code optimization is possible if the equalizer EXIT function statistics,
i.e., the channel statistics, are assumed to be known. In the following, an SISO or SIMO
transmission is assumed.

Any design based on EXIT functions is effectively defined as the relation between the
designed code EXIT function and the distribution of the equalizer EXIT functions given
the channel statistics. The EXIT function of the designed code is denoted as a “designed
function” in the sequel. If only the knowledge of channel statistics is assumed at the
transmitter, the design should be based on the concept of outage, where a certain design
rate is guaranteed at a certain outage probability. In the case of turbo equalization, an
outage happens when the equalizer EXIT function is below the designed function at any
point within the function range. Thus, the design should enable successful convergence
with the probability 1 − Pout, or alternatively put, unsuccessful convergence with the
probability Pout.

The case of unsuccessful convergence indicates as case where the designed function
is below or crosses the equalizer EXIT function. With the outage approach, this event
must have the probability Pout. This, however, requires that properties of all possible
equalizer EXIT functions, given the channel statistics, must be taken into account in the
design. Then, a suitable EXIT function design to reach the desired outage can be found.
An approximative but simpler approach is to treat the equalizer EXIT functions as an en-
semble, and to assume all the functions are (approximately) parallel so that they do not
cross each other. The area property of the code can then be extended to random equal-
izer EXIT function ensembles. The design function should maximize the area below the
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designed function while minimizing the volume of the ensemble cdf below the designed
function. If the designed function follows a constant value curve of the equalizer EXIT
function ensemble cdf, the assumption of function parallelism guarantees any equalizer
EXIT function is either above or below the designed function, and the requirement for
maximum area with minimum volume is fulfilled. An example of the approach is depicted
in Fig. 45. The designed function producing the desired outage is then defined by

Fcdf (Id, fd (Id)) = Pout. (206)

showing the optimal outage design follows the constant value curve of the equalizer EXIT
function cdf defined by the desired outage. In reality the equalizer EXIT functions are
not strictly parallel and the designed function results in a higher outage probability than
desired.

If closed-form EXIT functions are not available for the equalizer, the EXIT function
cdfs can be generated for a set of average received SNRs and the resulting SNR-wise
designed functions used to find a designed function giving the desired code rate. To avoid
extensive generation of EXIT function sets in different SNRs, small changes in SNR can
be approximated by interpolation between designed functions for SNRs that are close
enough.

5.2.1 Code design using the combined EXIT function

Irregular LDPC codes are a good choice for outer codes due to the flexibility offered by
their design and the fact that they can be made to approach channel capacity. A block
diagram depicting a simple example of the code structure is given in Fig. 46. The variable
nodes represent encoded data and the check nodes their dependencies, as further explained
by e.g. [133]. In the EXIT analysis, the variable nodes (marked by v in Fig. 46) are
modeled as encoders repeating the message corresponding to the channel input of the
node. Check nodes (marked by c in Fig. 46) are modeled as single parity check decoders,
computing a single parity check for each edge connected to the node. The log-likelihood
ratios passed on the edges of the decoder graph during the decoding process are assumed
to be Gaussian distributed. The approximation results in a small loss of accuracy with a
significant simplification of the optimization process [143]. Check-regular codes with a
fixed check node degree are chosen. By properly choosing the degree distribution (i.e.
distribution of the number of edges connected to each node) of variable node connections,
the EXIT function of the code can be controlled. The code design is not presented here
in detail, but further information can be found in [71, 143, 91]. The design is based on
combining the equalizer EXIT function with the EXIT function of the variable nodes, so
that the extrinsic information at the output of the variable node decoders is given by

IV = fV,e(IC) (207)

= fV

(
J
(√

(J−1 (Ie))
2

+ (J −1 (IC))
2

))
, (208)

with
Ie = fe(fV (IC)), (209)



104

0
0.2

0.4
0.6

0.8
1

00.10.20.30.40.50.60.70.80.91
0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

Id

fout, Pout=1%

I

P(
I e<I

)

Fig. 45. Cdf of equalizer EXIT function values fe(Id) and outage based designed code function
fout, SNR = −3dB.

where IC is the extrinsic information at the output of the check node decoders (CND), fV

is the EXIT function of the variable node decoders (VND) and J denotes the J-function
of [66] given in (123). Now, (208) effectively assumes one decoder iteration is followed
by one equalizer iteration.

In decoding a serial concatenated system with a finite block length, like the one con-
sisting of the multipath channel, the variable nodes and the check nodes, the question of
optimal decoder scheduling arises. However, the detector scheduling is not considered
here any further but a simple scheduling is used for simulations. Regarding the code de-
sign using EXIT charts, however, assuming the EXIT properties of the system components
are independent of scheduling, in the limiting case of an infinite number of iterations the
fixed point of iterations is the same regardless of scheduling [144]. This can also be sup-
ported by the vanishing probability of loops from the system graph as the block length
approaches infinity, as assumed by the design.

The LDPC code design then consists of matching the combined fV,e() curve to the
check node curve fC without any intersection for the lowest possible SNR by optimizing
the degree distribution of the variable nodes as in [71]. The percentage of variable nodes
with degree dV (i) is denoted by aV (i).
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5.2.2 Numerical evaluation

A channel with 32 i.i.d. channel coefficients and two uncorrelated receive antennas is con-
sidered. The LDPC design is performed for a code rate of 1/2 with BPSK modulation, and
the corresponding degree distribution table is given in Table 7. For comparison, the pa-
rameters of the regular (3, 6) standard LDPC code and an irregular LDPC code optimized
to the AWGN channel are given. The table also lists an estimate of the required Eb/N0,
denoted by Eb/N

∗
0 , to reach the designed outage for the equalizer optimized code and the

regular code.
In Fig. 47, the FER performance of the codes of Tab. 7 are given with a block length

of 992 information bits. The LDPC decoder uses the optimal message passing (or sum-
product) algorithm [145], and is allowed to fully converge between each equalizer itera-

Table 7. Node perspective degree distribution of codes.

Code POUT R dC dV (1) dV (2) dV (3) aV (1) aV (2) aV (3)
Eb

N0

∗

(dB)
opt 0.01 0.50 8 20 3 2 0.07 0.74 0.19 2.00

(3,6) 0.01 0.50 6 3 - - 1.00 - - 2.75
awgn - 0.50 8 16 15 3 0.02 0.06 0.92 -
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tion. According to the outage based design approach it is expected that the codes perform
at a frame error rate equaling Pout at the estimated threshold value Eb

N0

∗. For the optimized
code the simulated threshold value equals 2.65 dB instead of 2.00 dB, and for the regular
code 3.00 dB instead of 2.75 dB. The true outage probability provided by the design is
then slightly above the target. One of the reasons for not achieving the estimated threshold
is the finite block length. For comparison, a simulation result for the designed code with
a block length of 4064 information bits is also depicted in Fig. 47, showing a threshold of
approximately 2.45dB. The approximations made in the design process, most notably the
approximations in the convergence analysis and the parallelism approximation in the code
design also contribute to the slight inaccuracy. However, the design obviously provides a
gain over both the unoptimized regular code and the AWGN optimized code. Considering
the general shape of the equalizer EXIT functions, which are relatively flat, even a gain of
this magnitude can be considered significant.

5.2.3 Code design for layered MIMO transmission

Having demonstrated in Sections 5.2.1 and 5.2.2 that a code design can be made to match
a designed function and the resulting system will outperform systems using unoptimized
codes, the extension of the design principle to more generic cases becomes interesting. In
this section, an extension of the design principle to layered MIMO systems is outlined.

The design principle relies on the symmetry, or exchangeability, of the joint channel
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statistics of the MIMO system guaranteeing the joint statistics remain invariant under any
permutation of the transmit antenna index. The exchangeability also guarantees that the
joint statistics of the order-projected functions of the multidimensional equalizer EXIT
function are exchangeable, as well. The logical conclusion is that any outage-optimal
code should be exchangeable, i.e., the same code should be used for all transmit antennas.

In Section 4.2 a method to design a symmetric maximal rate code fd,opt(Id) for a
layered MIMO system given the channel state was presented. Essentially, this optimal
design given the channel state can be considered equivalent to the equalizer EXIT function
in the SISO case is that is the optimum code given the channel state. Any code design
below fd,opt(Id) will converge, and any design above it will not.

The design approach is now clear. First, generate the (empirical) distribution of fd,opt(Id)
for a set of channel realizations using the optimality criterion given by (152). Second, find
the designed function using the constant value curve of the function value cdf with the
desired outage defined by 206. Third, design the outer code for the designed function.
As in Section 4.2.2, the point-wise optimality of the ordering can be replaced by ordering
based on the starting point (minimum) of the order-projected EXIT function to simplify
the computations while removing the optimality of the design.

5.3 Summary and discussion

In fading channels, the channel randomness results in channel dependent random EXIT
functions of the equalizer. The statistical properties of the channel influence the properties
of the EXIT function ensemble. The ensemble moves vertically in the EXIT chart with
SNR, becomes vertically less spread with increasing diversity due to frequency-selectivity
or multi-antenna diversity reception, and in MIMO cases, moves down with increasing
spatial correlation. Correspondingly, an increased received SNR is required to compensate
for any propagation channel phenomena that move the EXIT function downwards.

The semi-analytical convergence analysis method presented earlier was used to evalu-
ate the statistical convergence properties of the equalizer in the case of BICM transmis-
sion using Gray mapped BPSK, QPSK, 8-PSK and 16-QAM modulations. The effects of
frequency-selectivity and spatial correlation were studied with an outage based approach
for two off-the-shelf channel codes. An LDPC code design principle based on the concept
of convergence outage was presented and its effectiveness demonstrated for BPSK mod-
ulation in an SIMO channel. A performance gain was demonstrated over the reference
codes, an unoptimized regular LDPC code and an irregular code optimized for the AWGN
channel. An extension to layered MIMO transmission was outlined.

The main drawback of the presented methods is the semi-analytical nature of the ap-
proach, which requires simulated ensembles. While visually enlightening, it would be
preferable to avoid such computations. For the code design, a deeper understanding of
the behavior of the EXIT function ensembles might provide for a more elaborate model
for the ordering of functions within the ensemble, thus enabling a more accurate design
principle to be developed.



6 Multilevel coding and modulation

An essential technique for achieving high bandwidth efficiency in any wireless system is
the use of a bandwidth efficient modulation method. It is of much interest to consider how
the modulation interacts with the equalizer and the channel decoder and how it should be
constructed to optimize performance. In this final chapter, multilevel coded modulation
is studied as a part of a turbo equalizer based transmission system. The main focus is
on 16-QAM modulation, but many of the results are applicable to higher order QAM
modulations, as well.

The chapter begins with the introduction of multilevel coded QAM, a special case of
multilevel bit-interleaved coded modulation (MLBICM), and a corresponding efficient
MMSE turbo equalizer receiver. The behavior of the coded modulation is tested with
channel measurement data based simulations, and its superiority over regular BICM is
observed. Convergence analysis from Chapter 4 is extended to multilevel coding to study
the convergence phenomena leading to the observed results. A new approach to designing
multilevel coded modulations for turbo equalization based on the results of Chapter 5 is
proposed.

6.1 Multilevel coded QAM

The symbol mapping principle utilized for the multilevel modulation is hierarchical block-
partitioning (BP) with a square quadrature amplitude modulation (QAM) constellation.
The mapping uses identical bit-to-position allocation throughout all hierarchy levels, while
in related mapping methods – studied e.g. in [135] and [146] – the allocation changes be-
tween hierarchy levels. An illustration of the construction of a BP 16-QAM constellation
is shown in Fig. 48. The minimum distance of the constellation points is different at each
hierarchy level, resulting in an unequal error protection characteristic when a single chan-
nel code is utilized commonly for all hierarchy levels.

The transmitted MLBICM symbols are constructed as illustrated in Fig. 49 in the fol-
lowing manner. The bits to be transmitter over the kth antenna are further de-multiplexed
into Q = M parallel levels, which are channel encoded and interleaved in parallel with
different random interleavers. The resulting M parallel sequences are segmented into
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Fig. 49. Multilevel BICM encoder and modulator.

groups of M bits so that each interleaved level defines a single bit in each group. In an
identical manner to the BICM scheme, the segmented bits for each frame of length N
can be expressed by the vectors (1)–(3), the only difference being the construction of the
modulation through the use of parallel encoders and interleavers. The definitions (1)–(3)
are used also for MLBICM for convenience.

The BP mapper can be seen as a linear combination of the M BPSK-modulated sym-
bols, where the segment of encoded bits is multiplied with a complex weight vector z

T

and, thus, superpositioned into QAM symbols. The weight vector consists of elements
zm, that are real for m being odd, and zm = izm−1 for m being even. In case there
are multiple levels with identical |zm|, these are treated as one “layer” when considering
performance. If the M -level linear BP mapper with its levels being ordered by decreasing
amplitude is given as

z = [z1, . . . , zm, . . . , zM ]
T ∈ CM , (210)
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constrained to z
H
z = 1, the mapped symbols within a frame can be expressed as the vector

s =
[
s

T
1 , . . . , s

T
k, . . . , sT

K

]T ∈ CKN , (211)

where the transmitted symbols of each of the K antennas given by

sk = [sk(1), . . . , sk(n), . . . , sk(N)]T ∈CN , (212)

and each symbol can be expressed by

sk(n) = z
T
bk(n). (213)

The symbol sequence for the whole frame can also be expressed as

s =
(
I
KN ⊗ z

T)
b (214)

= Zb. (215)

6.2 MMSE turbo equalization of block-partitioned QAM

The equalizer algorithm described in Section 3.1 can be directly utilized in the detection of
MLBICM by using a suitable symbol de-mapper. However, if the hierarchical structure of
the mapping is exploited, a new equalizer structure with lower complexity can be derived.

As indicated by (213) the block-partitioned symbol constellation is treated as a linear
combination of binary sub-constellations, where each coding level of the multilevel en-
coder is utilized as the input to one binary (BPSK) sub-constellation. The linear mapping
is considered to be a part of an equivalent channel excited by BPSK modulated symbols. A
turbo equalizer is then defined, where most of the processing for equalization and decoding
of each sub-constellation can be performed in parallel [85]. The MMSE filter computation
in the algorithm considers a single level as the desired signal. A block diagram of the
equalizer and decoder (for one transmit antenna) is depicted in Fig. 50.

Equalization and decoding of levels is ordered. Code levels with the largest absolute
weight zm are decoded first, levels with the second largest weight from the second iter-
ation onwards, and so on. For a 16-QAM square constellation, levels 1-2 (having equal
weights) are equalized and decoded in the first iteration, and all levels 1-4 equalized and
decoded in the second iteration onwards. The equalizer algorithm is illustrated in more
detail with a block diagram in Fig. 51. The figure also indicates which computation re-
sults can be re-used for all detected bits, which are specific to one transmit antenna, and
which are computed for each coding level. One common filter is used in the computation
of the equalizer output of all sub-constellations during one turbo iteration. The algorithm
to obtain the estimate of the transmitted signal of one level is obtained by applying the
algorithm in Section 3.1 for BPSK modulation. First, corresponding to (44), the expected
value of the soft symbol estimates is computed as

b̂k,m(n) = tanh
(
ξd

k,m
(n)/2

)
(216)
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where ξd

k,m
(n) is the log-likelihood ratio provided by the kth user’s decoder for bit bk,m(n).

The residual is then computed as

r̃ = r −HZb̂. (217)

The covariance matrix of the soft symbol estimates is then obtained similarly to (50) as

Λ = I − diag
{
b̂

2
}

, (218)

where the squaring is element-wise, to form the residual covariance matrix as

Σ
r̃

= HZΛZ
H
H

H + σ2
0I. (219)

Both the computation results of the residual in (217) and the covariance matrix in (219)
are common to all k and m. The filtering equations (52) and (53) are modified to take
advantage of the linear model of the multilevel coded signal. The common filter for all
levels of antenna k is given by

u
H
k (n) = h

H
k (n)Σ−1(n), (220)

which is utilized in the computation of the intermediate variables as

αk(n) = u
H
k (n)hk(n)

= h
H
k (n)Σ−1(n)hk(n) (221)

β
k,m

(n) =
1

1 + |zm|2 αk(n)
∣∣∣b̂k,m(n)

∣∣∣
2 , (222)

only the second of which is computed for each level. Finally, the prior soft symbol estimate
of level m is utilized in the filter output computation for level m as

xk,m(n) = β
k,m

(n)
(
|zm|2 αk(n)b̂k,m(n) + z∗mu

H
k (n)r̃(n)

)
. (223)
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The M parallel channel decoders are then provided with the binary likelihood information
computed as

ξe

k,m
(n) = 4

<
{
xk,m(n)

}

1− |zm|2 αk(n)β
k,m

(n)
. (224)

Note that (224) is the result of expressing (60) for BPSK modulation. The parallel channel
decoders operate independently without the need to exchange information as in multistage
decoding [147]. Instead, a priori information exchange is carried out through the equalizer
in the process of soft interference cancellation.

6.2.1 Numerical evaluations

Simulations were performed to test the performance of the scheme. A 10-path Rayleigh
fading channel with a uniform average tap profile and two receive antennas was used. The
channel taps were assumed to be uncorrelated and static over the transmission period, but
changing frame-by-frame. The channel state is assumed to be known at the receiver. The
channel code is the rate-1/2 convolutional code with generator polynomials (5, 7)8. The
receiver performs one processing iteration for each layer before including the next layer
into processing.

To test the receiver algorithm a 16-QAM system containing two layers is simulated.
The resulting bit-error-rate performance, averaged over the I/Q branches of a layer, is
presented in Fig. 52 as a function of the average Eb/N0 per antenna. The two curve
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groups, solid and dashed lines, correspond to the achieved BER for each receiver iteration
of the first and second layers, respectively. The figure shows how the scheme provides a
certain reliability for the layers at different Eb/N0. If equal error protection of transmitted
data is desired data is de-multiplexed into parallel streams and multiplexed at the receiver,
and the provided reliability is the mean of the streams’ reliabilities.

A further result with 64-QAM with another layer of encoding superpositioned is de-
picted in Fig. 53. Perhaps the most interesting issue brought forward by the simulation
result is the difference in SNR required by the layers to reach certain performance. This
difference is always smaller than the 6dB difference of energy allocation to the layers pro-
vided by the linear mapper, indicating the layers have a joint convergence behavior that
determines the performance.

6.3 Evaluation in the real field

The results of a performance evaluation of transmission schemes are ofter highly depen-
dent on the channel modeling used in the evaluation. The dependency between system
performance and channel characteristics results in a situation where model selection dom-
inates the end results. This problem has been highlighted in recent years by the introduc-
tion of high-performance multi-antenna schemes, that take advantage of the properties of
the spatial propagation channel.

To some extent, the problem of model selection can be alleviated by resorting to test-
ing with the real channel. Fortunately this can be performed by using measurement data
recorded with an instrument capable of storing the state of the propagation channel accu-
rately. When the evaluations are compared to the analysis of spatial channel parameters
provided by suitable parameter estimation methods [148], valuable intuitive insights on
the system behavior can be obtained. In this section, the proposed multilevel design is
tested with channel measurement based simulations.

6.3.1 Measurement scenario and propagation characterization

The measurements were carried out by the Electronic Measurement Research Lab of Il-
menau University of Technology in a courtyard on the campus of the Ilmenau University
of Technology. The courtyard is surrounded by a 15m tall building. The measurement
track is presented in the courtyard sketch in Fig. 54, and proceeds from the point marked
as “TX1” to the point “TX2”. A metal container is located between the points “TX1”
and “RX” and blocks the line of sight (LOS) path between the transmitter and receiver on
the measurement track in the position marked by “NLOS STAT” and the range marked by
“NLOS DYN”, denoting static and dynamic non line of sight (NLOS) propagation, respec-
tively. In the “NLOS STAT” position, the transmitter was held stationary momentarily in
the beginning of the measurement. In the last range marked “LOS” a line of sight path is
present between the transmitter and receiver. From the measurements, 108 samples with
even spacing were used for simulations. The total consisted of 15, 40 and 53 samples for
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Fig. 54. The measurement scenario at Ilmenau University of Technology.

NLOS STAT, NLOS DYN and LOS, respectively.
The measured channel impulse responses (CIR) were normalized to have unity mean

energy over all transmit and receive antenna pairs. The normalization results in a stable
average received power, whereas short-term fading effects are preserved. Two transmit
and two receive antennas were selected from the measurement equipment and the 108
snapshots of the corresponding channel impulse response data were used in the simula-
tions. The approximate minimum element spacings were 2 wavelengths at the transmitter
and 4 wavelengths at the receiver side.

The three identified ranges were selected using the results of a super-resolution path
parameter estimation technique [148]. A detailed insight into the spatio-temporal multi-
path structure of the measurement area can be found in [149]. Fig. 55 presents the rms
transmit and receive azimuthal spread in each of the simulated snapshots. The largest
rms azimuthal spread at the transmitter side can be found within the first 15 snapshots,
where the transmitter is not moving. This indicates a multipath-rich environment in the
NLOS propagation section. The fluctuation in the spreads is due to minor environmental
changes. During the NLOS DYN section the propagation is still NLOS, but exhibiting
medium transmitter and receiver azimuthal spreads. For the rest of the track the propa-
gation is LOS and the azimuthal spreads are significantly lower compared to the NLOS
sections. Receive side azimuthal spread is much smaller than the transmit side due to the
120◦ beamwidth of the ULA elements used. These three different propagation character-
istics (NLOS static, NLOS dynamic and LOS dynamic) are considered in the following
performance evaluations and show significantly different performance figures between the
MLBICM and BICM systems.
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Table 8. Measurement parameters.

Parameter Value
Centre frequency 5.2GHz
Bandwidth 120MHz
Tx antenna type UCA
Tx antenna elements 16
Tx antenna height 2.1m
Rx antenna type ULA
Rx antenna elements 8
Rx antenna height 1.67m

6.3.2 Measurement data based performance results

An MLBICM scheme with a 16-QAM symbol constellation was compared to the stan-
dard Gray-mapped 16-QAM BICM with the corresponding receivers presented in Sec-
tions 3.1 and 6.2. Random interleaving and a frame length of 512 information bits were
used with the rate-1/2 convolutional code having the generator polynomials (5, 7)8 for
both schemes. The frame length results in interleaver lengths of 1024 encoded bits for
the BICM scheme and 256 encoded bits for each level in the MLBICM scheme. For both
schemes, the receivers perform six iterations of equalization and decoding.

In measurement data based simulations, the transmitted signal is convolved with the
transmitter filter, the measured CIR, and the receiver filter, whereby the two filters define
the system bandwidth. Results of performance evaluations for a class of turbo-equalizers
in measured MIMO channels are presented [150, 149]. The motivation was to study the
throughput efficiency offered by the MLBICM scheme and to compare it with that of the
standard BICM scheme. The results will enable the evaluation of the characteristics of the
link as seen by the higher protocol layers when the channel conditions vary. The FERs of
the two schemes were evaluated in a measured channel using a two transmit – two receive
antenna configuration to examine the throughput efficiency (TPeff) [151, chap. 15] given
by

TPeff = R (1 − FER) , (225)
where selective-repeat ARQ with infinite buffering is assumed, with R being the chan-
nel code rate. The transmitter and receiver employ root-raised cosine filters, both with a
roll-off factor of 0.25, so that the simulated channel bandwidth of 25MHz translates into a
symbol rate of 20Msym/s. The overall maximum throughput efficiency of 0.5 then corre-
sponds to a data rate of 80Mbits/s in the tested two-by-two configuration using 16-QAM
and rate-1/2 channel coding with 4bits/symbol total spectral efficiency. The number of
frames transmitted per snapshot was 350.

Fig. 56 reports the average FER over code levels for MLBICM and the average FER
of BICM, and indicates a generic trend in the performance of the studied schemes. Both
MLBICM and BICM achieve excellent performance in the static NLOS multipath rich en-
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vironment, with BICM performing somewhat better. The difference between the schemes
can be found in channels with less multipath richness. In those scenarios (dynamic NLOS,
LOS) both schemes degrade in performance compared to the static NLOS case, but the
MLBICM system performance loss is more graceful than that of the BICM system. The
LOS channel condition dominates the results for both schemes when the average FER
over all scenarios is considered. It should be noted that the average FER for MLBICM
is computed after re-multiplexing the decoded streams, and for which errors from layer 2
dominate the result. In general the result indicates that MLBICM with turbo-equalization
is less sensitive to the variation in channel conditions than the BICM counterpart. It in-
dicates that the MLBICM scheme exhibits a minor loss compared to the BICM scheme
in the best channel conditions of the static NLOS scenario, but offers significant gain in
the other scenarios identified. layer 1 of the MLBICM has higher error protection than
layer 2 and is able to provide reliable feedback to the equalizer in a large variation of
channel conditions. Thus, the MLBICM turbo-equalizer can reach partial convergence
even though all coding levels cannot be successfully decoded. The convergence of the
BICM scheme, on the other hand, depends on reliable decoding and feedback of all the
transmitted information bits.

The average TPeff over the measurement track shown in Fig. 57 indicates the same
tendency: The BICM scheme offers a small advantage in the static NLOS channel when
TPeff < 0.1, but in all other cases MLBICM offers superior performance, especially when
TPeff approaches its maximum (= 0.5).

In the results reported in Fig. 57 it is assumed that a single ARQ controller process
handles the re-transmission and the whole 512-bit frame is re-transmitted in case of frame
errors. This approach is denoted by S-ARQ in the sequel to indicate the single ARQ
controller. The total re-transmission probability and the resulting TPeff of MLBICM is
dominated by errors from layer 2. If the two layers are handled by separate ARQ con-
trollers, this can be avoided and thereby the overall TPeff can be improved. Fig. 58 shows
the average TPeff for MLBICM over the measurement track with layered ARQ (L-ARQ),
where each of the two ARQ controllers handle re-transmissions on a single layer. The
maximum throughput efficiency of each layer is scaled to match the spectral efficiency
of one layer when computing the TPeff of (225). Fig. 58 shows the difference in TPeff
between the two layers and demonstrates that the total TPeff is the TPeff sum over the lay-
ers. For further analysis of the gain in different channel scenarios, the TPeffs with S-ARQ
MLBICM, L-ARQ MLBICM and the standard BICM scheme in the two extreme channel
conditions; static NLOS and LOS, are compared.

Fig. 59 shows the TPeffs with S-ARQ and L-ARQ MLBICM averaged over the mea-
surement snapshots in static NLOS channel conditions. For comparison, the TPeff with
the BICM scheme in the same conditions is shown. The average TPeff with BICM is
better than that with MLBICM and S-ARQ, as already indicated in Fig. 57. However,
since the total average TPeff of MLBICM with L-ARQ is equal to the mean of the average
TPeff in the two layers, the MLBICM scheme with L-ARQ offers superior performance
to both MLBICM and BICM schemes utilizing S-ARQ. It should be recognized that the
comparison is not completely fair due to the larger frame length of BICM, which slightly
inflates the mean FER. Shortening the frame length with BICM is problematic, however,
due to convergence problems with short interleaving. Fig. 59 demonstrates how L-ARQ
provides a smooth transition from low to high TPeff as the SNR is improved.
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Fig. 57. TPeff of MLBICM and BICM on the measurement track, different channel conditions
separated.
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The performance of L-ARQ MLBICM and BICM is emphasized in LOS channel con-
ditions, where the FER performance of MLBICM is better than that of BICM. Fig. 60
shows the LOS results showing a superior TPeff of MLBICM with both types of ARQ. A
gain of 2dB with L-ARQ MLBICM can be seen at TPeff > 0.2.

6.4 Convergence analysis

To enable a more informative analysis on the convergence properties of the MLBICM
16-QAM coded modulation, the convergence analysis from Chapter 4 can be extended
to the MLBICM case. The extension is straightforward if the multiple coding levels are
considered multiple transmit antennas with fully correlated channels.

For simplicity, a two-level coding is assumed, with each level modulating a Gray-
mapped QPSK modulation. The transmission can be modeled by the linear model given
in (213), since the bits in the Gray-mapped QPSK are independent on the in-phase and
quadrature branches and the QPSK modulation can be thought of as consisting of two
orthogonal BPSK modulations. The expected symbol variance after interference cancella-
tion can be computed as the sum of the two levels as

E
{
λ̄k

}
=

2∑

q=1

E
{
λ̄k,q

}
, (226)

where q denotes the coding level and E
{
λ̄k,q

}
is computed for the QPSK modulation

using (156). Then, the MMSE filter output effective SNR can be computed for each q with
(158) so that

Lk,q,a =
µk,q,a

1 − µk,q,a
, (227)

where

µk,q,a =
|zq |2 γ̄k

1 + |zq|2 δk,q γ̄k

, (228)

with the correct level energy weighting taken into account by

zq =

{
z1 q = 1 (229)
z3 q = 2. (230)

The de-mapper for the Gray-QPSK is equivalent the the BPSK de-mapper with an input
down-scaling, and its output average mutual information can be computed by the func-
tional approximation given by (161), so that the utilized approximation parameters are
those of the QPSK modulation in Table 6. The result is then two computed level-wise
mutual information values corresponding to the two coding levels.
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Fig. 61. Required SNR (solid) for BICM, TX and RX azimuth spread (dash-dot, dot).
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6.5 Analytical evaluation in the real field

With the convergence analysis technique outlined in Section 6.4 the required SNR to reach
a certain mutual information target at the channel decoder a posteriori output (here chosen
to be 0.999) can be evaluated. The considered channel code is the rate-1/2 convolutional
code with generators (561, 753)8. Fig. 61 reports the required SNR for BICM in each
snapshot along the measurement track. The dependence between the azimuthal spreads
and the required SNR is easily verified. A comparable result for MLBICM is reported in
Fig. 62, where the two levels are reported separately. Level 2 exhibits an SNR threshold
(approx. 12dB) below which it does not reach the target.

It is notable that in snapshots where the SNR requirement is higher than the threshold,
both levels converge at the same SNR. This result shows when it is possible to further
optimize the code design or selection for MLBICM either for increased throughput or
decreased required SNR. Due to the area property of the decoder EXIT functions, a de-
crease in the code rate will enable convergence with a lower SNR [71]. Optimally both
levels should converge at the same SNR, since otherwise power is wasted improving level
2 performance to the desired operation point. Fig. 62 indicates where the level 2 code rate
can be decreased and traded for the level 1 rate in high spatial spread environments and
achieve a lower required SNR, while preserving the sum rate. This results does not, how-
ever, prove the optimality of the unbalanced design in low-spread environments, where the
design is convergence-limited and dependent on successful level 1 decoding. Any punc-
turing of the level 1 code would lead to an increased required SNR for level 1 and, thus,
the whole link in these cases. In these scenarios the additional SNR is required to reach
the target, or alternatively the total transmission rate must be decreased.

The difference in required SNR between BICM and MLBICM can also be evaluated.
Fig. 63 reports the SNR gain of MLBICM levels over BICM with the snapshots sorted
according to increasing transmit side azimuthal spread. A corresponding figure sorted
according to receive side azimuthal spread is presented in Fig. 64. Level 1 gain is mainly
interesting if the link is used for the transmission of multiple classes of data and UEP is
a desired feature of the link. In cases with a single class of data, level 2 dominates the
link error performance, and is of primary interest. The gain is largest in low azimuthal
spread cases and diminishes as the spread increases. MLBICM level 2 provides a gain
over BICM in high-spread cases but has a small loss in the high-spread cases. This result
coincides with the results in Section 6.3 indicating a small advantage for BICM in high
spatial spread environments.

Finally, an evaluation of the differences of equalizer converge properties when com-
bined with different channel codes is conducted with the measurement data. The mu-
tual information reached in 90% of the snapshots given perfect channel decoder feedback
(genie-aided detection) is plotted in Fig. 65 as a function of average received SNR for
both MLBICM and BICM. The considered channel codes are the rate-1/2 convolutional
codes with polynomials (5, 7)8 and (561, 753)8, and the turbo code with constituent poly-
nomials (1, 13/15)8, which is punctured to rate-1/2. For MLBICM, the average mutual
information over levels is reported for consistency with BICM. With all channel codes
BICM reaches a higher mutual information than MLBICM with GAD. The outage mutual
information based on the true convergence of the equalizer is reported in Fig. 66 and shows
the BICM combined with all the considered codes has severe convergence problems in the
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considered channel scenarios. With MLBICM, the outage mutual information is mainly
a demonstration of the level 2 SNR threshold whose effect dominates the average mutual
information between levels. Interestingly, the MLBICM modulation combines well with
a high-memory outer code, while BICM does not.

A fundamental explanation of the convergence behavior difference between BICM and
MLBICM is given in Fig. 67 where the residual interference power resulting from the first
equalization and decoding iteration is plotted as a function of the equalizer output equiv-
alent SNR (linear scale) in the first (linear) equalizer iteration. The early convergence of
MLBICM level 1 is visibly demonstrated. The BICM characteristic for converting equal-
izer output SNR into low residual interference at the subsequent iteration is remarkably
poorer. It is instructive to consider the differences between the two coded modulations
that result in the behavior in Fig. 67. Since the mapping from decoder feedback mutual
information into symbol residual variance is quite similar for Gray-mapped QPSK and
16-QAM, the reason must reside elsewhere. One reason for the behavior is the design
of BICM: the de-mapper mixes all encoded bits into one stream and effectively averages
the bitwise mutual information. In other words, the sub-optimal constellation constrained
capacity of BICM 16-QAM limits the transformation of equalizer output SNR into mutual
information entering the decoder. Since the convergence characteristic of most channel
codes exhibits a threshold effect, i.e., above a certain threshold SNR convergence is greatly
enhanced, the limitation due to modulation becomes dominant. To support this interpre-
tation, in Fig. 67 it can be seen that the weakest channel code (with the lowest threshold)
has the smallest difference between BICM and MLBICM convergence characteristics.
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6.6 Outage based code design for MLBICM 16-QAM

The convergence outage based design presented in Chapter 4 can be applied to any mod-
ulation if BICM is used by concatenating the equalizer EXIT function with that of the
mapper and de-mapper as is done in Section 4.3 to enable the convergence analysis. Such
a design is, however, sub-optimal due to the sub-optimality of BICM wrt. channel capac-
ity. On the other hand, it is known [135] that any modulation mapping can reach channel
capacity (in the simple cases) if the outer code is suitably designed using multilevel tech-
niques to match the multiple virtual channel capacities offered by the modulation. The
example 16-QAM contains two virtual channels that require separate channel codes for
optimal design. Incidentally, interleaving within the virtual channel is permissible, since
it does not mix the virtual channels, as happens with BICM. The question is, how should
outer codes be designed for the turbo equalizer system with multilevel coding to maxi-
mize the transmission rate, and in the fading case, achieve some design outage. A design
principle to achieve that is outlined in the following.

Considering two-level 16-QAM as an example, two optimal codes should be jointly de-
signed. First, a SISO case is considered, and an extension to layered MIMO transmission
is provided through the procedure of taking the point-wise minimum of order-projected
EXIT functions having found the optimal ordering. The equalizer EXIT function for the
two levels can be visualized as two surfaces in a three-dimensional EXIT chart. The vector
EXIT function can be defined as

fe : Id → fe (Id) ∈ IEKQ, (231)

where K = 1, Q = 2 for the considered case, and

Id = [Id,1, . . . , Id,q , . . . , Id,Q]
T ∈ IEKQ (232)

denotes the prior mutual information vector for all levels. The elements of Ie, for a certain
prior mutual information I

′
d, channel state and noise variance, are in the case of the MMSE

turbo equalizer, the result of monotonic functions of the same γ̄k. The result of this relation
is, that at any arbitrary point I′d, given two arbitrary channel states HA and HB, if for any
q ∈ 1 . . .Q

Ie,q (I′d|HA) ≥ Ie,q (I′d|HB) , (233)

then
Ie,q′ (I′d|HA) ≥ Ie,q′ (I′d|HB) ∀q′ ∈ 1 . . .Q, (234)

where Ie,q (I′d|HA) and Ie,q (I′d|HB) are the equalizer EXIT function components con-
ditioned on the two channel states HA and HB , respectively. In practice this means the
EXIT functions have the same ordering within all levels at any arbitrary point in IEKQ. For
simplicity, a similar ordering rule can be assumed to hold also for other turbo equalizers
in the sequel to maintain the generality of the developed approach.

Assuming the knowledge of the distribution of the EXIT function surfaces over the
channel distribution, the level-wise cdf of EXIT function values can be expressed for each
point in IE2 as

Fq
cdf (Id, I) = P (f q

e (Id) < I) , Id ∈ IEQ. (235)
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Assuming parallelism of the EXIT functions within a level, a level-wise constant value
surface defined by

Fq
cdf (Id, f

q
d (Id)) = Pout (236)

can be found, indicating the level-wise outage designed function

f q
d (Id) ∈ [0, 1], Id ∈ IE2. (237)

Any outage optimal code design for the corresponding level can be found by defining the
convergence path through the EXIT set. A joint maximum rate design given the outage
then follows the path defined by the eigenvector corresponding to the maximum eigenvalue
of the Jacobian, which is computed for the designed surfaces of the multiple levels. The
path is computed at each point through the EXIT chart from the point {0, 0} to {1, 1}, as
described in Appendix 4.

As noted above, the design can be extended to layered MIMO transmission as follows.
If the joint channel distribution is exchangeable, the design should be symmetric, i.e., iden-
tical to all transmit antennas. For each channel realization and each detection ordering,
KQ EXIT surfaces are then computed. An optimal ordering must then be found, which
gives the maximum rate given the point-wise minimum of the optimal designs within that
ordering. However, since rate is allocated to levels only during the convergence path se-
lection phase, another optimality criterion must be used for choosing the optimal ordering.
Without proof, but consistently with the area property, the ordering providing maximum
sum-volume below the point-wise minimum EXIT surface can be selected so that the de-
signed function for level q given the channel state is given by

f q
d (Id) < arg max

ō

1∫

0

1∫

0

min
{

0
1fe,ok

(Ie,k)
}

dId,1dId,2, (238)

where the minimum is taken over all K surfaces fe,ok
within the ordering. Even though

the two levels are treated as independent transmissions, a notable difference to the ordering
in the simple symmetric design case in Section 4.2.2 is that the detection ordering is only
between transmit antennas, and the multiple levels are always ordered from the strongest
to the weakest. The resulting Q surfaces are included into the ensemble used to find the
point-wise cdf of the EXIT functions. Finally, Q cdfs are computed and their constant
value surfaces found to determine the designed EXIT surfaces that can be used as the
basis for the Jacobian based rate maximization.

Due to the significantly different weighting of the levels, level 1 always has its EXIT
function well above that of level 2. Also, the weighting difference will favor optimal
designs which emphasize the cancellation of level 1, since that brings the most gain also
for level 2. These designs will then be close to the (in the SISO case) EXIT chart sides,
implying a sub-optimal design restricted to the order-projected EXIT function at the chart
side will not incur a large loss compared to the optimal design. Such a design procedure
can record only the order-projected EXIT functions of the two levels without considering
the full EXIT surface, reducing the computations considerably. The outage design function
can then also be found by only considering the outage surface on the chart sides.

An ordering which further simplifies the optimization process can again be found by
considering only the point of no prior information of the order-projected EXIT functions,



129

Table 9. Multilevel code design for outage convergence.

1. Generate new random realization for H.
2. Compute 0

1γ̄k (0) for all k and for all detection orderings.
3. Choose the ordering giving the maximum smallest 0

1γ̄k (0).
4. Compute the Q EXIT surfaces corresponding to the maximum.
5. Store the surfaces to the ensemble.
6. Repeat to achieve sufficient accuracy of the EXIT ensemble distribution.

defined by γ̄k

(
Id,k = 0, Id,ok−1

= 1
)

for the MMSE FDTE. Such a sub-optimal ordering
procedure avoids the full computation of the K Q-dimensional EXIT functions and the
search for the largest minimum volume used in the more optimal ordering search defined
by (238). In Table 9 the procedure to generate the distribution of EXIT surfaces in a K
dimensional case for 16-QAM is outlined using sub-optimal ordering and assuming the
MMSE turbo equalizer.

6.7 Summary and discussion

A pragmatic approach of applying multilevel coding was first presented, using identical
codes for all levels. A sub-optimal MMSE turbo equalizer taking advantage of the linearity
of the mapping was presented and tested with Monte-Carlo simulations. An evaluation
with channel measurement data was carried out, showing the robustness of the coded
modulation in varying spatial channel conditions. A simple re-transmission configuration
(L-ARQ) with separate re-transmission control for groups of levels operating with equal
error protection was introduced to compensate for and exploit the UEP property of the
coded modulation. A convergence analysis was further carried out using the same channel
measurement data to enable further understanding of the convergence properties. The
properties of 16-QAM BICM symbol mapping was found to result in higher convergence
thresholds (experienced as higher required SNR) than those of 16-QAM MLBICM in
environments with low angular spread. Finally, a convergence outage based channel code
design principle was outlined for layered MIMO transmissions.

Multilevel coding can be made to approach channel capacity in the simple cases [135],
and provides a good starting point to apply bandwidth efficient modulation also in turbo
equalizer based systems. The optimal design principle is relatively complex, while the
sub-optimal approaches are quite applicable. As in the case of the previous outage based
design approaches in this thesis, closed form expressions for the equalizer EXIT functions
would significantly reduce the optimization complexity.

The optimization procedure, following the approach from Chapter 4, optimizes for the
successful convergence of all code levels of all transmit antennas. If this requirement
were to be relaxed, i.e., each antenna or code level would be handled by a separate re-
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transmission controller, the code optimization would be different. In such a case all the
Q-dimensional EXIT functions (K of them) within the optimum ordering (chosen with a
sum-volume criterion, for instance) would be stored into the ensemble, and a joint multi-
level code design would be performed on the ensemble. The requirement for taking the
point-wise minimum of the EXIT functions would be relaxed since all transmissions are
not required to converge successfully.



7 Conclusions and future work

7.1 Conclusions

Of the considered receiver algorithms, the frequency-domain MMSE turbo equalizer can
be considered the most interesting one in terms of implementation complexity and perfor-
mance. The computational complexity of a single frequency-domain iteration is low, in
addition to which the equalizer converges with fewer iterations than the time-domain coun-
terparts. Potential integration with orthogonal frequency division multiplexing (OFDM)
based systems is also another option speaking in favor of frequency-domain processing.
All time-domain equalizers have a higher computational complexity or, as in the case of
the matched-filter approximation, require initialization by another algorithm to reach good
performance.

The convergence properties of the equalizer, which depend on the channel and the re-
ceiver SNR, together with the utilized channel code, determine the receiver performance.
The properties are embodied in the equalizer EXIT function, which is a multidimensional
function in the case of layered MIMO transmission. By exploiting the monotonicity of
EXIT functions and the area property of channel code EXIT functions, several properties
of the system can be deduced. Given a channel state, the EXIT function of a maximum
sum rate code can be found. Some of the limits of the system rate region can be character-
ized. Also, the maximum symmetric rate can be found and the detection strategy shown
to correspond to detector ordering. All these characteristics are valid regardless of the
equalizer algorithm and the actual equalizer EXIT function the algorithms exhibit.

Convergence analysis can further reveal the properties of different known channel codes
and their suitability in combination with the equalizer. Channel parameters have a direct
effect on the equalizer convergence, and the phenomena can be analyzed through the be-
havior of equalizer EXIT functions given the channel parameters. Decreasing frequency-
selectivity and increasing spatial correlation both increase the required average SNR to
reach a desired outage probability.

Suitable code design can optimize the transmission and improve the receiver perfor-
mance if the channel statistics are known. In simple single-transmission cases, conver-
gence outage based code optimization can provide a gain over non-optimized codes and
codes optimized to channels with different channel statistics. In symmetric layered MIMO
cases, an identical design for all transmit antennas is possible and can be optimized ac-
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cording to the convergence outage criterion. If high bandwidth efficiency is desirable,
multilevel coding can be utilized. The multilevel coded modulation can be used with a
simple and robust configuration, where the UEP property can be compensated for and ex-
ploited with a proper ARQ configuration. The coded modulation can also be optimized
with an outage criterion if the channel statistics are know a priori. The design is extensible
to layered MIMO transmissions. If the proposed linear bit-to-symbol mapping is used, a
computationally efficient MMSE turbo equalizer can be used to avoid the complexity of
symbol to bit de-mapping at the detector.

7.2 Future work

There are several issues that must be considered before any of the receiver algorithms
studied in this thesis may be applied in any real system. Most pressingly needed are algo-
rithms for channel estimation, preferably with iterative methods taking advantage of the
turbo iterations and receiver synchronization. Also, further optimization of the equalizer
algorithms themselves is necessary before an implementation may take place.

The one major obstacle in applying the convergence analysis and the related code de-
sign principles in this thesis is the lack of knowledge on EXIT function distributions of
(MMSE) turbo equalizers. The current approach can be simplified by considering the
EXIT function point-wise cdf in the SNR realm. This would effectively transform the out-
age design function search into the search of an outage SNR with a given prior information
level. In some cases, random matrix-theoretic results may aid in finding SNR distributions
at the output of the equalizer. Further study of the inequality between EXIT functions
given a prior information level would potentially lead to a more accurate design principle.
In the general case, if the assumption of parallel EXIT functions is not made, finding the
outage design function appears to be a non-trivial problem. Some asymptotic results may
be obtainable by assuming Gaussian signalling, in which case the constraints due to finite
modulation vanish and the interference cancellation residual becomes Gaussian, as well.

An interesting path would be to apply the results of this thesis to systems with a sin-
gle channel encoder combined with MIMO transmission. Such a MIMO configuration is
straightforward and the code design is much simpler than the multi-dimensional approach
provided in this thesis. The proposed analytical framework also supports the application
of linear transmitter processing and may serve as a fruitful starting point for studies where
transmit side channel information is available.
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Square-root updating of the MMSE turbo equalizer

First, the section of the inverse matrix U(n) given by (63) is expressed through its factor-
ization as

(
up u

H
p

up Up

)
(A1.239)
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)
. (A1.241)

By finding the terms of (63) from (A1.241), the update in (65) is given in terms of the
factorization

Ω̄Ω̄
H

= ωpω
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= ΩpΩ
H
p (A1.243)

As one notes, Ωp can be extracted by simply dropping the first row and column of W p
giving (73). The components of the inverse covariance matrix for the next time instant are
expressed with the components of the inverse factorization as
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With these, a factorization that fulfills the recursion update equations (66),(67) and (68),
expressed in terms of the factorization as

uf =
(
σf − σH

f Ω̄Ω̄
H
σf

)−1

(A1.246)

uf = −ufΩ̄Ω̄
H
σf (A1.247)
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H
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σfσ

H
f Ω̄Ω̄

H
, (A1.248)

must be derived. In (A1.246), uf is defined, and then uf in (A1.247). The equation for
the matrix Ωf is derived from (68) as in (A1.248). With these expressions, a pre- and a
post-array that fulfill the matrix factorization lemma [110, p. 590] are defined as
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The pre-array can be converted into the post-array through a sequence of unitary rotations
and, thus, compute W f. In (A1.249) the rotations Θ should be defined to annihilate all but
the last element in the last column of the pre-array, while preserving the triangular structure
of the array. Unitary Givens rotations are a standard tool to perform this operation. It
should be noted that the square root of (A1.246) can produce an unwanted imaginary
element into the last diagonal position of the pre-array, the rotation matrix Θp should be
defined to produce a real element on the diagonal by utilizing an additional rotation. As
a summary, the factorization of the new covariance matrix inverse can be computed with
the rotation matrix Θ as

W f =

(
Ω̄ −√

ufΩ̄Ω̄
H
σf

0
H √

uf

)
Θ. (A1.253)
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Convergence set

For transmission k, the iterations begin with no prior information. In a K-dimensional
system, this is expressed as the K − 1-dimensional set

C0
k =

{
Id ∈ IEK−1, Id,k = 0

}
⊂ IEK . (A2.254)

Correspondingly, a successful decoding of transmission k is equivalent to reaching the
K − 1-dimensional set

C1
k =

{
Id ∈ IEK−1, Id,k = 1

}
⊂ IEK . (A2.255)

The convergence constraint set of each transmission k is defined by

C̃k =
{
Id ∈ IE2, fe,k(Id) > fd,k(Id,k)

}
⊂ IEK , (A2.256)

which constitutes the “tunnel” between the equalizer and the decoder EXIT functions. The
k constraints defined by (A2.256) for each k define the subset of IEK which the iterative
process can reach. For the successful equalization and detection of transmission k there
must exist a connected set

Ck =
{
C0

k ∪ C1
k ∪ C̃k

}
. (A2.257)

For the successful equalization and decoding of all transmissions, there must be a set
defined by (A2.257) for each k.

The detection begins with no prior information on any transmission and ends with full
prior information on all transmissions. These are represented by the points

C0 =
{
Id = 0

K
}

(A2.258)
C1 =

{
Id = 1

K
}

. (A2.259)

However, there is no guarantee of reaching the points in the full set of C0
k for any k (except

for the point C0), unless it is permitted by some of the C̃k. If all the k sets C̃k are discon-
nected from C0, no convergence can take place. Thus, at least one C̃k for some k′ must be
connected to C0. If further convergence is to take place, there must be another C̃k which is
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connected to C0 ∪ C̃k′ and so one. Thus, for a successful convergence and decoding of all
transmissions and reaching C1, the union

C0 ∪ C1
K⋃

k=1

C̃k (A2.260)

must be a connected set.
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1st derivative of eigenvalues

The vector of eigenvalues of the sum of hermitian matrices C = (1 − a)AA
H + BB

H,
where a ∈ [0, 1] is a real scalar, has the first derivative

dζ (C)

da
= lim

∆a→0

ζ
(
C− ∆aAA

H)− ζ (C)

∆a
(A3.261)

= − lim
∆a→0

ζ
(
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H)− ζ (C)

∆a
, (A3.262)

which can be bounded from below by
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∆a max
{
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{
ζ
(
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H)} , (A3.264)

and from above by
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da
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∆a min
{
ζAA
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∆a
(A3.265)

= −min
{
ζ
(
AA

H)} . (A3.266)

If A and B commute, i.e., they have the same eigenbasis, then C has the eigenvalues

ζ (C) = (1 − a) ζ
(
AA

H)+ ζ
(
BB

H) , (A3.267)

so that

dζ (C)

da
= −ζ

(
AA

H) . (A3.268)
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Maximum sum rate path

Consider an arbitrary point I
′
d ∈ IE2 and the corresponding points fe (I′d). Two tangent

planes can be defined for the EXIT functions, defined by the Jacobian

J =
∂fe

∂Id
(A4.269)

=

[
∂fe,1

∂Id,1

∂fe,1

∂Id,2
∂fe,2

∂Id,1

∂fe,2

∂Id,2

]
. (A4.270)

In Fig. 68, the following definition is made for the direction vector

a = [a1, a2] (A4.271)
a

T
a = 1 (A4.272)

and the following distances are defined

d1,1 = a1 |dgp|
∂gp

∂Id,1
(A4.273)

d1,2 = a2 |dgp|
∂gp

∂Id,2
. (A4.274)

The incremental increase in R1 can then be expressed as

dR1 =
1

2
|dgp|2 a1

(
a1

∂fe,1

∂Id,1
+ a2

∂fe,1

∂Id,2

)
, (A4.275)

and an equivalent expression for the incremental increase in R2 is given by

dR2 =
1

2
|dgp|2 a2

(
a1

∂fe,2

∂Id,1
+ a2

∂fe,2

∂Id,2

)
. (A4.276)

The sum rate function to be maximised is defined by

R (a) =
1

2
|dgp|2 a

T ∂fd

∂Id
a. (A4.277)
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Id,2

Id,1

dḡp

a1 |dgp|

a2 |dgp|

d1,1

d1,2fe,1

Fig. 68. Tangent plane of EXIT function fe,1 (I′

d).

The quadratic form (A4.277) assumes its maximum value for the two equivalent forms

a
T
Ja =

1

2
a

T (
J + J

T)
a, (A4.278)

and the path direction vector of the maximum sum rate increment is given by the eigenvec-
tor corresponding to the maximum eigenvalue of the (symmetric) Jacobian. The maximum
sum rate path resulting in the optimal code design follows the eigenvector of the maximum
Jacobian eigenvalue, starting from the point {0, 0} and finishing at the point {1, 1}.

In the generic case of K transmissions, each rate increment can be extended into

dRk =
1

2
|dgp|2 ak

(
K∑

k′=1

ak′

∂fe,k

∂Id,k′

)
, (A4.279)

and the corresponding point-wise sum rate maximiser expression is given by the already
generic expression (A4.277). Geometrically, the eigenvalue following the optimal path
steers the path towards the highest slope of the EXIT function, i.e., the highest turbo gain.

Two special cases are of special interest. Firstly, when the diagonal elements of the
Jacobian are all equal, the eigenvalues of the (symmetric) Jacobian are all equal, and the
optimal direction vector has its length evenly distributed to all K directions. In the two-
by-two case, the optimal path is given by the diagonal gd, the optimal rate allocation gives
R1 = R2, and the points A and B in Fig. 24 have equal sum rates. Secondly, an optimal
direction pointing to a single direction is possible when a = [a1, 0, . . . , 0]

T, so that

Ja = ζ (J) a, (A4.280)
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which is equivalent to
a1J = ζ (J) a. (A4.281)

In the above J can be considered to be the symmetric Jacobian, so that (A4.281) implies
the first Jacobian row and column must contain zeros except for the diagonal term. In prac-
tice, such a situation where prior knowledge of a transmission does not have any effect on
the detection of other transmissions is when the transmissions in question are orthogonal
or otherwise non-interfering. The latter case is realized when full prior information is
available of a signal, and its effect can be totally removed. Furthermore, a zero compo-
nent ak in the optimal direction vector implies the corresponding row sum of off-diagonal
elements of the Jacobian is zero, i.e.,

K∑

k′=1
k 6=k

∂fe,k

∂Ie,k′

= 0, (A4.282)

but since all the Jacobian elements are non-negative, (A4.282) means all the off-diagonal
terms must be zero and the orthogonality result between the transmission k and the other
transmissions follows.
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